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Preface 


This book provides a collection of problems and their 
solutions. We have tried to select questions that im- 
proves your problem solving skills, test your conceptual 
understanding, and help you in exam preparation. 


The book also covers relevant concepts, in brief. These 
are enough to solve problems given in this book. 


There are separate chapters on questions, answers and 
solutions. The questions are arranged in increasing or- 
der of complexity. The multiple choice questions are of 
single option correct or multiple options correct type. 


Solution are provided in the last chapter. If you can’t 
solve a problem, give it a retry before referring to the so- 
lution. This will help you identify the critical points in 
the problems, which in turn, will accelerate the learning 
process. To us, every problem, is a valuable resource to 
unravel a deeper understanding of the underlying physi- 
cal concepts. We believe that getting the right answer is 
often not as important as the process followed to arrive 
at it. 


If a student seriously attempts all the problems in this 
book, he/she will naturally develop the ability to ana- 
lyze and solve complex problems in a simple and logical 
manner using a few, well-understood principles. 


We would be glad to hear from you for any 
suggestions/corrections on the improvement of the 
book. This book has a companion website, 
www.concepts-of-physics.com. 
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CHAPTER l 





Key Concepts 





1.1 Rotational Motion of a Particle 


Angular Momentum L 


Consider a particle of mass m moving with a velocity 
v at a point P. The angular momentum of this particle 
about a point O is given by 


L=mo0Pxt=mFxi, 
where F = OP is the position vector from O to P. 


P 


a 
= Vv 
E: m 


O 


The angular momentum L is defined about a specific 
point. The phrase “angular momentum about an axis” 
means the component of L along that axis. This phrase 
make sense only if component of L along the axis is 
independent of the point about which L is defined. 
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Torque 7 


Let a force F is applied on a particle located at a 
point P. The torque on the particle about a point O 
is given by 
7=0Px F=?Fx F, 

where 7 = OP is the position vector from O to P. The 
torque 7 is defined about a specific point. The phrase 
“torque about an axis” is the component of 7 along that 
axis. 


Relation between L and 7 


The torque on a particle changes its angular momentum 
(both are defined about the same point). The relation 
between the two is 


7 = dL/dt, 


where dL is change in angular momentum in time dt. 


1.2 Static Equilibrium 


A body is said to be in static equilibrium if 
1. net external force on the body is zero and 
2. net external torque on the body is zero. 


The torque may be defined about any point. 
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1.3 Moment of Inertia 


The moment of inertia of a particle of mass m about an 
axis A-A is defined as 


2 


I= mrî, 


where r is the perpendicular distance of the particle 
from the axis A-A. The moment of inertia of a system 
of particles is given by 


2 
T= > Miri. 
i 


The moment of inertia of a body having continuous 
mass distribution is given by 


jed r? dm, 
body 


where r is perpendicular distance of the mass element 
dm from the axis. 
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Moment of Inertia of common Shapes 
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Theorem of Parallel Axes 


Let Icm be moment of inertia of a body of mass m about 
an axis passing through its centre of mass C. The mo- 
ment of inertia of this body about a parallel axis at a 
perpendicular distance d from C is given by 


Ij = omt md. 


The moment of inertia is the minimum for an axis pass- 
ing through the centre of mass i.e., Lem < Jj. 
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Theorem of Perpendicular Axes 
Let a plane lamina lies in the z-y plane. The moment 
of inertia of the lamina about an axis perpendicular to 
its plane is given by 

I, = L + Iy, 


where Iy and J, are its moment of inertia about the x 
and y axes. 


Radius of Gyration 


The radius of gyration (k) of a body of mass m about 
an axis A-A is defined as 


k= VJ/I/m, 
where J is moment of inertia of the body about the axis 
A-A. 


1.4 Plane Kinematics of Rigid Bodies 


A rigid body is a system of particles for which the dis- 
tance between the particles remains unchanged. It ex- 
ecutes plane motion if all parts of the body moves in 


parallel planes. 
WW.JEEBOOKS.! 
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A plane motion in which every line in the body remains 
parallel to its original position is called translation. A 
plane motion in which all particles of the body moves in 
circular paths about an axis is called fixed axis rotation. 
In a fixed axis rotation, all lines in the body which are 
perpendicular to the axis of rotation rotates through the 
same angle in same time. Thus, all lines on a body in 
its plane of motion have the same angular displacement 
(0), the same angular velocity (w = d0/dt), and the 
same angular acceleration (a = dw/dt). 

The angular velocity and the angular displacement of a 
body rotating in a plane with a constant angular accel- 
eration a are given by 


w = wo + Qat, 
0 = Oo + wot + Sat”, 


w = we + 2at, 


where 0o and wo are angular displacement and angular 
velocity at time t = 0. 








In plane motion of a rigid body, the directions of angu- 


lar velocity @ and angular acceleration @ remains fixed 
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(these are normal to the plane of rotation). The veloc- 
ities and accelerations of two points O and P on the 
rigid body are related by 


> 


Up = Uo + Ü x OP = vo +0 x F, 


äp =do+Oxwxr+ax?, 


where ? = OP is the position vector from O to P. The 
acceleration term W@ x @ x 7 is called centripetal accel- 
eration and a x fis called tangential acceleration. 

If the axis of rotation is fixed then tp = do = 0 for 
point O lying on the axis. This type of motion is called 
fixed axis rotation. In this case, the velocity of a point 
at a perpendicular distance r from the axis is v = wr 
(tangential). The centripetal acceleration of this point 
is wr and its tangential acceleration is ar. 

An axis perpendicular to the plane of rotation that 
passes through the point of zero instantaneous veloc- 
ity (this point may or may not lie on the body) is called 
instantaneous axis of rotation. 

If two points on a rigid body are instantaneously at rest 
then all points on the line joining these points is at rest 
(instantaneous axis of rotation). The angular velocity 
of the body at that instant is along this line. 


In-extensible String Constraint 


The tangential component of velocity (i.e., component 
along the string) of any point on the string is same. 
Same is true for the acceleration. 
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Rolling without Slipping Constraint 


Consider motion of a ball on a surface (fixed or moving). 
At the contact point, the ball may or may not slide on 
the surface. If tangential velocity of the ball at the 
contact point is equal to the velocity of the surface at 
this point then there is no slipping. Same is true for the 
acceleration. 


1.5 Dynamics of Rigid Bodies 


Angular Momentum 


Consider plane motion of a rigid body of mass m. The 
moment of inertia of the body about an axis perpen- 
dicular to the plane of motion and passing through its 
centre of mass C is Igm. Let w be angular velocity of the 
body and Uem be velocity of its centre of mass. The an- 
gular momentum of the body about a point O is given 
by 


m + Labout cm 
Ty 


cm x Ucm a Lom, 


where fem = OC is the position vector from O to C. 

If a rigid body is rotating about a fixed axis then its 
“angular momentum about the axis of rotation” is given 
by 


L= Ilow, 
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where Jo is moment of inertia about the axis of rotation. 
If the axis of rotation pass through the centre of mass 
then it is called spin angular momentum of the body. 


Torque 


Let a force F acts at a point P of the rigid body. The 
torque on the body about a point O is given by 


7=0Bx F=Fx F, 
where F = OP is the position vector from O to P. 


F 


| d 


F 


A couple is two equal and opposite forces acting at two 
points of a body. The torque due to a couple is given by 
T = Fd, where d is the perpendicular distance between 
the lines of action of two forces (each of magnitude F`). 
The torque due to a couple is independent of the point 
about which torque is defined. 


Relation between L and 7 


The net torque due to external forces changes angular 
momentum of the system. These are related by (both 
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are defined about the same point) 
Foxt = AL /dt (1) 


Conservation of Angular Momentum 


If external torque on a system is zero then its angular 
momentum is constant. This is called law of conserva- 
tion of angular momentum. 


Relation between 7 and a 


For a rigid body in plane motion, equation (1) can be 
written as 


Tem = Lem, 


where Tem is the external torque about the centre of 
mass and Jem is the moment of inertia about an axis per- 
pendicular to the plane of rotation and passing through 
the centre of mass. 

The equation (1) can also be written as 


To = loa, 


where O is either a fixed point or instantaneous point 
of zero velocity. 

The centre of percussion is defined for the fixed axis 
rotation. The resultant of all forces applied to the body 
pass through this point. The external torque about the 
centre of percussion is zero. 
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Direction of the Frictional Force 


There are two methods to get the direction of frictional 
force (f) 

1. assume (arbitrarily) that f acts in a particular 
direction. Solve the problem by taking directions 
of linear and angular acceleration consistent with 
the chosen direction of f. If results are consistent 
then chosen direction of f is correct, otherwise it 
is opposite. 

2. solve the problem by assuming f = 0 (frictionless 
surface). Find the relative velocity between the 
two surfaces at the contact point. The frictional 
force will act in a direction that reduces relative 
motion between the two surfaces. 


Angular Oscillations 


If the torque 7 on a body is proportional to the angular 
displacement 0 and it is restoring in nature (i.e., the 
torque brings back the body to its equilibrium position) 
then the body undergoes SHM. The equation of motion 
for SHM is 


20 
goes 


where w is angular frequency of oscillations. Angular 
frequency is very different from the angular velocity of 
the body (unfortunately we use same symbol for both). 
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Kinetic Energy 


Consider plane motion of a rigid body of mass m. The 
moment of inertia of the body about an axis perpen- 
dicular to the plane of motion and passing through the 
centre of mass C is Igy. Let w be angular velocity of 
the body and Uem be velocity of its centre of mass. The 
kinetic of the body is given by 


K = Kom ot Kapout cm 


Sill 2 1 2 
= 3M Vem + 5 fem P 


The kinetic energy of the body can also be written as 
K = 5low”, 


where Jo is the moment of inertia of the body about 
an axis passing through the instantaneous point of zero 
velocity. 

The work done by a torque 7 in making an angular 
displacement 0 is given by 


w= frao. 


The power delivered by a torque T to a body rotating 
with an angular velocity w is 


P=dW/dt = Tw. 
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1.6 Angular Impulse and Collision 


If a torque 7 is applied to a body for a short time At 
then angular impulse imparted to the body is given by 


AJ =7At. 


The angular impulse imparted to a body in a time in- 
terval t is given by 


= t 
jaf F dt. 
0 


Impact or collision is a short duration phenomenon. 
The impulsive forces on the body are very large in com- 
parison to the other forces. The effect of small (and/or 
slowly varying) forces like gravity is neglected during 
collision. 

The kinetic energy of the system is conserved in an elas- 
tic collision. The conservation of (i) linear momentum, 
(ii) angular momentum and (iii) energy, should be ex- 
plored to solve the problems involving collision. 

In an elastic collision, the velocity of approach at the 
impact point is equal to the velocity of separation at 
this point. 
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CHAPTER 2 





Questions and Solutions 





Q1. A wheel of radius r rolls without slipping with a 
constant angular velocity w. The velocity and accelera- 
tion of a point P on the rim when it comes into contact 
with the surface are 

(A) zero, zero (B) zero, w?r 

(C) wr, zero (D) wr, wr 


Sol. Since the wheel is rolling without slipping, the ve- 
locity of the point P on the rim when it comes into 
contact with the ground is equal to the velocity of the 
ground, which is zero i.e., Up = 0. 


e E 
wW 
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The velocity of the centre C is given by 
Uc =Up+a x TPC = wri, 


where @ = —wk is angular velocity and rpc = —rj is 
the position vector from P to C. 

Since @ and rpc are constant, the acceleration of the 
point C is zero i.e., @ = düc/dt = 0. Also, angular 
acceleration of the wheel is zero i.e., @ = da/dt = 0. 
The acceleration of the point P is related to acceleration 
of the point C by 


dp = üo +0 x Ü x Fop +a x Fop = wr j. 


Will answer change if w varies with time? In rolling 
without slipping, linear acceleration Gc is related to the 
angular acceleration @ by dg = @ x Trpo. We encourage 
you to use this relation to get dp. 





Ans. B 











Q 2. A sphere is rolling without slipping on a fixed hor- 
izontal plane surface. In the figure, A is the point of 
contact, B is the centre of the sphere and C is the top- 
most point. Then, 


C 


` 


— 
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(A) Vo — Va = 2(Vp — Vo) 
Cs ee rare 
(C) |Vo — Val = 2|Ve — Vol 


(D) |Vo — Val = 4|Va| 


Sol. Let W be the angular velocity of the sphere. Let 
AB =7 and hence AC = 2r. The velocities Vg and Vo 
are related to V4 by 





Vs = Va +0 xF, (1) 
Vo = Va +0 x (27) = Va + 20 x F. (2) 


Using equations (1) and (2), we get 
Vo = Vi =256x r= —2(Vp z Vo), 
Vo — Vg = 0 x F = Vp — V4. 


Also, since sphere is rolling without slipping, V4 =ð. 
Ans. B,C 














Q3. A disc is rolling (without slipping) on a horizon- 
tal surface. P and Q are two points equidistant from 
the centre C. Let vp, vg and vc be the magnitude of 
velocities of points P, Q and C respectively, then, 
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(A) VQ > VC > UP (B) VQ < Uc < UP 
(C) vg =vp, vc =vp/2 (D) vo <vc>vp 


Sol. The point of contact A is instantaneously at rest 
in rolling without slipping i.e., v4 = 0. 





The magnitude of velocities of point C, Q, and P 
are 


vc = |o x Tac] = WTAC, 
vQ = |ð x Faql = WPraQq, 
UP = | x Tap] = WTAP. 


Since rap < rac < Taq, we get Ug > vc > Up. 
Ans. A 














Q4. A cylinder of radius r rolls without slipping down 
an inclined plane. At a particular instant, its angular 
velocity is w, angular acceleration is a, velocity of the 
centre is vc and acceleration of the centre is ac. If vp 
and ap are the velocity and acceleration of the point P 
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into contact with the inclined surface, then which of the 
following statement is incorrect 








(A) vc =ur, ac=ar 

(B) ve =wr, ag=aptar+urr 

(C) vp=vc—wr, ap=ac—ar+u*r 
(D) vp =0, ap=w?r 


Sol. Since cylinder rolls without slipping, the velocity 
of the point P on the cylinder when it comes into contact 
with the inclined plane is zero i.e., Up = 0. The velocity 
of the point C is given by 


tc = Up + Ü X Fee = uri, 


where @ = —wk and pc = rj (position vector from P 
to C). In rolling without slipping, dc is related to & by 


> 


Gc =X Trpoc = ari, 


where a = —ak. The acceleration of point P is given 
by 
dp = üo +0 Xx Ü x Fp +8 x Top =w?rj, 
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where rcp = —rj (position vector from C to P). Note 
that tangential acceleration of the contact point P is 
zero but its radial acceleration is non-zero. 





Ans. B 











Q5. A Yo-Yo has an axle of radius r and spool of ra- 
dius R. It rolls without sliding on the horizontal plane. 
A string wound around the axle is pulled with a con- 
stant velocity v (see figure). The velocity of the centre 
of the axle is 








(A) vR/(R-r) (B) vr/(R-r) 
(C) vr/R (D) v(R-r)/R 


Sol. Since Yo-Yo rolls without slipping, the velocity of 
the contact point A is zero i.e., U4 = 0. The velocity of 
the point B is Ug = vi. The velocity of the point B is 
related to the velocity of the point A by 


B= UA +Ü X TAB, 


vi=04+G x (R—-r)j, 


which gives 6 = —v/(R — r)Å. Note that motion is 
confined to x-y plane and Yo-Yo rolls towards the right. 
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Ww 
y eS . 


t 





E A 
The velocity of the centre C is given by 


to = TA +Ü X TAC 


=+ (-z*) x (Rj) = (=) â 


Ans. A 

















Q 6. The figure shows a system consisting of (i) a ring 
of outer radius 3R rolling clockwise without slipping on 
a horizontal surface with angular speed w and (ii) an 
inner disc of radius 2R rotating anti-clockwise with an- 
gular speed w/2. The ring and disc are separated by 
frictionless ball bearings. The system is in the z-z plane. 
The point P on the inner disc is at a distance R from 
the origin, where OP makes an angle of 30° with the 
horizontal. Then with respect to the horizontal surface, 
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(A) the point O has a linear velocity 3Rwi. 

(B) the point P has a linear velocity +4 Rwi + B Rwk. 
(C) the point P has a linear velocity 4 Rwî — ¥3 Rok. 
(D) the point P has a linear velocity ( — L) Rwî + 
1 Ruk. 

Sol. Since outer ring is rolling without slipping, the 
point on the ring in contact with the ground (say point 


C) is at rest i.e., üc = 0. Thus, velocity of the point O 
is given by 


Bo = Üe +Ü, x Foo = +wx 3RK = 3Rwî. 
The point P lies on the inner disc having an angular 
velocity ði = —w/2 j. The position vector from O to P 
is 


Fop = Ros 30° î + Rsin 30° k= V3R/27+ R/2 k. 
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Thus, velocity of the point P is given by 


Up = vo + ği X Top 


= 3Rwîṣ4 ( = 3) x (Eu z4) 


11 : 
oo EI V8WR 5 
7 7 











Ans. A, B 











Q7. A roller is made by joining together two cones at 
their vertices O. It is kept on two rails AB and CD 
which are placed asymmetrically (see figure), with its 
axis perpendicular to CD and its centre O at the centre 
of line joining AB and CD. It is given a light push so 
that it starts rolling with its centre O moving parallel 
to CD in the direction shown. As it moves, the roller 
will tend to 


TFE 


A C 


(A) turn left. (B) turn right. 
(C) go straight. (D) turn left and right alternately. 
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Sol. Let the roller touches the rail AB at the point L 
and it touches the rail CD at the point R (see figure). 
The instantaneous velocities of the roller at these points 
are zero because it rolls without slipping. Initially, L 
and R are equidistant from the roller’s axis. As the 
roller moves forward, the distance of L from the roller’s 
axis (r) reduces because the rail AB is tilted towards O. 


B D 
1 
ofl a ft 
O I 
A C 





Let w be angular velocity of the roller at some in- 
stant t. The distance of L from the roller axis is r and 
that of R from the roller’s axis is r’. Thus, velocity of 
a point on the roller axis vertically above the rail AB 
is v = wr and the velocity of a point on the roller axis 
vertically above the rail CD is v’ = wr’. Since r’ >r, 
we get v’ > v. The point above CD moves faster than 
the point above AB. Hence, the roller will tend to turn 
left. 

An analogy to this problem is a shaft connected to 
two wheels of unequal radii. It turn towards the smaller 
wheel as it moves forward. 





Ans. A 
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Q8. A scale of length 1 m is pivoted at the end O. It is 
free to rotate in the vertical plane. At some instant, its 
angular speed is w = 2 rad/s and angular acceleration 
is a = 3 rad/s”. The directions of w and a are shown 
in the figure. The acceleration of the point P (in m/s”) 
at this instant is 





P 


Ft 














Olẹ— < 


(A) 37 (B) 42 (C) 44437 (D) 42-37 


Sol. The reference frame (O-x-y-z) is non-rotating i.e., 
orientation of x, y and z axes is fixed in space. In this 
frame, the acceleration of the point P is given by 


äp =do9+@0x@adxr+axr 
=0+4.4+& =wrt— ar j= 4i— 3}. 


Note that 7° = —? (position vector from O to P), © = 
—~2k and & = 3k. The accelereation of the pivot point O 
(Go) is zero as it is a fixed. Since rotation is in x-y 
plane, we quickly get centripetal acceleration @e = @ x 
© x T= w°rî and tangential acceleration @ = Ẹ x F = 
—arj. We encourage you to get the same by vector 
cross product. Can you solve the inverse problem i.e., 
given @p = 47 — 3), find G and a? 











Ans. D 
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Q9. Two identical discs of same radius R are rotating 
about their axes in opposite directions with the constant 
angular speed w. The discs are in the same horizontal 
plane. At time t=0, the point P and Q are facing 
each other as shown in the figure. The relative speed 
between the two points P and Q is v. In one time 
period (T) of rotation of the discs, v, as a function of 
time is best represented by 


DO 
AA, A, 











(A) 
T T 
(e) | i 
hw, N, 


Sol. The relative velocity of the point P w.r.t. the point 
Q is given by 


T, = üp — Ho. (1) 


WW.JEEBOOKS.! 


Chapter 2. Questions and Solutions 26 








It is easy to see that |p| = |vg| = wR and angle 
traversed in time t is wt. Thus, velocities of P and Q 
are 


Up = wR(-sinwti— cos wt J), 


Ug = wR(sin wt i — cos wt J). 


Substitute vp and vg in equation (1) to get ù, = 
—2wR sin wt î and thus v, = 2wR| sin wt|. We encourage 
you to draw tp and vg at time t = 0, T/4, T/2, and 
3T/4 and see the values of v, at these instants. 
Ans. A 














Q 10. A ladder of length / is leaning against a wall. It 
starts falling down in a vertical plane without loosing 
contact with the wall and the horizontal surface. When 
the ladder makes an angle 0 with the horizontal, its 
lower end moves with a velocity v. The angular velocity 
of the ladder at this instant is 

(A) v/(lsin@) (B) v/(lcos0) (C) v/l (D) v/(Lcot 6) 


Sol. Let the point A be in contact with the horizon- 
tal surface and point B be in contact with the vertical 


wall. The velocities of these points are 4 = v4 ĉîĉ and 
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Up = —vpj. Resolve v4 and tg along the ladder and 
perpendicular to it. Since ladder is rigid, the distance 
between A and B is constant, and hence component of 
velocities along the ladder are equal i.e., 


vBpsin@d=v,acos@ or vp =v,coté. (1) 








The velocity vg is related to v4 by 
Up = vat X TAB, (2) 


where w is angular velocity of the ladder and rap is 
position vector from A to B. Resolve vectors in equa- 
tion (2) along and perpendicular to the ladder (note 
that motion is confined to a vertical plane) to get 


vg, =vaLtul. (3) 


In equation (3), the signs of va, , vg, and w need to be 
consistent. In given problem, vg, = vgcos@, val = 
—va sind (negative sign because it is opposite to vp_) 
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and w is anticlockwise. Thus, angular velocity of the 
ladder is 


(vBL = VAL) = 1(vg cos ĝ — (—va sin 8)) 


(va cot 0 cos 0 + va sinb) = raip. 


W = 


1 
1 
1 
i 
Aliter 1: Let two ends of the ladder be at A (x, 0) 

and B (0,y). The length of the ladder is given by 
r2 4 y? = Ê. (4) 


Differentiate equation (4) with time (note that l is con- 
stant) to get 





dy x dx dx 

= = t0 —. 

dé ydt dt 
Substitute v4 = da/dt and vg = —dy/dt (note the 


negative sign) to get vg = va cot 8. 

Aliter 2: There is a quick way to get the angular 
velocity. Draw normal to 4 at A and normal to vg 
at B. These normals meet at C. This point is called 
instantaneous centre of zero velocity (we encourage you 
to show that o = 0). At any instant, every point on 
the ladder rotates in circles centred at C. The velocity 
of point A is v and radius of its circle is |rca| = lsin 0. 
Thus, angular velocity of the ladder is 


VA v 





“= Foal Isnð' 





Ans. A 
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Q11. A ladder AB of length 3 m slides down without 
loosing contact with the wall or the floor. The velocity 
of the end A is 2 m/s when the ladder is inclined at 30° 
angle with the horizontal. The velocity of the end B at 
this instant is (in m/s) 


ass 2m/s 


30° 





4 


B 
(A) 2/3 (B) V3/2 (C) 4/3V3 (D) 3/2 
Sol. The velocity of the end B is given by 
tp = 7A + 7AJB = UA +0 x AB. (1) 


The vector vA/g is perpendicular to the line AB and 
vector tg is towards the left. You can solve equation (1) 
by many methods. There is a geometrical way to do so. 
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Draw the line PQ of length 2 units in the direction 
of a (i.e., PQ = U4). Draw line QR in the direction of 
ajg (perpendicular to the line AB). Draw PS in the 
direction of yg (towards left). The intersection of QR 
and PS is T. The triangle law of vector addition gives 
UAJB = QT and vg = PT. Measure the length PT to 
get vB. 

In the right angled triangle PQT, 3wcos30° = 2 
and 3w sin 30° = vg. Solve to get w = 4/3V3 rad/s and 
vp = 2/ V3 m/s. 





Ans. A 











Q 12. The general motion of a rigid body can be con- 
sidered to be a combination of (i) a motion of its centre 
of mass about an axis, and (ii) its motion about an 
instantaneous axis passing through the centre of mass. 
These axes need not be stationary. Consider, for ex- 
ample, a thin uniform disc welded (rigidly fixed) hori- 
zontally at its rim to a massless stick, as shown in the 
figure. When the disc-stick system is rotated about the 
origin on a horizontal frictionless plane with angular 
speed w, the motion at any instant can be taken as a 
combination of (i) a rotation of the centre of mass of 
the disc about the z-axis, and (ii) a rotation of the disc 
through an instantaneous vertical axis passing through 
its centre of mass (as is seen from the changed orienta- 
tion of points P and Q). Both these motions have the 
same angular speed w in this case. 
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Now consider two similar systems as shown in the 
figure: Case (a) the disc with its face vertical and par- 
allel to z-z plane; Case (b) the disc with its face making 
an angle of 45° with x-y plane and its horizontal diam- 
eter parallel to z-axis. In both the cases, the disc is 
welded at point P, and the systems are rotated with 
constant angular speed w about the z-axis. 





Which of the following statements about the instanta- 

neous axis (passing through the centre of mass) is cor- 

rect? 

(A) It is vertical for both the case (a) and (b). 

(B) It is vertical for case (a); and is at 45° to the z-z 
plane and lies in the plane of the disc for case (b). 

(C) It is horizontal in case (a); and is at 45° to the z-z 
plane and is normal to the plane of the disc for case 
(b). 

(D) It is vertical for case (a); and is at 45° to the x-z 
plane and is normal to the plane of the disc for case 


(b). 
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Sol. Let C be the centre of the disc with position vector 
Fo and velocity vector tc. Let A be a general point on 
the disc having position vector T4. Let @ be the angular 
velocity of the system as given in the problem and w! 
be the angular velocity about instantaneous axis. The 
velocity of point C and point A are given by Ug = Wx7o 
and v4 = @ x 74. Also, considering the motion about 
the instantaneous axis, 


Ta = üo +w X Fajo = Üo +w x (Fa — Fo). (1) 
Substitute v4 in equation (1) and simplify to get 
(w! — B) x (Fa — Fo) =O. (2) 


Since 74 is any general vector on the disc, the equa- 
tion (2) is satisfied only when w’ = æ (Think over it!). 
This argument is true for both case (a) and case (b). 
Hence, the instantaneous axis for both the cases are 
parallel to the z-axis and the angular speed about these 
axes are equal. 





Ans. A 











Q 13. The cylinder B is suspended from identical cylin- 
der A with the help of an in-extensible tape (see figure). 
When cylinder A is released, angular acceleration of the 
cylinder A is a4, angular acceleration of the cylinder B 
is ag and linear acceleration of the centre of cylinder B 
is a. The radii of both cylinders is r and there is no 
slipping anywhere. The acceleration a is given by 
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QA 


(te 





(A) raa (B) rag (C) r(aa — as) (D) r(aa + ap) 


Sol. At the time of release, angular velocities of both 
the cylinders is zero. At this instant, a point on the 
cylinder at the location C will have downward acceler- 
ation ac = aar (note that centripetal acceleration is 
zero because w4 = 0). 








Since there is no slipping at C, a point on the tape 
that coincides with C will also have same downward ac- 
celeration ac. As tape is in-extensible, a point on the 
tape at the location D will have downward acceleration 
ap = ac. Since there is no slipping at D, a point on the 
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cylinder B at this location will have downward accelera- 
tion ap. As cylinder B is a rigid body, the acceleration 
of the centre of the cylinder B is given by 


ap = äp + g X TDB = (aa +ap)rj, 


where QA = aak, ap = apk and TDB Sih 

Aliter: Consider linear and angular displacements 
in a small time interval At. In this interval, the cylin- 
der A rotates by an angle A04 and cylinder B rotates 
by an angle A@g. Thus, the length of tape unwound at 
cylinder A is Al, = rA@, and the length of the tape 
unwound at the cylinder B is Alp = rA@g. Hence, the 
cylinder B moves down by a distance 


Ay = Ala + Alg = r(A64 + Ap). 


Differentiate with time, twice, to get 





a 


_ dy (64 , dOz 
~ dt dt? ` dt? 


) =r(aa + ag). 





Ans. D 











Q 14. A small disc of radius r rolls without slipping 
inside a larger fixed ring of radius R (see figure). The 
small disc has an angular velocity w and an angular 
acceleration a. The acceleration of the point on the 
small disc coinciding with the point of contact P is 
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cod 


7 
- 
A 
— 


D 
~~ 





© ie as Sera ee 
» 








Ge. 
(A) zero (B) ee aie f+raĝ 
(C) "Be (D) -w R? 


Sol. The velocity of the contact point P is zero because 
the disc rolls without slipping i.e., vp = 0. The disc is 
a rigid body rotating with a clockwise angular velocity 
w. Thus, the velocity of its centre C is given by 


do = Üp +0 x po = wr Ô. (1) 


Note that Ê and f are unit vectors in the tangential and 
the radial directions when the line OC makes an angle 
0 with the fixed reference line OQ. As the disc rotates 
with time, the angle 0 increases with a rate Å = dð /dt. 
Note that Ê is not equal to w (6 is the rate of change 
of angle made by the line OC whereas w is the rate 
of change of angle made by a line on the disc.). The 
velocity of the point C is related to the rate of change 
of angle 0 by 


do = Å(R-— r) Â. (2) 
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From equations (1) and (2), we get 
6 =wr/(R—7). (3) 


Differentiate equation (3) with time to get angular ac- 
celeration of the line OC as 


6 =wr/(R—r) =ar/(R—-r). (4) 


The acceleration of the point C on the line OC has tan- 
gential component 6(R — r) and centripetal component 
6?(R—r). Thus, acceleration of the point C is 


dc = 6(R-r)6-@(R-r)f 
~ wep? 


= g— 
ne R-r 





f. 
The point P and C are located on the same rigid body. 


Their accelerations are related by 


äp = üc +Q x rop +Ü x Ü x Tcp 


wp? 








=aré P—-—ard—wrFe 
R-r 
rRw? . 
=— f. 
R-r 





Ans. C 











Q15. The machine as shown has two rods of length 
1 m connected by a pivot at the top. The end of one 
rod is connected to the floor by a stationary pivot and 


the end of the other rod has a roller that rolls along 
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the floor in a slot. As the roller goes back and forth, a 
2 kg weight moves up and down. If the roller is moving 
towards right at a constant speed, the weight moves up 
witha 





2kg 














A) constant speed 

B) decreasing speed 

C) increasing speed 

D) speed which is 3th of that of the roller when the 
weight is 0.4 m above the ground. 


—_>a~ a r 


Sol. Consider the coordinate system shown in the fig- 
ure. Let coordinate of the moving roller be (2,0) and 
that of 2 kg block be ($,y). By Pythagoras theorem, 
the length l of the rod is related to x and y by 


I? = («/2)? +y. (1) 
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2kg 

















a 
2 


Differentiate equation (1) with time to get 


dy zdr _ x da (2) 
dt 4ydt 2/4]? — 42 dt’ 
The roller moves towards the right with a constant 
speed. Thus, dz/dt < 0 and d?a/dt? = 0. From equa- 
tion (2), we get dy/dt > 0 i.e., 2 kg weight moves up. 
Differentiate equation (2) with time to get 


dy 21? da \* 3 
dé? (42 — x?)3/2 (dt) ` 6) 








From equation (3), d?y/dt? < 0. Thus, as the roller 
moves towards the right with a constant speed, the 
block moves up with a decreasing speed. When the 
roller reach the pivot, the block attains its maximum 
height l with zero speed. 





Ans. B 











Q 16. One end of a massless in-extensible string is at- 


tached to the ceiling at C and other end is connected to 
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a rod of length l at B. A boy pulls the end A of the rod 
till it becomes horizontal and the string makes an angle 
of 30° with the horizontal. If the boy releases the rod 
then relation between the rod’s angular acceleration a 
and acceleration of its centre of mass @ = az 7+ dy j, at 
the instant of release, is 








„C 
y 
4 30° 
r en 
A l B 
(A) V3az + ay =al (B) az + ay = al/2 
C) V3ar +ay = —al/2 (D) ar + V3ay = —al/2 
y y 


Sol. The angular acceleration of the rod is & = wk and 
acceleration of the centre of mass D is @ = ag î + ay j. 
The acceleration of the point B at the instant of release 
is given by 


äs = äp +a x DB =azit+a,j+ak x (1/2)i 
= azî + (ay + al/2) ĵ. 





The string is in-extensible and its end C is fixed. 


The acceleration of the point B along the string BC 
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should be zero. Hence, component of dg along BC is 
Zero i.e., 


az, cos 30° + (ay + al/2) cos 60° = 0, 


which gives V3a, + ay = —al/2. 





Ans. C 











Q17. An annular ring of inner radius rı and outer ra- 
dius rg is rolling without slipping with a uniform angu- 
lar speed. The ratio of the forces experienced by the 
two identical particles situated on the inner and outer 
parts of the ring, F)/F is 

(A) 1 (B) r1/r2 (C) r2/rı (D) (ri /r2)? 


Sol. The angular acceleration of the ring and the linear 
acceleration of its centre O are both zero because the 
ring is rolling with a uniform angular speed w. Thus, 
acceleration of the point A is aj = w°rı and that of the 
point B is a2 = wre, both pointing towards O. 


aN 
A 


> v 





If two particles, each of mass m, are placed at A 
and B then, by Newton’s second law, net forces on these 
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particles are 

Fy, = mia = mur, and 

F> = M202 = mw" ro, 


which gives Fi /F> = rı/ro. 





Ans. B 











Q 18. A right circular cone of half-angle a and height h 
rolls without slipping on a horizontal surface. If speed 
of the center of the base is v then which of the following 
statement is false? 





(A) The centre of the base moves in a circle with an 
angular speed v/h cosa. 

(B) The angular velocity of the cone has a magnitude 
o/hsina. 

(C) The angular velocity of the cone is along the axis 
of symmetry of the cone. 

(D) The angular velocity of the cone rotates in a hori- 
zontal circle with an angular speed v/h cosa. 


Sol. Each point on the contact line OQ of the cone with 
the horizontal surface is instantaneously at rest because 
the cone rolls without slipping. Thus, angular velocity 


© of the cone lies along the line OQ. 
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The centre of the base is the point P. It moves in a 
horizontal circle of radius O'P = h cos aœ with a speed v. 
The angular speed of the point P for this circular mo- 
tion is wp = v/(hcosa). Thus, the lines O'P and OR 
rotates with an angular speed wp. Hence, angular ve- 
locity vector @ rotates in the horizontal plane with an 
angular speed wp (clock-wise when looking from above). 





The points Q and P lies on a rigid cone moving with 
an angular velocity @. The velocity of Q is zero and that 
of P is v (in horizontal plane). The angle between QP 
and @ is (t/2+a). The relation, © = & x QP, gives 
magnitude of the angular velocity as w = v/hsina. 
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Ans. D 














Q19. A wheel of radius r rolls without slipping on a 
horizontal surface with a constant velocity v. The wheel 
starts its journey at time t = 0 from the position shown 
in the figure. The point P is fixed to the the rim. Which 
of the following statement is false? 

y 


P 


—> v 


> T 





O 


(A) The point P touches the ground after time mr/v. 

(B) The coordinates of the point P at time t are £z = 
r(0 + sin) and y = r(1 + cos 0), where 0 = vt/r. 

(C) The radius of curvature of the path followed by P 
is minimum when P is at its maximum height. 

(D) The coordinates of the wheel’s centre when P 
touches the ground are x = ar and y =r. 


Sol. Let us find location of the wheel after a time t. 
The center of the wheel is translating with a constant 
velocity v. Its coordinates after a time t are xo(t) = vt 
and yo(t) =r. 
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The wheel is rolling without slipping with an an- 
gular velocity w = v/r. The vertical line through the 
centre of the wheel rotates by an angle 6 = wt = vt/r 
in time t. Thus, coordinates of the point P at time t 
are 


ep(t) = ac(t)+rsind = r(0 +sinð), (1) 
yp(t) = yc (t) + rcosé = r(1 + cos). (2) 





The (xp, yp) curve represented by equations (1) and (2) 
is called a cycloid. The point P traces a cycloid as the 
wheel rolls without slipping. 

From equation (2), the point P touches the ground 
at time t = mr/v. The distance traveled by the centre 
of the wheel in this time interval is mr. The velocity of 
the point P at this instant is zero. The cycloid has a 
cusp shape (point Q) at this instant. 

The radius of curvature of the cycloidal path is 
maximum when P is at the top. The radius of curvature 
p can be obtained from equations (1) and (2) by using 
its formula 


[1 + (dy/de)?]°/ 


p= [dy [da] = 4r. (at 6 = 0). 
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The tangential velocity and normal acceleration of P 
when it is at the maximum height are v = 2v and 
an = wr = v?/r (towards C). The radius of curvature 
at this point relates these two by p = v? /vun = 4r. 
Ans. C 














Q 20. The position vector 7 of a particle of mass m = 
0.1 kg is given by the equation 


F(t) = at? 7 + Bt? j, 


where a = 10/3 m/s? and 8 = 5m/s?. At t = 1s, 
which of the following statement(s) is(are) true about 
the particle? 

(A) The velocity v is given by y = (107+ 107) m/s. 
(B) The angular momentum L with respect to the ori- 
gin is given by L = —5/3k N-m-s. 

The force F is given by F = (2 + 2) N. 

The torque 7 with respect to the origin is given by 
F = —20/3k N-m. 


(C 
(D 


ADAN 


Sol. The expressions for the velocity and the accelera- 
tion are given by 


U(t) = dF/dt = 3at? i + 26t §, (1) 
E = Got + 28 j. (2) 
Substitute a = 10/3 m/s?, 8 = 5 m/s”, and t = 1s in 


equation (1) to get Y = (107+ 107) m/s. The position 
vector at t = 1s is F = (10/37+5j) m. The angular 
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momentum with respect to the origin is given by 
L=F x (mi) 
= (10/37 +5) x0.1(107 + 103) =—5/3k N-m-s. 
The acceleration at t = 1s is @ = (207+ 10) m/s?. 
Apply Newton’s second law to get force on the particle 


as F = mä = (27+ j) N. The torque with respect to 
the origin is given by 


> 


F=Fx F = (10/37+5)) x (2î+ ĵ) 
= (—20/3 k) N-m 


We encourage you to show that 7 = dL /dt. 
Ans. A, B, D 














Q 21. The time dependence of the position of a particle 
of mass m = 2 is given by F(t) = 2tî— 3t? 7. Its angular 
momentum, with respect to the origin, at time t = 2 
is 
(A) 48(¢@+ 9) (B) 36k (C) —34(k —î) (D) —48k 
Sol. The velocity of the particle is given by 

u(t) = dr/dt = 27% — 6tj. 


The position and velocity of the particle at t = 2 are 


— 123, 
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The angular momentum of the particle about the origin 
at time t = 2 is given by 


L=mrx = 2(4%— 129) x (22-129) = —48k. 





Ans. D 











Q 22. A particle of mass m is moving along the side of 
a square of side a, with a uniform speed v in the x-y 
plane as shown in the figure. Which of the following 
statements is false for the angular momentum L about 
the origin? 




















y 
+ Dc 
U 
afv via 
VU 
A > B 
a 
R 
45° 
O > x 
(A) = -HRA when the particle is moving from A 
to B. . 
(B) L = mv a — a] k when the particle is moving 
from C to D. ; 
(C) L = mv E +a] k when the particle is moving 
from B to C. 
(D) L= BER when the particle is moving from D to 
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Sol. The angular momentum of a particle of mass m 
moving with a velocity @ at the position 7 is given by 


L = mr x T= mvr À, 


where r, is the component of 7 perpendicular to y (per- 
pendicular distance or lever arm) and À is the unit vec- 
tor in the direction of rx v. Note that angular momen- 
tum is about the origin as 7 is a position vector from 
the origin to the current location of the particle. These 
quantities on given paths of the particle are 








AB: r=, L= mo (5) $), 
BC: r=4%+a, n 
ar 





Note that ñ is into the paper on the paths AB and DA. 
Ans. B, D 














Q 23. A mass m is moving with a constant velocity 
along a line parallel to the x-axis, away from the origin. 
Its angular momentum with respect to the origin 

(A) is zero (B) remains constant 

(C) goes on increasing (D) goes on decreasing 


Sol. The angular momentum of a particle about the 
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origin O is given by 
L=mrxt 
= m/(rcos@i+rsinéj) x (vi) 


= -mvr sinb k = -mvh Å. 


Qı 








> x 


Since v and h are constants, L remains constant. 
Ans. B 














Q 24. A particle of mass m is dropped from a point P. 
It falls under gravity in the x-y plane. Which of the 
following statement is false at time t? 





(A) The torque on the particle about the origin O is 
mga Ñ. 

(B) The angular momentum of the particle about the 
origin O is mgxot k. 
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(C) The torque and angular momentum of the particle 
about a point lying on the line x = x are zero. 

(D) The torque and angular momentum of a particle 
moving in a straight line are zero. 


Sol. The force acting on the particle is its weight F= 
mg Ĵĵ. The particle falls under gravity with a constant 
acceleration @ = F /m = gî. The position and velocity 
of the particle after a time t are given by 





T= x9it sgt’), T= gt). 
oí — To — P 
> T 
142 
F 29t 
Q To 
mg @Lo 


The torque on the particle about the origin O at a 
time t is given by 


l 


TOS xF 


+ Zgt? j) x mg j= mga k. (1) 


>> 


Ponne 33 


To 


The angular momentum of the particle about the 
origin O at a time t is given by 


> 
> 


Lo =mrxv 
= m (xoi+ sgt? j) x gtj = mgxot k. (2) 
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The torque To can also be obtained by differenti- 
ating equation (2) i.e., To = dLo/dt. 

The angular momentum Lo can be obtained by 
integrating equation (1) i.e., Lo = [To dt. 

Note that torque and angular momentum of the 
particle about a point lying on the line x = zo are 
zero. 





Ans. D 











Q 25. A particle of mass m is projected with a veloc- 
ity v making an angle of 45° with the horizontal. The 
magnitude of the angular momentum of the projectile 
about the point of projection when the particle is at its 
maximum height h is 


(A) zero (B) m (C) m (D) my/2gh3 








Sol. At the highest point P, vertical component of the 
velocity becomes zero. The maximum height is given 
by 


h = v? sin? 45° / (29) = v? / (4g). 
7 P 


45° 
O Q 





+ x 


The position vector of P and the velocity at P are 
Fe =|OQ\i+ h3, 
Üp = v cos 45° î = v/V2i. 
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The angular momentum about O is given by 

L= mfp x tp = —movh/V2 k, 
L| = mvh/V2 = mv? /4V2g = mv/2gh3. 











Ans. B, D 





Q 26. A ball of mass 160 g is thrown up at an angle of 
60° to the horizontal at a speed of 10 m/s. The angular 
momentum of the ball at the highest point of the tra- 
jectory with respect to the point from which the ball is 
thrown is nearly | g = 10 m/s?] 

(A) 1.73 kg m?/s (B) 3.0 kg m?/s 

(C) 3.46 kg m?/s (D) 6.0 kg m?/s 


Sol. The ball of mass m = 0.160 kg is thrown up with a 
speed u = 10 m/s at an inclination angle 0 = 60°. The 
velocity of the ball at the highest point is v = u cos 62. 
The highest point is located at a height H = Soue, 


u cos @ 
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The angular momentum of the ball about the ori- 
gin O when it reaches the highest point P is 


Lo = MTOP XxV= —muH cos 6k 
2 miè sin? 0 cos 0 ; 
2 F 


= —3 kg m?/s k. 














Ans. B 





Q 27. A particle is projected at time t = 0 from a point 
P on the ground with a speed vo, at an angle of 45° to 
the horizontal. Find the magnitude and direction of 
the angular momentum of the particle about P at time 


t = vo/g. 


45° 





P 


mve ft mv? > mv? s mu? * 
(A) - 22k (B) -Zik (0C) -28k D) -2k 











Sol. The components of the initial velocity in x and 
y directions are 


Voz = vo cos 45° = vo/ V2, 
Voy = vo sin 45° = vo/ V2. 
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vo sin 45° 








A : 3 Sg 
P va cos 45° 


The components of acceleration in x and y direc- 
tions are az = 0 and a, = —g. Let v be the velocity of 


the particle at time t = vo/g. The components of y at 
time t are given by 











Ug = Vox at = pt 
Vo vo _ vo(1— V2) 
Uy = Voy URA T a , 


The components of the position vector r at time t = 
vo/g are 








1 2 Uo Vo ve 
T = Vort + zart = t0 = ; 
2 v2 g V2g 
1 2 
Y = Voyt + gut 





E vo VO so (2) = 202 
V2 9 2X g 2g 


The angular momentum of the particle at time t = vo/g 
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is given by 


hy 
ll 
3 


FX U=m(ai+ yj) x (Uzi + Vvyj) 


v wo(1= v2) _ B(V2-1) volg 








V29 V2 2g v2 
— mug > 
2/29 
Ans. D 














Q 28. A projectile of mass m is thrown from the ori- 
gin O at an angle @ to the horizontal with the initial 
speed u. Its angular momentum about the origin at a 
time t is given by 

(A) gt? usin@ (B) gt? ucosé 

(C) $gt? ucos?@ (D) Zt? ucosd 


Sol. The velocity and position of the particle after a 
time t are given by 


v= ucos@ î— gt j, 


T= ucos6 ti + (usind t — $gt?) j. 
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O 


The angular momentum of the particle about the 
origin O at a time t is given by 
L=mrx= —1gt? ucos0 k. 

Aliter: The position of the particle at the time t is 
r= üt—ğt?/2. The force on the particle is mg and the 
torque about the point O is 


T=rx m] =m (ut — iğ) xj=m(üxgğ)t 


Note that ü, g and u x g are constant vectors i.e., their 
magnitude as well as direction does not change with 
time. The direction of the torque is fixed but its mag- 
nitude increases linearly with time. The torque changes 
angular momentum of the particle as 7 = dL /dt. Sub- 
stitute F in this equation to get 


dL = m (ü x J) tdt. 
Integrate with initial condition L = to get 


> 


L= im(ŭ x g) t. 





Ans. D 
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Q 29. A particle is moving in a circular path of radius 
r, with a constant velocity v as shown in the figure. The 
center of circle is marked by C. The angular momentum 
from the origin O can be written as 








(A) vr(1 +cos20) (B) vr(1 + cos @) 
(C) vr cos 26 (D) vr 


Sol. By geometry, angle PCD is 20 and the position 
vector of the particle is 

(OC + CD)i+ DP j 

= r(1 + cos 20) î + r sin 20 j. 


TOP 
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Let the particle moves with a speed v in anti- 
clockwise direction. The velocity of the particle at the 
point P is tangential to the circle. It is given by 


y = —v sin 207 + v cos 20 j. 


The angular momentum of the particle of mass m about 
the origin O is given by 


> 


p= MTOP xv 
= mur ((1 + cos 20) 7+ sin 26 9) 
x (— sin 207+ cos 20 î) 


= mur(1 + cos 26) k. 


Aliter: Resolve rop parallel and perpendicular to 
the velocity vector v. It is easy to see that 


[Fop x o| = | (For, + For.) x a 
= |0 x rop,1| = vPE = ur(1 + cos 20). 





Ans. A 











Q 30. A particle moves in a circular path with decreas- 

ing speed. Choose the correct statement, 

(A) Angular momentum remains constant. 

(B) Acceleration (@) is towards the centre. 

(C) Particle moves in a spiral path with decreasing ra- 
dius. 

(D) The direction of angular momentum remains con- 
stant. 
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Sol. The angular momentum of a particle of mass m 
with position 7 and velocity v is given by L = mr x wv. 
It is coming out of the paper and its direction remains 
constant (see figure). 





The magnitude |L] decreases due to decreasing |0]. 
The acceleration has a centripetal component arp to- 
wards the centre and a non-zero tangential component 
az opposite to the direction of velocity. Hence, resultant 
acceleration @ will not be towards the centre as shown 
in the figure. 





Ans. D 











Q 31. A particle of mass 20 g is released with an initial 
velocity 5 m/s along the curve from the point A, as 
shown in the figure. The point A is at height h = 10 m 
from point B. The particle slides along the frictionless 
surface. When the particle reaches point B, its angular 
momentum about the point O will be [g = 10 m/s?] 
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(A) 2kg m?/s (B) 8kgm?/s 
(C) 6kg m?/s (D) 3 kg m?/s 


Sol. The particle of mass m = 0.02 kg is released with 
a velocity u = 5 m/s from the point A. The particle 
travels a vertical height h = 10 m as it moves from the 
point A to the point B. 

Let reference level for the gravitational potential 
energy be at the height of point B. The potential and 
kinetic energy of the particle at the point A are given 
by 


Ua = mgh, Ka = ime. 
Let v be speed of the particle at the point B. The 
potential and kinetic energy of the particle at this point 
are 


Upg = 0, Kp = hmv’. 
The mechanical energy of the particle is conserved 
because the surface is frictionless. By conservation of 
mechanical energy, U4 + Ka = Upg + Kp, we get 





v = y/u? + 2gh = \/5? + 2(10)(10) = 15 m/s. 
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The velocity of the particle at the point B is in 
the horizontal direction because it is tangential to the 
surface at this point. The magnitude of angular mo- 
mentum of the particle about the point O is 


L = mr; v = 0.02(10 + 10)15 = 6 kg m?/s. 





Ans. C 











Q 32. A particle undergoes uniform circular motion. 
About which point on the plane of the circle, will the 
angular momentum of the particle remain conserved? 
(A) centre of the circle. 

) on the circumference of the circle. 

) inside the circle. 

) outside the circle. 


Sol. In uniform circular motion, the net force on the 
particle passes through centre of the circle so its torque 
about this point is zero and angular momentum remains 
conserved. 





Ans. A 











Q 33. A spherical ball moving on a smooth horizontal 

surface rebounds elastically from a smooth vertical wall. 

Which of the following statement is most appropriate 

(A) The angular momentum of the ball is conserved. 

(B) The angular momentum of the ball about the point 
of rebound is conserved. 

(C) The angular momentum of the ball about any point 
on the normal to the wall drawn at the point of 
rebound is conserved. 
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(D) The angular momentum of the ball about any point 
on the vertical line drawn at the point of rebound 
is conserved. 


Sol. The forces acting on the ball are its weight (W), 
reaction from the floor (R), and reaction from the wall 
(N). The forces W and R balances each other. 








Let the ball rebounds from the point O. The normal 
to the wall at the point O is XX’. The reaction from 
the wall acts in the direction OX’. The torque due to N 
about any point on the line XX’ is zero. Hence, angular 
momentum of the ball about any point on the line XX’ 
is conserved. 





Ans. C 











Q 34. The potential energy of a particle of mass m at 
a distance r from a fixed point O is given by V(r) = 
kr?/2, where k is a positive constant of appropriate di- 
mensions. This particle is moving in a circular orbit of 
radius R about the point O. If v is the speed of the par- 
ticle and L is the magnitude of its angular momentum 
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about O, which of the following statement(s) is (are) 
true? 


(A) v= ÆR (B) v= JER 
(C) L=VmkR? (D) L=4/™ R? 


Sol. The force on a particle moving in a potential 
V(r) = kr?/2 is given by 
(ed Ue 8 
dr 
The force F is directed towards a fixed point O. The 
particle of mass m is moving with a speed v in a circular 
orbit of radius R about the point O. Thus, the force 
on the particle is F = —kR# and this force provides 
necessary centripetal acceleration to the particle i.e., 
kR = mv?/R, which gives 


v= WVk/mR. 
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The magnitude of the angular momentum about 
the point O is given by 


L=mvR = vkm R?. 


Can you identify the physical system given in this prob- 
lem? Is it not a spring-mass system in the horizon- 
tal plane with one end of the spring fixed (at O) and 
other end attached to the particle? This system can 
do circular motion or SHM based on how you initial- 
ize it. The initial conditions and system characteristics 
together decide the motion. 

We encourage you to prove that L is conserved if 
potential energy V is a function of distance r (from 
a fixed point O) i.e., V = f(r). The motion of the 
particle in this type of potential energy is confined to a 
plane (with E normal to this plane). The gravitational 
potential energy V(r) = —GMm/r is an example of 
this type. 





Ans. (B), (C) 











Q 35. Consider a particle of mass m at a position f”. It 

moves under the influence of a force F = f(r)?, where 

f is a function of the distance r (= |r|) and 7 is a unit 

vector in the direction of r. Which of the following 

statement is false? 

(A) The torque on the particle about the origin is zero. 

(B) The angular momentum of the particle about the 
origin is conserved. 

(C) The particle moves in a plane passing through the 
origin. 

(D) The kinetic energy of the particle is conserved. 
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Sol. This problem is related to the central force motion. 
The planetary motion is an example of this type where 
f(t) = -—GMm/r? is the gravitational pull. 

Let the particle be located at the point P. The force 
on the particle, F = f(r)f, is directed from the point P 
to O if value of function f(r) at P is negative otherwise 
it is directed from the point O to P. The torque on the 
particle about the point O is 





Thus, angular momentum of the particle about the 
point O is conserved. Note that angular momentum is 
conserved only about the point O. 

The angular momentum of a particle, Lo =mrxv, 
is perpendicular to rand v. The direction of Lo remains 
fixed in space because Lo is conserved. Hence, 7 and v 
always remains in a plane passing through O and having 
normal Lo. It means, the particle is confined to move in 
a plane. This is a general statement of Kepler’s first law. 
The Kepler’s second law i.e., radial vector sweeps equal 
area in equal interval of time, is based on magnitude of 
angular momentum conservation. 

The central force, F = f(r)f, is a conservative 


force. The total mechanical energy of the particle is 
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conserved. The kinetic energy varies as particle travels. 
For example, the kinetic energy of a planet is maximum 
at the perihelion (closest to the sun) and it is minimum 
at apohelion (farthest from the sun). 





Ans. D 











Q 36. A binary star consists of two stars A (mass 
2.2M,) and B (mass 11M,), where Ms is the mass of 
the sun. They are separated by distance r and are ro- 
tating about their centre of mass, which is stationary. 
The ratio of the total angular momentum of the binary 
star to the angular momentum of star B about the cen- 
tre of mass is 

(A) 6 (B) 7 (C) 8 (D) 9 


Sol. Let ma = 2.2M,, mp = 11M,, and r be the sep- 
aration between A and B. The centre of mass C of this 
system lies at a distance ra = mgr/(ma + mp) from 
ma and rg = mar/(ma + mp) from mp. 








TA TB 
K dK r 
&- . r] 

MA C mB 
K >l 





The moment of inertia of the system about an axis 
passing through C is 


2 2 
Lota = Marg + MBTB 


= [mamg/(ma + mep)| r?. 
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Thus, the total angular momentum of the system about 
C is 

Leotal = Ltotaw = [mamp/(mat+meg)jwr?. (1) 


The moment of inertia and the angular momentum of 
the star B about an axis passing through C are 


Iz = mgr = [mgm /(ma +mpg)’] r?, 
Lg = Ipw = [mpm4/(ma + mg})’] wr. (2) 


Divide equation (1) by (2) and substitute the values of 
ma and mpg to get Liota/ LB = (ma + mpg)/ma = ô. 
Ans. A L 














Q 37. A particle of mass 2 kg is on a smooth horizontal 
table and moves in a circular path of radius 0.6 m. The 
height of the table from the ground is 0.8m. If the 
angular speed of the particle is 12 rad/s, the magnitude 
of its angular momentum about a point on the ground 
right under the centre of the circle is 

(A) 8.64 kg m?/s (B) 11.52 kg m?/s 

(C) 144kgm?/s_ (D) 20.16 kg m?/s 


Sol. The particle of mass m = 2 kg moves on a horizon- 
tal circle of radius rọ = 0.6 m centered at the point C 
(see figure). The point C is at a height h = 0.6 m from 
the ground point O. 
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x 


The particle moves on base circle of a cone of ra- 
dius r, height h and vertex O. If the particle is at the 
point P then its position vector 7 lies on the curved sur- 
face of the cone (it is generator of the cone). The length 
of the position vector is |r] = yrë +h?. The velocity 
v of the particle is tangential to the base circle. The 
magnitude of velocity is |U| = wro, where w = 12 rad/s 
is angular speed of the particle in its circular path. 

It is not difficult to see that 7 and 7 are perpen- 
dicular to each other (we encourage you to try it on a 
paper cone and get yourself convinced). Thus, magni- 
tude of the angular momentum of the particle about the 
point O is 


|L| = mF x ë| = mF |7] sin 90° 


= mwroy/r2 + h? = 14.4 kg m?/s. 


We encourage you to write the expressions for r and v 
and then get L by cross product. You will find that 
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z-component of Lis independent of h i.e., it is indepen- 
dent of the choice of the origin O. However, component 
in x-y plane depends on h. Can you see that L moves 
on a cone as the particle moves in the circle? 

Ans. C 














Q 38. Consider a particle of mass m traveling in a circle 
of radius r with an angular speed w. The centre of the 
circle lies at the point (0,0,h) and the plane of the 
circle is parallel to the x-y plane (see figure). Which 
of the following statement is false about the angular 
momentum of the particle with respect to the origin 





x 


(A) its direction depends on the instantaneous position 
of the particle. 

(B) it rotates on curved surface of a cone of half angle 
tan~1(r/h). 

(C) its z component is constant with magnitude mr7w. 

(D) its direction is not parallel to the angular velocity. 


Sol. The angular velocity of the particle is j@ = wk. 
Let the particle be at position 7 = at? +yj+hk ata 
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time t. Note that £? + y? =r? because the particle lies 
on a circle of radius r. The velocity of the particle at 
this instant is given by 


T = ğü x T= —wyî + wr ĵ. 


The angular momentum of the particle at this in- 
stant is given by 


> 


L= mr x 0 = mw(—hzî— hy î +r? k). 


Note that angular momentum is not parallel to the an- 
gular velocity. Also note that z-component of angular 
momentum is constant but x and y components de- 
pends on the position of the particle. We encourage 
you to visualize motion of the angular momentum vec- 
tor as particle moves in the circle. 





Ans. B 











Q 39. A ball of mass m is attached to a massless string 
of length l and rotated in a horizontal circle of radius r 
as shown in the figure. If the length / is slowly increased 
then which of the following statement is true? 
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A) r?/Wh remains constant 

B) ra l/4 if 6 = 1/2 

C) ha l* if6x0 

D) r?/Vh increases 

Sol. Let w be angular speed of the ball rotating in a 


horizontal circle of radius r. The forces acting on the 
ball are its weight mg and the string tension T. 





Resolve T in the horizontal and vertical directions. 
Apply Newton’s second law in these directions to get 


T cos@ = mg, (1) 


2 


T sinb = mw?r = mlw’ sin 0. (2) 


Solve equations (1) and (2) to get 


_ jgtanð _ g — Jg 
=N r -Jri ye (3) 
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From equation (3), you can see that 0 increases and 
h decreases if w is increased without varying the string 
length J. Now, let l is increased slowly. Let us see 
the torque on the ball about the suspension point O. 
The torque due to the string tension T is zero. The 
torque due to the weight mg is mgr and it lies in the 
x-y plane. Thus, z-component of the torque about O is 
zero. Hence, z-component of the angular momentum of 
the ball about the point O is conserved. 

The z-component of the angular momentum of the 
ball about the point O is 


L, = mwr? = mr? y/ g/h. (4) 


Thus, r?/ Vh remains constant even if string length l 
is varied. If 6 ~ 0 then h ~ l and equation (4) gives 
r œx 11/4, I0 ~ m/2 then r ~ l and equation (4) 
gives h x l4. We encourage you to see these results by 
experimenting with a ball attached to a thread. 
Ans. A 














Q 40. A small ball rotates in a horizontal circle at the 
end of a string of length / which makes an angle 0 with 
the vertical. The string is slowly pulled through a hole 
in its support until the free length of the string is V 
and it makes angle 6’ with the vertical. Which of the 
following is correct? 
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Angular momentum of the ball about the circle’s 

centre C is conserved. 

(C) Angular momentum of the ball about the sup- 
port O is conserved. 

(D) Kinetic energy of the ball is conserved. 


A) l sin? 0 tan0 = l” sin? 6’ tan 0’. 
) 


Sol. The forces acting on the ball are the weight mg 
and the string tension T. The vertical component of T 
balances the weight and its horizontal component pro- 
vides necessary centripetal acceleration to the ball i.e., 


T cos 0 = mg, (1) 
T sind = mv? /lsinð. (2) 
Divide equation (2) by (1) to get relation for the speed, 
v? = glsin 0 tan 0. (3) 


Similarly, when the string length is reduced to l’, the 
relation for the speed v’ is 


v’? = gl’ sind’ tan 0. (4) 
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The vertical component of the torque on the ball 
about the point O is zero. Thus, the vertical component 
of the angular momentum of the ball is conserved when 
string length is reduced from / to I’ i.e., 


mol sind = mv'l' sind’. (5) 


Note that the horizontal component of angular momen- 

tum is not conserved. Eliminate v and v’ from equa- 

tions (3)-(5) to get [3 sin? 8 tan 8 = l’? sin? 6’ tan @’. 
Ans. A 














Q 41. A small mass m is attached to a massless string 
whose other end is fixed at P as shown in the figure. 
The mass is undergoing circular motion in the x-y plane 
with centre at O and constant angular speed w. If the 
angular momentum of the system, calculated about O 
and P are denoted by Lo and È p, respectively, then, 
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zZ 


P 








(A) Lo and Ep do not vary with time. 

(B) Lo varies with time while Lp remains constant. 
(C) Lo remains constant while Lp varies with time. 
(D) Lo and Lp both vary with time. 


Sol. For a particle of mass m having position r and 
velocity v, the angular momentum L about a point Q 


is given by 


where 7g is the position vector of the point Q. 
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Consider the Cartesian and polar coordinate sys- 
tems as shown in the figure. Let h be the height of the 
point P above the point O. The angular momenta of 
the system about the point O and about the point P 
are 


Lo = m(F— To) x = mrë, x wrë = mur? Z, 
Lp= m(r— Tp) x Y= m (rë, — hê) x wr&; 


= mhwré, + mwr? 2. 


Since direction €, rotates with time, Ep varies with 
time. However, Lo and |p| do not vary with time. 
We encourage you to deduce the results by finding the 
torque about O and P. Hint: To = 0 and 7p Æ 0. 
Ans. C 
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Q 42. A stone of mass m, tied to the end of a string, 
is whirled around in a horizontal circle. (Neglect the 
force due to gravity). The length of the string is re- 
duced gradually keeping the angular momentum of the 
stone about the centre of the circle constant. Then, the 
tension in the string is given by T = Ar”, where A is 
a constant, r is the instantaneous radius of the circle. 


(A) 3 (B) -3 (C) 2 (D) -2 
Sol. Consider the motion of the particle of mass m at 


time t. The position 7’ and the velocity y of the particle 
are perpendicular to each other. 





O 





The angular momentum of a particle about the cen- 
tre O is given by L = mfx ü= mvrk. The tension 
in the string T provides the centripetal acceleration to 
the particle i.e., 


2 
N (=) - (=) r=, 
r r \mr m 
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Compare with T = Ar”, to get n = —3. We en- 
courage you to make a small demo to feel the physics. 
Take a ball pen and remove the refill so that you can 
pass a thread through the pen cover. Take a thread 
and tie one of its end to an eraser, pass the other end 
through the pen cover, and tie a larger mass (key ring 
etc.) to the other end. 





m 
E 
Pen Cover aici 
|Tv 
gl 
Y 
Mg 


Hold the pen cover and rotate the eraser in a hor- 
izontal circle. Increase the rotation speed till mass M 
just starts lifting up. At this instant T = Mg. Increase 
the speed further till mass M touches the pen. Now, 
pull the mass M downwards and see what happens to 
the speed of mass m. Try various ways to understand 
the relation between T, r, and v. 





Ans. B 











Q 43. A particle attached to a string rotates on a fric- 
tionless table top. If the tension on the string is in- 
creased by pulling the string causing the radius to de- 
crease by a factor of two, the kinetic energy of the mass 
will 

(A) increase by a factor of 4. 
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(B) decrease by a factor of 2. 
(C) remain constant. 
(D) increase by a factror of 2. 


Sol. The forces on the particle of mass m are its weight 
mg, normal reaction N and the string tension T. The 
weight and normal reaction balances each other (i.e., 
N = mg) and the tension T provides centripetal accel- 
eration i.e., T = mv?/r. 


T 


The torque on the particle about the centre O is 
zero. Thus, angular momentum of the particle about 
the point O is conserved. Initially, the particle rotates 
with a speed v in a circle of radius r. Its angular mo- 
mentum about the point O is 


L = mvr. 


Finally, the particle rotates with a speed v’ in a circle of 
radius r/2. Its angular momentum about the point O 
is 


L' = mw'(r/2). 


The conservation of angular momentum, L = L’, gives 
v’ = 2v. Initial kinetic energy of the particle is K = 


Chapter 2. Questions and Solutions 80 


mv? /2 and final kinetic energy is 


K' = imu”? =4. im? =4K. 
Aliter: The kinetic energy of an object rotating 
about a fixed axis is given by K = L?/2I, where L and 
I are angular momentum and moment of inertia about 
the axis of rotation. Thus, 
Fra pF L? 


K'=— = =4.— =4K. 
2 mr2/2 27 








Ans. A C 











Q 44. The torque F on a body about a given point is 
found to be equal to Ax L, where A is a constant vector 
and L is the angular momentum of the body about that 
point. From this its follows that, 


(A) Æ is perpendicular to Č at all instants of time. 

(B) ike component of Č in the direction of A does not 
change with time. n 

(C) the magnitude of L does not change with time. 

(D) L does not change with time. 


Sol. The torque on a body is equal to the rate of change 
of its angular momentum i.e., 


di/dt=7=Ax L. (1) 


The cross product AxLis perpendicular to both Aand 
L and hence dL /dt is perpendicular to L. Let L = Lyit 
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Ly j+Lzk and A = Ai (A being a constant vector allows 


>, 


us to define x axis along A). Substitute in equation (1) 
to get 





dl, dLly,  dblz3 z F A A 
dt tt dt J T dt k=4AxL= AL,j + ALyk, 

which gives 
dL,,/dt = 0, (2) 
dL, /dt = —AL,, (3) 
dL,dt = ALy. (4) 


The equation (2) gives L, = constant. Differentiate 
L-L = L? and use equations (3) and (4) to get 








dL? d 
7 = (7? ++I 
dt ai z + Ly + L3) 
dL dL dL 
=2L,——" +2L,,—" + 2L, — 
zg egg. teas 
=2L,,(0) + 2Ly(—AL,) + 2L,(AL,) = 0. 


(5) 


From equation (5), ¥Ž = 2184 = 0, which gives L = 


constant. 





Ans. A,B,C 











Q 45. In the Column I below, four different paths of a 
particle are given as a function of time. In these func- 
tions, a and ĝ are positive constants of appropriate di- 
mensions and a # 8. In each case, the force acting on 
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the particle is either zero or conservative. In Column IT, 
five physical quantities of the particle are mentioned: p 
is the linear momentum, L is the angular momentum 
about the origin, K is the kinetic energy, U is the po- 
tential energy and FE is the total energy. Match each 
path in Column I with those quantities in Column I, 
which are conserved for that path. 








Column I Column II 
(P) FW) = ati + bt) O7 
(Q) F(t) = a coswtî + 8 sin wt j (2) L 
(R) r(t) = a(coswt? + sin wt j) (3) K 
(S) FE) = ati + Et 5 (4) U 
(5) Æ 
(A) P+(1,2,3,4,5), Q=(2,5), R= (2,3,4,5), S-4(5) 
(B) Pr(1,2,3,4,5), Q=(3,5), R++(2,3,4,5), SH(2,5) 
(C) Pr+(2,3,4), Q(5), R= (1,2,4), S(2,5) 
(D) P+4(1,2,3,5), Q(2,5), R= (2,3,4,5), S>(2,5) 


Sol. The linear momentum p pofa particle i is conserved 
if force on it is zero i.e., F=mé@=0. fp p is conserved 
then kinetic energy K = p?/2m is also conserved. The 
angular momentum Lofa particle i is conserved if torque 
on it is zero i.e., T = f x F =0. The total energy F is 
conserved for OEROL NE forces. 

In case (P), differentiate T(t) = atî + Btj to get 
velocity 7 = aî + 8 ĵ and acceleration @ = 0. By New- 
ton’s second law, F = mā = . Thus p is conserved. 
Also, 7 = F x F=0 implies L is conserved. Since j 
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is conserved, K is also conserved. The potential en- 
ergy U is conserved because force is zero. Hence, total 
energy E = U + K is also conserved. Note that the 
particle moves in a straight line with uniform velocity. 
This straight line makes an angle tan~'(8/a) with the 
& axis. 

In case (Q), assuming w to be a constant, differen- 
tiate T(t) = (acoswtt + Bsinwtj) to get velocity Y = 
—aw sin wt? + Bwcoswtj and acceleration @ = —w??. 
Force is F = mā = —mw?? 4 0. Thus p is not con- 
served. The kinetic energy 

ee ee ee ee ee eae 2 or 2 

K = git T= gmo (af cos wt + p“ sin“ wt), 
is not conserved because a@ and 8 are positive constants 
and a # p. Torque 7 = 7 x F =0 because 7 and F are 
anti-parallel to each other. Thus, L is conserved. To- 
tal energy E is conserved because force is conservative. 
Since F is conserved but K is not conserved, U = E-K 
is not conserved. The particle either moves in an ellip- 
tical path or undergoes SHM. 

In case (R), differentiate r(t) = a(coswtt+sin wt j) 
to get velocity Y = —aw(sinwtt— coswt Jj) and acceler- 
ation @ = —w27. Force F = —mw?? 4 0 implies p is 
not conserved. The kinetic energy K = imwa? is con- 
served. Note that conservation of p implies conservation 
of K but converse is not true. Torque 7 = 7 x F=0 
implies L is conserved. Total energy E is conserved 
because force is conservative. Since E and K are con- 
served, U = E — K is also conserved. Note that particle 


either moves in a circular path or undergoes SHM. 
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In case (S), r(t) = at ê + $ Bt? j gives ¥ = ai+ btî 
and @ = 63. Force F = mB # 0 implies p is not 
conserved. The kinetic energy K = $m(a? + ?t?) is 
not conserved. Torque 7 = 7 x F= mat k A 0 implies 
L is not-conserved. Total energy E is conserved because 
force is conservative. Since E is conserved but K is 
not-conserved, U = E — K is not-conserved. Note that 
particle moves in a parabolic path (projectile motion). 

Ans. Pr+(1,2,3,4,5), Q(2,5), Rr(2,3,4,5), 





Str+(5) 











Q 46. A meteor of mass m is approaching earth with 
an impact parameter h (see figure). The radius of the 
earth is re and its mass is Me. Let meteor started very 
far away from the earth with initial speed vp and it 
just grazes the earth. The expression for the impact 
parameter h is 
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Sol. Let the origin O of the coordinate system lies at 
the earth’s centre and initial velocity vo of the meteor 
lies in x-y plane. 


m vo 
iu 











Consider a point P on the meteor’s path. The po- 
sition vector of the point P is r. The gravitational force 
on the meteor and the torque on it about the origin are 


Gmem _, > > m z 
— Te T=r7rxF=0. 





P= 3 
Thus, angular momentum of the meteor about the ori- 
gin is conserved. 

Initially, when the meteor is far away from the 
earth, angular momentum of the meteor about the ori- 
gin is 


Li = —muoh k. 


Finally, when the meteor is grazing the earth at Q, its 
angular momentum about the origin is 


Ly =—mure k. 
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Note that velocity v of the meteor at the grazing point Q 
is tangential to the earth surface. By conservation of 
angular momentum, L; = Ly, we get 


v = voh/re. (1) 


Initially, gravitational potential energy of the me- 
teor is U; = —Gmem/ro = 0 (~ ro = œ) and its kinetic 
energy is K; = imoô. Finally, gravitational potential 
energy of the meteor is Up = —Gmem/re and its kinetic 
energy is Ky = ima. By conservation of mechanical 


energy, U; + Ki =U; + Kẹ, we get 


Gmem 





mv = + dmv’. (2) 


NI= 


Te 
Eliminate v from equations (1) and (2) to get 
2GMe 


h=re,] 1+ mt 
TeV 








Ans. A 











Q 47. A small stone of mass m slides on a frictionless 
horizontal surface with a velocity v. A string connects 
the stone to a pole of radius a. As the stone moves, the 
string wraps around the pole and the stone gradually 
spirals inwards. Which of the following statement is 


false? 
Vv 
Q ! 


pole stone 
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(A) The stone moves with a constant speed v. 

(B) The angular momentum of the stone about the cen- 
tre of the pole is not conserved. 

(C) At each instant, the stone moves in a circle centred 
at the string’s contact point with the pole. 

(D) The magnitude of torque on the stone about the 
centre of the pole decreases as the stone spirals 
around the pole. 


Sol. At any instant, the stone moves in a circle of 
instantaneous radius r centred at the string’s contact 
point P with the pole. Note that string’s contact point 
with the pole is not fixed (it moves on a circle of ra- 
dius a). Thus, the string tension T is always perpen- 
dicular to the stone’s velocity vector v. Hence, work 
done by T on the stone is zero. By work-energy theo- 
rem, kinetic energy (mv?/2) of the stone is conserved 
because work done on it is zero. Thus, the stone moves 
with a constant speed v as it spiral around the pole. 


Vv 
rf 
4- 


P r stone 





The torque on the stone about the centre of the 
pole O is T = aT (into the paper). Thus, angular mo- 
mentum of the stone about the centre of the pole is note 
conserved. 

The string tension provides centripetal acceleration 
to the stone i.e., T = mv?/r. The radius r decreases 
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as the stone spirals around the pole. Thus, the tension 
T and the torque about O (T = aT = amv?/r), both 
increases in magnitude as the stone spirals around the 
pole. 

The angular momentum of the stone about the 
point O is L = mwr (out of the paper). The magnitude 
of the angular momentum decreases as the stone spirals 
around the pole. You can see this by using dL/dt = 7, 
which gives dL/dt = —amv?/r. 

Substitute L = mwr in dL/dt = —amv?/r and 
integrate with time t to get r = \/ré — 2avt, where ro 
is the initial radius r. 

What about conservation of angular momentum of 
the stone about the contact point P? We should be 
careful while answering vague questions like this! The 
statement “Č is conserved” means a uniquely defined 
physical quantity L is constant with time. The con- 
tact point P is not fixed, it varies with time. Thus, the 
physical quantity “L about the contact point P” have 
different meanings at different time instants (it is not 
uniquely defined). This vagueness may lead to wrong 
conclusion “the torque about P is zero but the angular 
momentum about P (mwr) is not conserved”. 

Ans. D 














Q 48. In HCl molecule, the masses of H and Cl are 
1 amu and 35 amu and separation distance between the 
two is 1.2 A. The moment of inertia of HCl molecule 
about an axis passing through its centre of mass is 

(A) 1.20amu-A” (B) 1.40 amu-A” 


(C) 12.96 amu-A* (D) 2.40 amu-A” 
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Sol. Let mı = 1 amu be mass of the hydrogen atom, 
mə = 35 amu be mass of the chlorine atom and r = 
1.2 A be the separation distance. 





mı m2 
e od o 
H ri C 72 Cl 
K >| 





The centre of mass C is located at a distance 
rı = EA from mı and rg = ET from mə. Thus, 
moment of inertia of HCl molecule about an axis pass- 


ing through C is 











mımə 
I= mr? + mr? = —— r = pr’, (1) 
mı + m2 
where u = ET is called reduced mass. Substitute 


values to get I = 1.4 amu-A”. You are encouraged to 
analyse equation (1) and find J if (a) mz = mı and (b) 
m2 > mı. 





Ans. B 











Q 49. Four particles, each of mass m, are placed at the 
corners of a square ABCD of side l. The moment of 
inertia of this system about an axis passing through A 
and parallel to BD is 

(A) 2ml? (B) V3m? (C) 3ml? (D) ml? 


Sol. The configuration is shown in the figure. From 
geometry, B'B = 1//2, D'D = 1/2 and AC = v21. 
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B’ 





The moment of inertia about the desired axis XX’ 


I =m(0)? + m(B'B)? + m(AC)? + m(D’D)? 
= 04 ml? /2 + ml?/2+ 2mi? = 3ml’. 








Ans. C 











Q 50. Two uniform identical rods each of mass m and 
length l are joined to form a cross as shown in figure. 
The moment of inertia of the cross about axis 1 is 





(A) ml?/12 (B) ml2/6 (C) ml2/3 (D) 2ml2/3 
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Sol. Let J; and Ip be moment of inertia of the rod 
about axis 1 and 2, respectively. By symmetry, = 
Iz = I. The perpendicular axis theorem gives moment 
of inertia of the cross about the perpendicular axis 3 as 


Iz = 1, + Ip = 21. (1) 


The moment of inertia of each rod about axis 3 is ml?/3, 
which gives 


Iz = ml? /3 + ml? /3 = 2ml? /3. (2) 


From equations (1) and (2), we get I = ml?/3. 
Ans. C 














Q51. A disc D; of radius r is cut-out from a steel plate 
of thickness t and another disc Dg of radius 2r is cutout 
from steel plate of thickness 2t. The ratio of moment of 
inertia of D; to that of Dz about their symmetry axis 
is 


(A) 1:4 (B) 1:8 (C) 1:16 (D) 1:32 


Sol. Let p be the density of steel. The volume of disc 
D, is V; = mrt and that of disc Dg is V2 = m (2r)? (2t) = 
8rr?t. The mass of disc Dı is mı = pV; = mpr7t and 
that of disc Dz is mz = pV2 = 8rpr?t. 

The moment of inertia of disc Dı about its sym- 
metry axis (i.e., axis passing through the centre of the 
disc and perpendicular to its plane) is 


I, = mır? = irprît, 
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and that of disc Də is 


In = $m(2r)? = 1(8mrpr?t)(4r?) = 32-4 prt. 


1 1 
2 2 

Thus, J : Ig = 1 : 32. You should not be carried 
away by half-logic “since I œx r? and the formula is 


independent of t therefore I; : Ig =1: 4”. 





Ans. D 











Q 52. There are two identical rods. One of the rod is 
straight and another is bent in the form of a ring. If J 
is the moment of inertia of the straight rod about an 
axis passing through its centre and Ig is the moment 
of inertia of the ring about an axis passing through its 
centre and perpendicular to its plane then J; : Ip 

(A) n? :3 (B) 3:n? (C) 4r? 23. (D) 3240 


Sol. Let m be the mass and / be the length of each 
rod. The radius of the ring is r = 1/(27). The moment 
of inertia of the straight rod is J, = ml?/12 and that 
of the ring is I2 = mr? = ml? /(4x?). Thus, I : Ip = 
n? : 3. Note that shape of the object play key role in 
its moment of inertia. In this example, bending the rod 
reduces the moment of inertia by a factor of 3. 

Ans. A LE 














Q53. Moment of inertia of a uniform circular disc 
about a diameter is J. Its moment of inertia about 
an axis perpendicular to its plane and passing through 
a point on its rim will be 

(A) 5I (B) 37 (C) 62 (D) 4I 
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Sol. By symmetry, the moment of inertia of the disc 
about axes 1 and 2 are equal i.e., ) = In = I. By 
perpendicular axis theorem, the moment of inertia of 
the disc about axis 3 (which is perpendicular to the 
plane of the disc and passes through intersection of 1 
and 2) is I3 = Iı + Ig = 2I. If disc is of mass m and 
radius r then [3 = mr?/2. 





By parallel axis theorem, the moment of inertia 
about the axis 4 (perpendicular to the plane of the disc 
and passes through the rim) is 


I, = I + mr? = B +25 = 315 = 6I. 





Ans. C 











Q 54. A thin wire of length L and uniform linear mass 
density p is bent into a circular loop with centre at O 
as shown. The moment of inertia of the loop about the 
axis XX’ is 
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X X’ 




















L? L3 : 3 3 
(A) Siz (B) fez (C) iz D) Fs 
Sol. The mass of the wire is m = pL and radius of the 
loop is R = L/(2r). The moment of inertia about an 
axis passing through the centre O and perpendicular to 
plane of the loop is I, = mR?. Using symmetry and 
perpendicular axis theorem, Is + Iy = I, we get 

I; = I} = 4I, = ġmR?, 
where I, is the moment of inertia about an axis passing 
through O and lying in the plane of the loop. The centre 
of mass O of the loop lies at a perpendicular distance 
d = R from the axis XX’. The parallel axis theorem 
gives 


Ixx =I, + md?’ =$mR? + mR? =3pL* / (817). 





Ans. D 











Q55. The ratio of the radii of gyration of a circular 
disc about a tangential axis in the plane of the disc and 
of a circular ring of the same radius about a tangential 
axis in the plane of the ring is 

(A) 1: v2 (B) 1:3 (C) 2:1 (D) v5: v6 
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Sol. The disc and the ring have same radius r. Let 
ma and m, be the masses of the disc and the ring, 
respectively. The centre of mass of the disc and the 
ring lies at their respective centers. 





The moment of inertia of the disc about axis 3 (per- 
pendicular to the plane and passing through its centre) 
is I4,3 = imar’. By symmetry, the moment of inertia 
of the disc about axis 1 and 2 are equal i.e., Ja1 = Ia,2- 
The perpendicular axis theorem, Ia,3 = Ia,1 +Ja,2, gives 
Ta = Ia3/2 = mar”. The parallel axis theorem gives 
moment of inertia of the disc about a tangential axis in 
the plane of the disc (XX’) as 


Tax = Ta. + mar? = Imar? + mar? = Šmar’. 
The moment of inertia of the ring about axis 3 is 
I- 3 = m,r?. By symmetry, perpendicular axis theorem 
and parallel axis theorem, we get moment of inertia of 
the ring about axis XX’ as 


dey = Ipa + m,r? = imr’ + m,r? = 3m,r?. 
The radius of gyration of a body of mass m and 
moment of inertia I is defined as K = ,/I/m. Thus, 
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radius of gyration of the disc and the ring about axis 
XX’ are given by 


Kaa = \/1a/Ma = 5/4 r, (1) 
Krz =y Ipa /Mr F 3/2 r. (2) 


Divide equation (1) by (2) to get Kas: Kræ = y 5/6. 
Note that radius of gyration of a body is independent 
of its mass. 


A 





Ans. D 











Q 56. The moment of inertia of a uniform cylinder of 
length l and radius r about its perpendicular bisector 
is I. What is the ratio l/r such that the moment of 
inertia is minimum? 


(A) /3/2 (B) v3/2 (C) 1 (D) 3/v2 


Sol. The moment of inertia of a uniform solid cylinder 
of mass m, length l and radius r about its perpendicular 
bisector XX’ is given by 

















m? mr? 

I, = — + — . 1 
12 a 4 (1) 

x! 

l 

K > 
+: la H 
X 
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The mass of the cylinder of material density p and 
volume rr? is 


m = prr?l. (2) 
Use equation (2) to eliminate r from equation (1) 
[2 2 
| ag singe eel (3) 
12 Arpl 


To find the minimum of Iy, differentiate equation (3) 
w.r.t. l and equate the first derivative to zero i.e., 


di, ml m? 
= =0. 4 
dl 6 = Anpl? (4) 
Solve equation (4) and substitute m from equation (2) 
to get l/r = \/3/2. We encourage you to check whether 
equation (1) gives expected results for limits l > 0 
(cylinder becomes a disc) and r — 0 (cylinder becomes 
a rod). 








Ans. AE 











Q57. The moment of inertia of a uniform triangular 
lamina of mass m, base length b and height h about an 
axis passing through its base AB is 


C 

















AK 1B 
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(A) mh2/6 (B) 2mb2h2/(b? + h?) 
(C) mh?/3 (D) mbh/2 


Sol. The area of given triangular lamina is A = bh/2 
and its mass per unit area is 0 = m/A = 2m/(bh). 
Consider a small strip DE of thickness dy at a distance 
y from the axis XX’. From similar triangles ABC and 
DEC, we get the length of the strip as 


DE = AB(h — y)/h = b(h — y) /h. 











The area of the strip is DE dy and its mass is 


2m 


2m b(h—y), 
i ne oe 





dm = o DE dy = (h — y)dy. 


Each point on the strip is at a distance y from the 
axis XX’. Thus, moment of inertia of the strip about 


the axis XX’ is 


2m 
dI = y*dm = sa (hy? — y? )dy. 
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Integrate from y = 0 to y = h to get the moment of 
inertia of the triangular lamina about the axis XX’ 


h 
2m 1 
l= — (hy? — y?)dy = =mh?. 
| pz PY y)dy = Gm 
Note that moment of inertia is independent of the 
base length b. We encourage you to use above result 
to find moment of inertia of a rectangular lamina of 


mass m and sides a and b about its diagonal. Hint: 
T= ma?b? 
= b(a? Fo 





Ans. A C 











Q58. A flat uniform triangular plate ABC has sides 
AB = 4cm, BC = 3 cm and angle ABC = 90°. The 
moment of inertia of the plate about AB, BC and CA 
axes is Iag, Ipc and Ica. Which of the following option 
is correct? 


A 


90° 
B C 














(A) Ica > Ipc (B) Ipc > IAB 
(C) Ica > IAB (D) Iag > Ipc 


Sol. The moment of inertia of a triangular lamina of 
mass m, base length b and height h about an axis pass- 
ing through its base is given by I = ¢mh?. Substitute 
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the value of h to get 


IaB = im (BC 
Ige = im (AB 
Ica = m (BP 





We used geometry to get 
BC. AB 


VAB? +BC2 


Note that moment of inertia is maximum about the side 
having maximum h. 


BP = BC cos 0 = 2.4. 





Ans. B 











Q 59. Consider a thin uniform square sheet made of a 
rigid material. If its side is a, mass m and moment of 
inertia J about one of its diagonals, then 











ma? ma? ma? 
(A) I> 12, (B) 35 <I< E 
(O) 1=37 (D) I=% 
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Sol. The moment of inertia of a square plate ABCD 
of mass m and side a about the axis XX’ is Ixx = 
ma? /12. By symmetry, Iyy; = ma?/12. The perpen- 
dicular axis theorem gives 


Io = Ixx + lyy = ma? /6. (1) 





The axis AC and BD are perpendicular to each 
other. By symmetry, Iac = Isp = I. The perpendicu- 
lar axis theorem gives 


Io = Iac + Igp = 21. (2) 


Substitute Jo from equation (1) into equation (2) to get 
I = ma?/12. It is interesting to note that moment of 
inertia of a square plate about any axis passing through 
its centre and lying in its plane is ma?/12. Can you use 
similar procedure to get moment of inertia of a rect- 
angular plate of mass m and sides a and b about its 
diagonal? 





Ans. C 
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Q 60. Consider a uniform rectangular plate of sides a 
and b and mass m. The moment of inertia of this plate 
about an axis passing through its centre and perpendic- 
ular to its plane is 


(A) (a? +0?) (B) ®(a? +0?) (C) 2Ë (D) me 








Sol. You can get the results by checking the limits. 
The rectangular plate becomes a rod of length a when 
b — 0 and its moment of inertia should become ma?/12 
in this limit. Similarly, the rectangular plate becomes 
a rod of length b when a — 0 and its moment of inertia 
should become mb?/12 in this limit. The option (A) 
gives correct result in these limiting cases. 

















Y’ 
D —a 5C 
= 
E ase EH x’ 
| 
A B 
Y 
We encourage you to prove that Ixx, = mb?/12 


and Iyy = ma?/12. Now, use perpendicular axis theo- 
rem to get Io = m(a? +b?) /12. It is more interesting to 
find moment of inertia about an axis passing through 
the diagonal. 

The moment of ineria of a uniform solid cylinder of 
mass m, radius r and length l about its perpendicular 
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bisector is given by I = ml?/12 + mr?/4. Can you 
check whether J converges to expected limits in limiting 
cases (a) r — 0 and (b) l > 0? 





Ans. A 











Q61. Four identical thin rods each of mass m and 
length a, form a square frame. Moment of inertia of this 
frame about an axis through the centre of the square 
and perpendicular to its plane is 

(A) ma? (B) ma? (C) ima? (D) fma? 

Sol. Let axis O passes through the centre of the square 
frame and perpendicular to its plane. Consider an axis 
O’ parallel to O and passing through the mid-point of 
the rod AB. 





ak e 


If rod AB is uniform then its centre of mass lies at 
O’ and its moment of inertia about axis O’ is ma?/12. 
The parallel axis theorem gives moment of inertia of the 
rod AB about axis O as 


I§® = Io + m(OO')? = pma? +m (2) = gma’. 
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By symmetry, the moment of inertia of each rod about 
the axis O is ma?/3. Thus, moment of inertia of the 
square frame about the axis O is 4ma?/3. 





Ans. D 











Q 62. Four solid spheres each of diameter v5 cm and 
mass 0.5 kg are placed with their centers at the corner of 
a square of side 4 cm. The moment of inertia of the sys- 
tem about the diagonal of the square is N x 1074 kg m?, 
then N is 

(A) 1 (B) 4 (C) 7 (D) 9 


Sol. The moment of inertia of each sphere about an 
axis passing through its centre is 2mr?. 





The moment of inertia of sphere B and sphere D 
about X-X’ is 


Ig = Ip = 2mr*. 
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Using parallel axis theorem, the moment of inertia of 
sphere A and sphere C about X-X’ is 


In = Ic = 2mr? +md?. 
The moment of inertia of the system about the diagonal 
is 

I= Ia + Ig +c +IÍp= Smr? + 2md?. 


Substitute m = 0.5 kg, d = a/V/2 = 4/2 cm and r = 
/5/2 cm to get I= 9 x 1074 kg m?. 





Ans. 9 C 











Q 63. For the same total mass, which of the following 
will have the largest moment of inertia about an axis 
passing through the centre of mass and perpendicular 
to the plane of the body? 








(A) he (B) 
s a 
(©) Z (D) frame 
7”? 2a $ 2a 
Hd 2a 


Sol. The moment of inertia of given bodies can be com- 
pared by looking at their mass distribution. The mo- 
ment of inertia of the ring is more than that of the disc 
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because in ring mass elements are farthest from the axis. 
The moment of inertia of the lamina is more than that 
of the disc because disc can be inscribed in the lamina. 


AON 
N24] 


The moment of inertia of the frame is more than 
that of the lamina because in frame mass elements are 
farthest from the axis. Also, moment of inertia of the 
frame is more than that of the ring because ring can be 
inscribed in the frame. 

Thus, moment of inertia of the frame is maximum 
and that of the disc is minimum. We encourage you 
to find the moment of inertia of given bodies and cross 
check the results. Hint: Iring = ma”, Iaise = ma*/2, 
Tiamina = 2ma?/3, and Itame = 4ma?/3. 
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Ans. D 





Q 64. A lamina lies in the x-y plane. Its mass distri- 
bution is symmetrical about the y axis and its moment 
of inertia about the axis XX’ is I = y? — &£y + = The 
coordinates of the centre of mass of the lamina are 
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+T 





O 
(A) (0,52) (B) (0,5) (C) (5:57) (D) ($0) 


Sol. Let coordinates of the centre of mass be (£e, Ye). 
The centre of mass should lie on the y axis because mass 
distribution is symmetric about this axis (i.e., ze = 0). 

The moment of inertia about the axis XX’ is min- 
imum if XX’ passes through the centre of mass (recall 
parallel axis theorem). Thus, I = y? — Bry a attains 
its minimum at y = ye. To get the minima, equate the 
first derivative of I to zero i.e, 


dI/dy = 2y — 8r / (3r) = 0, 


which gives y = ye = 4r/(37). Can you see that given 
lamina is a uniform semicircular disc of unit mass? 


Ans. A 














Q65. The moment of inertia of a uniform rectangular 
plate of dimensions a and 2a is minimum about the axis 


aa 
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(A) x (B) y (C) z (D) insufficient data 


Sol. You can get the answer by analysing the mass dis- 
tribution. The mass distribution is nearest to the x axis. 
Thus, moment of inertia is minimum about the x axis. 
Note that most distant mass element is at a distance 
a/2 from the x axis, at a distace a from the y axis and 
at a distance v5a/2 from the z axis. We encourage 
you to find the expression for moment of inertia about 
x, y and z axis. Hint: I,, = ma?/12, I} = ma?/3, and 
I, = 5ma? /12. 





Ans. A C 











Q66. A uniform rod OP of mass m and length l is 
hinged at the point O. The rod rotates about the ver- 
tical axis OO’. It makes a constant angle 0 with OO’. 
The moment of inertia of the rod about the axis of ro- 
tation is given by 





(A) ml?/3 B) (ml? /3) sin? 6 
(C) (ml?/12)sin@ (D) (ml?/3) cos? 0 
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Sol. Check the limiting cases (a) 0 = 0 and (b) 6 = 
m/2. The moment of inertia of the rod should be zero 
for 0 = 0 and its should be ml?/3 for 0 = 7/2. Thus, 
option (B) is correct. Note that option (A) is ruled out 
because it is independent of 0 and option C is ruled out 
because moment of inertia cannot be negative. 





Aliter: Consider a small element of length dz at a 
distance x from the point O. The mass of this element is 
dm = (m/l)dx. The perpendicular distance of this ele- 
ment from the axis OO’ is rı = xsin. Thus, moment 
of inertia of this element about the axis OO’ is 


dI =r? dm = (m/l) sin? 6 x? dz. 


Integrate from « = 0 to x = l to get moment of inertia 
of the rod about the axis OO’ 


l 
I= f (m/l) sin? 0 z?°dr = (ml? /3) sin? 0. 
0 


Related Question: A uniform rod of mass m and 
length l makes 20° angle with axis 1 and 70° angle with 


axis 2 (see figure). Find the sum of moment of inertia 
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of the rod about the axis 1 and 2 by using (a) procedure 
given in this problem or (b) invoking perpendicular axis 
theorem. Hint: I, + Ig = ml? /12. 











Ans. B 





Q 67. From a circular disc of radius R and mass 9M, 
a small disc of radius R/3 is removed. The moment of 
inertia of the remaining disc about an axis perpendicu- 
lar to the plane of the disc and passing through O is 


R 
3 
kK 





(A) 4M R? (B) MR? (C) 10MR? (D) MR? 
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Sol. The moment of inertia of a disc of mass 9M and 
radius R about an axis perpendicular to its plane and 
passing through its centre O is 

Ltotal = (9M) R? = SMR. 
The mass of removed disc is 2M i = M. The parallel 
axis theorem gives moment of inertia of the removed 
disc about an axis passing through O as 





Tramoved = iM y + Ma? 
= 1 MR? +M (22) =1MR?. 





Using, Ltotal = remaining zg Trginoved; we get T remaning = 


4M R?. 





Ans. A 











Q68. A lamina is made by removing a small disc of 
diameter 2R from a bigger disc of uniform mass density 
and radius 2R as shown in the figure. The moment 
of inertia of this lamina about axes passing through O 
and P is Ig and Ip, respectively. Both these axes are 
perpendicular to the plane of lamina. The ratio Ip/Io 
to the nearest integer is 
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(A) 2 (B) 3 (C) 4 (D) 5 


Sol. Let o be the mass per unit area of lamina and the 
point Q be the centre of the cavity. 


A, 


Let subscript t denotes the total disc (without cav- 
ity) and subscript c denotes only cavity. The moment of 
inertia Io is related to Io, and Io, by Jo, = Io + Loc: 
The moment of inertia of a disc of mass m and radius 
r about its symmetry axis is given by imr’. Apply the 
theorem of parallel axes to the cavity to get 

Io, = IQ, T mR? 
= İm R? + mR? = 3noRt. (1) 


The moment of inertia of the total disc is 
Ios = 5m (2R)? = 8mo RÅ. (2) 
Using equations (1) and (2), we get 


Io = Ios — Ioc = 4 roRå. 
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Similarly, moments of inertia about an axis passing 
through the point P are 


Ipe < IQ, T me(V5R}? = tro R*, 
Ipi = Ion + mi(2R)? = Aro Rt. 





Thus, Ip = Ipt — Ipe = Taro Rt. The ratio = = 3r = 
2.84 & 3. 








Ans. B 








Q69. Moment of inertia of an equilateral triangular 
lamina ABC, about an axis passing through its centre 
O and perpendicular to its plane is Jp as shown in the 
figure. A cavity DEF is cut out from the lamina, where 
D, E, F are the mid points of the sides. Moment of 
inertia of the remaining part of lamina about the same 
axis is 





(A) Io (B) #1 (C) 37 (D) Bo 


Sol. Let m be the mass and a be the side length of 
equilateral triangular lamina ABC. The moment of in- 


ertia of the lamina about an axis passing through its 
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centre and perpendicular to its plane is Jọ. The sym- 
metry of the configuration suggest that Ig x ma? (the 
moment of inertia is proportional to the mass, depends 
on square of the length and a is the only length in the 
configuration). Thus, 


Iago = Ip = kma’, (1) 


where k is the proportionality constant (you are encour- 
aged to prove that k = 1/12). The mass of the trian- 
gular lamina DEF is m/4 and its side is a/2. Thus, 
moment of inertia of the lamina DEF is 


Iper = k(m/4)(a/2)? = Ip /16. (2) 


The moment of inertia of ABC is sum of the moment of 
inertia of DEF and moment of inertia of the remaining 
part i.e., 


Tape = IDEF T Tremaining part: (3) 


Substitute the values of Jago and Ipgr to get 
remaining part = Io a Io/16 = 1570/16. 





Ans. B 











Q70. A solid sphere of radius R has moment of inertia 
I about its geometrical axis. It is melted into a disc of 
radius r and thickness t. If its moment of inertia about 
the tangential axis (which is perpendicular to plane of 
the disc), is also equal to J, then the value of r is equal 
to 
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2 2 3 V2 
(A) AR (B) ZR (C) AR D) R 


Sol. The moment of inertia of a solid sphere of mass m 
and radius R about an axis passing through its centre 
is 


2 2 
Isphere = smR : 


The mass m remains same when sphere is melted into 
a disc. The moment of inertia of a disc of mass m and 
radius r about its symmetry axis is 


la = imr : 


Using parallel axis theorem, moment of inertia of the 
disc about the desired axis is 


Taise = md? + Tem = mr? + imr’ = 3mr?. 


Given Igphere = Taise- Substitute the values to get r = 


2R//15. 





Ans. A 
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Q 71. One quarter section is cut from a uniform circu- 
lar disc of radius R. This section has a mass M. It is 
made to rotate about a line perpendicular to its plane 
and passing through the centre of the original disc. Its 
moment of inertia about the axis of rotation is 


D 


(A) $MR? (B) ¿MR? (C) ¿MR? (D) V2MR? 


Sol. The moment of inertia of a disc of mass m and 


radius r about an axis passing through its centre and 


normal to its plane is Ig = 4mr?. 





The mass of a quarter is m/4. Let Iq be the mo- 
ment of inertia of the naret: By symmetry, Ia = a 
which gives I, = 4mr?. Substitute m = 4M and r = 
to get I, = LVRS. 

You may be surprised to know that moment of in- 
ertia of any sector of a disc about an axis perpendicular 
to its plane and passing through its tip is 3M R?, where 
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M and R are mass and radius of the sector. We encour- 
age you to find moment of inertia of an infinitesimally 
thin triangle of mass M and length R about an axis 
perpendicular to its plane and passing through its tip. 
Hint: I = IMR. 





Ans. A 











Q72. Let J be the moment of inertia of a uniform 
square plate about an axis AB that passes through its 
centre and is parallel to two of its sides. CD is a line in 
the plane of the plate that passes through the centre of 
the plate and makes an angle 0 with AB. The moment 
of inertia of the plate about the axis CD is then equal 
to 

(A) I (B) Isin?@ (C) Icos?@ (D) I cos? (6/2) 


Sol. Let A’B’ L AB and C’D’ L CD. 




















D’ B’ 
\ 
\ 
> D 
\ oe 
N Pa 
\ Pa 
ia HA 
A “y0 B 
Paa x 
“ N 
ZF. \ 
2 N 
C 7 
N 
+ 
A’ Cc’ 
By symmetry Iag’ = Jap. Little visualization 


shows that the parts of the plate on the two sides of 
CD are same as the parts of the plate on the two 
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sides of C’D’. Thus, I¢vp = Icp. By perpendicular 
axis theorem, moment of inertia about an axis pass- 
ing through centre of the plate and perpendicular to 
its plane is Izz = Iag + Inve = 2Iag = 2I. Also, 
Izz = Icp + Iwp = 2Icp. Thus, Icp = I. 

Ans. A 














Q 73. The moment of inertia of a thin square plate 
ABCD, of uniform thickness about an axis passing 
through the centre O and perpendicular to the plane 
of the plate is (where Jı, I2, Iz and I4 are respectively 
moment of inertia about axes 1, 2, 3 and 4 which are in 
the plane of the plate.) 








(A) h+hb (B) ise 
(CO GAT. (Dy he Feu 





Sol. Let J be the moment of inertia of the square plate 
about an axis passing through its centre O and perpen- 
dicular to its plane. The perpendicular axis theorem 
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L+h=], (1) 
Ip+l=T. (2) 





The mass is symmetrically distributed about axis 1 and 
axis 2 and also about axis 3 and axis 4. Thus, 
h= Í, 
I = Ig. 


—~ a 
A wo 
gra ae) 


From equations (1)-(4), + I3 = $1+ $1 =I. 
Ans. A, B, C 














Q 74. Seven identical circular planar disks, each of 
mass m and radius r are welded symmetrically as 
shown. The moment of inertia of the arrangement 
about the axis normal to the plane and passing through 
the point P is 
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Sol. The moment of inertia of the central disc about 
an axis passing through O and normal to its plane is 


T= imr’. 


—< 
<s> 
—< 


Now consider the off-centric disc with centre at Q. 
Each off-centric disc is placed at a distance dg = 2r 
from O. The centre of mass of each disc is at its ge- 
ometric centre. The moment of inertia of each off- 
centric disc about a normal axis through its own centre 
is I = mr?/2. The parallel axis theorem gives moment 
of inertia of each off-centric disc about a normal axis 
through O as 


Ine = I + md?2, = Emr? + m(2r)? = 2mr?. 
2 2 


Thus, moment of inertia of the configuration about 
a normal axis through O is 


Io = Ie + 6loc = Smr?. 


By symmetry, point O is centre of mass of the complete 
configuration. The point P is located at a distance dp = 
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3r from the centre of mass O. The parallel axis theorem 
gives moment of inertia of the configuration about a 
normal axis through P as 


Ip = Io + Mdp = Ž mr? + (7m)(3r)? = 84mr’?. 


Note that M = 7m is the mass of complete configura- 
tion. 








Ans. D 








Q75. A symmetric lamina of mass M consists of a 
square shape with a semicircular section over each of 
the edge of the square as shown in the figure. The side 
of the square is 2a. The moment of inertia of the lamina 
about an axis through its centre of mass and perpen- 
dicular to the plane is 1.6Ma?. The moment of inertia 
of the lamina about the tangent AB in the plane of the 


lamina is 
See 


(A) 4.8Ma? (B) 8.4Ma2 (C) 4Ma? (D) 8Ma? 


Sol. Let ZZ’ be an axis perpendicular to the lamina 
and passing through its centre of mass O. Given Izz = 
1.6Ma?. By theorem of perpendicular axes 


Ixx + Iyy = Izz. (1) 
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By symmetry, Ixx» = Iyy’. Substitute in equa- 
tion (1) to get Ixx = $1zz = 0.8Ma?. The theorem 
of parallel axes gives 


Iag = Ixx + Md? = Ixx + M(2a)? = 4.8Ma?. 





Ans. A 











Q 76. From a solid sphere of mass m and radius r a 
cube of maximum possible volume is cut. Moment of 
inertia of the cube about an axis passing through its 
center and perpendicular to one of its face is 


mr? mr 4mr? 4mr? 
(A) 32/27 (B) 16/27 (C) 9V3 T (D) 3V3 T 








Sol. The volume of the cube is maximum if its main- 
diagonal is equal to the diameter of the sphere. Thus, 
side of the cube of maximum volume cut-out from a 
sphere of radius r is 


a = 2r/V3. 
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The density of the material is p = m/(4r?). Thus, 
mass of the cube of side a is 


j 3 m ( 2r ) 2m 
m = pa = = E 
p 4rr3/3 (V3 TV3 


The moment of inertia of the cube about an axis passing 
through its centre O and perpendicular to one of its face 
(i.e., axis XX’) is 








Lp 12m (=) 4mr? 


l= = = = = . 
E EnEn > Oger 
Ans. C 














Q77. The moment of inertia of a solid cone of mass m 
and base radius R about its axis of symmetry is 
(A) mR?/2 (B) 3mR?/2 (C) mR?/10 (D) 3mR?/10 


Sol. Let a be the half angle and H be the height of 
a cone of base radius R. The volume of the cone is 
V = n R?H and density of the material is p = m/V = 
3m/(7R7H). 
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The solid cone can be think of as a stack of discs 
of radius varying from zero to R. Consider a disc of 
thickness dh at a distance h from the vertex O. The 
radius of this disc is r = htana = hR/H, its volume 
is dV = rr?dh = (n R?/H?)h? dh and its mass is dm = 
pdV = (3m/H?) h?°dh. The moment of inertia of the 
disc about axis XX’ is 


o1 2_ 13m, hR = ink 4 


Integrate from h = 0 to h = H to get moment of inertia 
of the solid cone about its axis of symmetry XX’ 


H 2 
3mR 3 
I= h‘dh = —mR?. 

if oe = ag 





We encourage you to find moment of inertia of the cone 
about an axis passing through its vertex and perpen- 
dicular to its axis of symmetry. Hint: I = #m(R? + 
4H”), 





Ans. D 
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Q 78. A circular disc of radius R and mass M has non- 
uniform surface mass density, given by ø = kr?, where 
r is the distance from the center of the disc and k is a 
constant. The moment of inertia of the disc about an 
axis passing through its centre and perpendicular to the 
plane of the disc is 

(A) MR?/2 (B) MR? (C) 2MR?/3 (D) 3M R?/10 


Sol. The disc can be thought of as a superposition of 
rings of radii varying from zero to R. The surface mass 
density at a distance r from the centre of the disc is 
o =kr?. 





Consider a ring of radius r and thickness dr. The 
area of the ring is A = 27rdr and its mass is 


dm = cA = 2rkr'dr. (1) 


Integrate equation (1) from r = 0 to r = R to get mass 
of the disc 


R 
M = J 2rk r? dr = tkR*/2, 
0 
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which gives k = 2M/(7R*). The moment of inertia of 
the ring about an axis passing through O and perpen- 
dicular to its plane is 


dI = dmr? = 2rkr* dr. (2) 


Integrate equation (2) from r = 0 to r = R to get 
moment of inertia of the disc 





R 6 
I = 2rkrřdr = zki 
0 3 


= MR. 
3 





Ans. C 











Q79. The densities of two solid spheres A and B of the 
radii R vary with radial distance r as pa(r) = k (r/R) 
and pp(r) = k(r/R)’, respectively, where k is a con- 
stant. The moments of inertia of the individual spheres 
about axes passing through their centres are I, and Ip, 
respectively. If Ig/I4 = n/10, then value of n is 

(A) 3 (B) 4 (C) 5 (D) 6 


Sol. Consider a spherical shell of radius r and small 
thickness dr. 
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The volume of the shell is dV = 4rr?dr and its 
mass is 


dm = pdV = 4rpr? dr. 


The moment of inertia of the spherical shell of mass dm 
and radius r about an axis passing through its centre O 
is given by dI = $dmr?. Substitute the expressions 
for dm and p and then integrate to get the moment of 


inertia of the two spheres 





R R 5 
2 4 87k 5 87kR 
— = = —— d = 
Ia f 3 (4npar’) dr 3R Jy r? dr i 
R 5 
81k i} dpe 8rkR 
0 


30 





29 
m=f Í (4rppr*) dr= 
o 3 


Divide to get Ip/I4 = 6/10. 





Ans. D 











Q 80. A circular disc Dı of mass m and radius r has two 
identical discs Dz and D3 of the same mass m and radius 
r attached rigidly at its opposite ends (see figure). The 
moment of inertia of the system about the axis OO’, 
passing through the centre of Dı, as shown in the figure, 
will be 
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D2 Dı D3 





(A) mr? (B) 3mr? (C) 4mr?/5 (D) 2mr?/3 


Sol. The moment of inertia of Dı about the axis OO’ 
is I; = $mr?. The moment of inertia of Dz about an 
axis passing through its centre and parallel to OO’ is 
I = imr? (using perpendicular axis theorem for D3). 
By parallel axis theorem, the moment of inertia of D2 


about the axis OO’ is 


In = I + md? = Imr? +mr? = Šmr?. 
Similarly, the moment of inertia of D3 about the axis 
OO’ is Iz = mr”. The moment of inertia of the system 
about the axis OO’ is I, = l + Ig + Is = 3mr?. 

Ans. B 














Q81. The moment of inertia of a hollow cylinder of 
length 30cm, inner radius 10cm and outer radius 
20 cm, about its axis is J. The radius of a thin cylinder 
of the same mass such that its moment of inertia about 
its axis is also J, is 

(A) 12cm (B) 16cm (C) 14cm (D) 18cm 
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Sol. The moment of inertia of a solid cylinder of mass 
m and radius r about its axis of symmetry is given by 
I, = mr^. 














Let rı = 10 cm be the inner radius and rz = 20 cm 
be the outer radius of the hollow cylinder. The mass 
of the hollow cylinder of length | = 30 cm and material 
density p is given by 


m = npl(r2 — r?). (1) 


A solid cylinder of radius rı and given hollow cylin- 
der together constitutes a solid cylinder of radius r2. 
The masses of the solid cylinders of radii rı and r2 are 
mı = mplr? and mz = mplr2. If I, I2 and Ip are 
the moment of inertia of the solid cylinder of radius 
rı, solid cylinder of radius rz and hollow cylinder then 
I, + In = In, which gives, 





In = I lh = imor? imir? 
= Lnp(rd — A0? + r2) 
= im(rî +15). (using (1)) 


Take limit rı —> rə in the expression for I, to get mo- 


ment of inertia of the thin cylinder of mass m and radius 
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r2 as I, = mr? (the limit rı — 0 gives the moment of 
inertia of the solid cylinder). 

Let r be the radius of desired thin cylinder of mass 
and moment and inertia equal to that of the hollow 
cylinder i.e, mr? = $m(rj + r3). Substitute values to 
get 








2 2 102 902 
r=- ttt 12 = 15.81 ~ 16 cm. 


We encourage you to find the moment of inertia of an 
annular disc of inner radius rı, outer radius rs and mass 
m about its axis of symmetry. 





Ans. B 











Q 82. A regular polygon of mass m and centre to vertex 
distance r has n sides. The moment of inertia of this 
polygon about an axis passing through its centre and 
perpendicular to its plane is 





(A) mr? (1— 2 sin? Z) (B) $mr? (1 — 2 sin? £) 
(©) nr? (1 Zeos') (D) der? (1 — Feina] 


Sol. A regular polygon of centre to vertex distance r 
becomes a disc of radius r when n — oo (infinite number 
of sides). Thus, limiting value of the moment of inertia 
as n —> co must be equal to ¿mr? (moment of inertia 


of the disc). This eliminate options (A) and (C). 
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For n = 4, the regular polygon becomes a square 
of side a = V2r. The moment of inertia of the square 
is ¿ma? = $mr?. Thus, option (B) is correct. 

A regular polygon is composed of n numbers of 
isosceles triangles, each of vertex angle 27/n and equal 
sides r. We encourage you to find moment of inertia of 
this isosceles triangle by integration technique. 

Ans. B 














Q 83. A particle of mass m is moving along a trajectory 
given by 


z = To + a cos wit, Y = yo + bsin wot. 


The torque, acting on the particle about the origin, at 
t= 0 is 

(A) m(—2ob+ yoa)wik (B) myoaw?k 

(C) zero (D) —m(axpbw3 + yoaw?) k 


Sol. The position, velocity, and acceleration of the par- 
ticle at time t are given by 

F(t) = (£o + acosw yt)? + (yo + bsinwet) ĵ, 

U(t) = dr/dt = —aw, sinw ti + bwe cos wot ĵ, 

a(t) = dd/dt = —aw? cos wy ti — bw} sin wot 5. 


Chapter 2. Questions and Solutions 132 


Substitute t = 0 to get position 7 = (xo +a)i+yoj and 
acceleration @ = —aw?i. The force on the particle at 


this instant is F = mg and torque about the origin is 


=rxF=mrxda 


=m ((xo +a) î + yo j) x (—aw? 2) = myoaw? k. 


We encourage you to find angular momentum L(t) of 
the particle about the origin and show that 7(t) = 


dL(t) /dt. 


Yo H- 











Ol 


If w1 = w2 then given trajectory is 


(x — xo) i (y= Yo) _ | 
a2 b2 = 





which is an ellipse centered at O’ (£o, yo) with semi- 
axis a and b. The particle’s motion is similar to the 
planetary motion. The torque on the particle about oO’ 
is zero i.e., Tor = 0. Thus, angular momentum Lov, of 
the particle about O’ is conserved. The direction of Los 
is perpendicular to the x-y plane. You can also show 
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that vg = vaa/b. We encourage you to prove each of 
these statements. 





Ans. B 











Q 84. A force F = —Fk acts at the origin O of the 
coordinate system. The torque of this force about the 
point P(1,—1) is 

(A) F@-) (B) -FG@+3) 

(C) F+) (D) -F@—-3) 


Sol. The torque of a force F (acting at a point O) about 
a point P is defined as Tp = rpo x F, where fpo is a 
vector from the point P (about which torque is defined) 
to the point O (where the force act). 





BaD E 


gan 


The force F = —F$ acts at the origin O. The 
torque of F' about the point P(1,—1) is given by 


Tp = Fpo x F = (—î + 39) x (-Fk) = -F(i+ 3). 





Note that po = Fo — Fp = 0 — (î— ĵ = —î + ĵ. 
Ans. B 
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Q 85. A slab is subjected to two forces F, and F of 


same magnitude F as shown in the figure. Force F, 
is in x-y plane while F; acts along z-axis at the point 
(27 + 37). The moment of force about the point O will 


be 


x 











(A) (32—2+3k)F (B) (3î— 2f — 3Å)F 
(C) (3¢+27-3k)F (D) (3î+ 23+ 3Å)F 


Sol. The force F, = Fk acts at the point 7, = (23+ 33) 
and the force F, = (—F sin 30° ê — F cos 30° ĵ) acts at 
the point 72 = 6. The torque of F and Fi about the 
origin O is given by 


= 


o =F xX Fi +%x PB 
= (2% + 33) x (Fk) 

+ (63) x (—F sin 30° 7 — F cos 30° j) 
= (3î — 27 + 3Å) F. 





Ans. A C 











Q 86. Rods AB and CD, each of length 2 m, are joined 
together to form a cross. Four forces acts on the ends 
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A, B, C and D as shown in the figure. The torque about 
the origin O due to these forces is equal to 


y (in m) 
44 
2N C 
3 EN 
2 A B 
11N 
D 2N 








» x (inm 
o-a a g g Umm) 


(A)6Nmk (B) -6Nmk 
(C)4Nmk (D) -6V2Nmk 


Sol. The torque due to two equal and opposite forces 
(couple) is same about any point (prove it!). The mag- 
nitude of the torque due to a couple is equal to the 
product of force magnitude (F) and perpendicular dis- 
tance (l) between the lines of action of two forces. There 
are two couples in given configuration (1) Fa = 2N, 
Fg =2N and lag = 2 m and (2) Fo=1N, Fp =1N 
and lop = 2m. The torque due to couple of F4 and 
Fp is clockwise with magnitude 


Tap = Flap = (2)(2) =4Nm. 








The torque due to couple of Fo and Fp is also clockwise 
with magnitude 


Top = Flep = (1)(2) = 2 N m. 
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Thus, net torque about the origin O is To = Tapt+Top = 
6 N m (clockwise i.e., along —k). 

We encourage you to calculate net torque about O 
by evaluating 


To =T4 xX F4 +rTpg x Fg +rTo x Foe+frp x Fp, 


where T4, TB, Tc, Tp are position vectors of the points 
A, B, C and D. 





Ans. B 











Q 87. To mop-clean a floor, a cleaning machine presses 
a circular mop of radius R vertically down with a total 
force F and rotates it with a constant angular speed 
about its axis. If the force F is distributed uniformly 
over the mop and if coefficient of friction between the 
mop and the floor is u, the torque, applied by the ma- 
chine on the mop is 

(A) pFR/3 (B) pFR/6 (C) wFR/2 (D) 2uFR/3 


Sol. The angular acceleration of the mop is zero be- 
cause it is rotating with a constant angular speed. Thus, 
net torque on the mop is zero. Hence, the torque on the 
mop due to the machine is equal and opposite to the 
frictional torque on it due to the ground. 
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ee A frictional 
I 

oe 

floor 





The force applied by the machine is balanced by the 
normal force from the ground i.e., N = F (we assume 
mop’s weight to be very small in comparison to F). 
Since F is distributed uniformally over the mop, we 
expect the same for the normal force N. Thus, normal 
force per unit area of the mop is F/7R?. Consider a 
circular ring of radius r and thickness dr. The normal 
force on the ring is dN = 2Frdr/R?. 

The frictional force on each element of the ring is 
tangential. The frictional torque on each element of the 
ring about the centre O adds up. Thus, net frictional 
frictional torque on the ring is 

dr =r(pdN) = aes r?dr. 
The direction of frictional torque on each ring of the 
mop is same (clockwise). Thus, net frictional torque on 
the mop is 


R R 
QuF j 2 
T | T R2 | r ar 3# 





Ans. D 
WW.JEEBOOKS.I 











Chapter 2. Questions and Solutions 138 


Q 88. A uniform disc of radius rọ lies on a smooth hori- 
zontal surface. A similar disc spinning with the angular 
velocity wo is carefully placed over the first disc. The 
coefficient of friction between the two discs is u. Both 
discs start spinning with the same angular speed after 
a time 

(A) 3rowo/8ug (B) 8rowo/34g 

(C) rowo/2ug (D) pg/rowo 


Sol. Consider both discs together as a system. The 
frictional force between the discs is internal to the sys- 
tem. There is no external torque on the system about 
the axis of rotation. Thus, angular momentum of the 
system about the axis of rotation is conserved. 








CLS wo 
gam 
c| 5w 
a — 
Cl Sw 
Before After 


Initially, angular momentum of the system about 
the axis of rotation is L; = Iwo. Finally, both discs 
rotates with the same angular speed w. The angular 
momentum of the system about the axis of rotation 
becomes Ly = 2Jw. By the conservation of angular 
momentum, L; = Ly, we get w = wo/2. 
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Now, let us focus on the upper surface of the lower 
disc. Total normal force on the lower disc is equal to 
the weight mg of the upper disc. The normal force per 
unit area is mg/mrg. Consider an element of area dA 
on a ring of inner radius r and outer radius r+dr. The 
normal force, frictional force and torque about O on 


this element are given by 








dN = 73 dA, 
Tro 
umg 
=pdn = ES 4A 
df = paN = P dA, 
dr = rdf = EZ aa. 
NTO 


The torque on the ring is obtained by summing dr 
over entire area of the ring i.e, 
mgr 2um 
dt, = els 2 (2rrdr) = a 9 
nr rô 
Now integrate dr, from r = 0 to r = ro to get torque 
on the entire disc 


E2 2 
T= J ee r2dr = =pmgro. 
0 To 3 


r?dr. 
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The angular acceleration of the disc is given by 


dw T  2pmgro/3 _ 4ug 


dt I mre /2 3ro ` 





Integrate from w = 0 to w = w9/2 to get 


wo/2 t4 4ugt 
J dg Sf Sg Sake 
0 o 3ro 3ro 





which gives t = 3rowo/8ug. 





Ans. A C 











Q 89. Consider a body of mass 1.0 kg at rest at the 

origin at time t = 0. A force F= (atî + 69) is applied 

on the body, where a = 1.0 N/s and 8 = 1.0 N. The 

torque acting on the body about the origin at time t = 

1.0s is 7. Which of the following statements is (are) 

true? 

(A) |7|=3Nm 

(B) The torque 7 is in the direction of the unit vector 
+k 

(C) The velocity of the body at t = ls is ¥ = 
+ (#+2j) m/s 

(D) The magnitude of displacement of the body at t = 
1sis1/6m 


Sol. Apply Newton’s second law to get the acceleration 
of the body 


= F/m = ati+ Bj, (1) 
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where m = 1kg, a = 1 N/s and 8 = 1N. Integrate 
equation (1) to get the velocity of the body 


t t 
o= t+ | adt=0+ | (ati+ejar 
0 0 
t t 1 
= f ovaries f Bdtj= Jat i+ Bth, (2) 
0 0 


where initial velocity % = 0 because the body starts 
from rest. Note that the directions of the unit vectors 7 
and 7 do not vary with time. Substitute t = 1 s in equa- 
tion (2) to get the velocity v = $(¢+ 27) m/s. Integrate 
equation (2) to get the displacement of the body 


t = $ 1 
r= o+ | a= | (Sa? ors) a 
0 0 


1 1 
= got t+ 5 bt `, (3) 


where initial displacement 7% = 0 because body starts 

from the origin. Substitute t = 1 s in equation (3) to get 

the displacement F = (47+ $3) m and |r] = V/10/6 m. 
The torque on the body is given by 


> 


1 1 
7=7xF= (Zer i+ 500°) x (ati + Bj) 


1 3 a 1 3 e 1 3 ad 
=> k = —— tk. 
abt? k 5 ot k gob k (4) 


Substitute t = 1 s in equation (4) to get 7 = -łk and 


|F| = +. We encourage you to find the expression for 


3 
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the angular momentum of the body about the origin 
and show that 7 = dL/dt. 














Ans. A, C 


Q 90. A uniform rod of mass m and length l is hanging 
vertically from the pivot O. A horizontal force F acts at 
the lower end of the rod. If F always remains horizontal 
then maximum angular displacement of the rod is 


= On 














x > F 


(A) tan™! (2F/mg) (B) 2tan™t(2F/mg) 
(C) tan™! (mg/2F) (D) 90° 


Sol. The rod will momentarily come to rest at the 
maximum angular displacement i.e., its angular velocity 
w = 0 at 0 = Omax. Thus, kinetic energy of the rod at 
the maximum displacement is K = $Iow? = 0. Hence, 
increase in kinetic energy of the rod when it rotates 
from 6 = 0° to 0 = fmax is zero i.e., AK = 0. 
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The torque on the rod about the point O is 
T = Flcos@ — mg(I/2) sind. 


The work done in rotating the rod from 0 = 0° to 0 = 
Omax is given by 


Omax 
W = J 7 dd 
0 
0 


f "(Flos @ — mgt sind) dé 
0 


II 


= t (2F sin Qmax — Mg + mg cos Omax) - 


By work-energy theorem, W = AK = 0, which gives 
max = 2 tan™! (2F/mg). We encourage you to find the 
expression for angular velocity w at an angular displace- 
ment 0 (< fmax). 





Ans. B 











Q91. An automobile engine develops 100 kW power 
when rotating at a speed of 1800 rpm. The torque of 
the engine that delivers this power is 

(A) 350Nm (B) 440Nm 


(C) 531Nm (D) 628 Nm 
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Sol. The work done by a torque 7 in making an angular 
displacement ^9 is given by 


AW =TAO. (1) 


Let At be the time interval to make an angular displace- 
ment A0. The power delivered by a torque is work done 
by it per unit time. Divide equation (1) by At and take 
the limit At — 0 to get the power 


A0 
Paim e E 


At>0 At TA AE O (2) 


where w is the angular velocity. Substitute P = 10° W 
and w = 1800 x 27/60 rad/s in equation (2) to get 


= P _ 100 x 1000 
~ w ~~ 1800 x 27/60 





= 531 N m. 





Ans. C 











Q 92. A uniform rod AB is suspended from a point X, 
at a variable distance x from A, as shown. To make the 
rod horizontal, a mass m is suspended from its end A. 
A set of (m,x) values is recorded. The appropriate 
variables that give a straight line, when plotted, are 
A x B 
rH 
m 


(A) m,x (B) m,1/x (C) m,1/2? (D) m, z? 
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Sol. Let M be the mass and L be the length of the 
rod AB. The centre of mass C of uniform rod lies at its 
geometrical centre i.e., at a distance L/2 from A. 





The forces on the rod are mg at A, Mg at C and 
the string tension T at X. To keep the rod horizontal, 
the torque about any point of the rod should be zero. 
Take torque about the suspension point X to get 


T = mgz — Mg(L/2 — x) =0, 
which gives 


_ ML 1 
~~ 2 g 


m 


Thus, (m, 1/x) graph is a straight line with slope ML/2 
and intercept —M. 





Ans. B 











Q 93. A square plate of side a is translating and rotat- 
ing under the influence of three forces as shown in the 
figure. The force that can bring the plate in equilibrium 
is 
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) —2Fî 

) 2Fî on line y = —a/2V2 
) —2F î on line z = a/2V/2 
) —2F î on line y = a/2V2 


Sol. The position vectors and the forces acting on the 
points A, B and D are 


a A e a . a Oe os 
r Sly rT SS ; => — 5 
a J2 R Wo = Wo 
F, = Fj, Fp = Fi, Fin = F(î— ĵ). 


The resultant force on the plate is 


= 


Fesutant = Fa + Fg + Fo =2F%. 


To bring the plate in translational equilibrium, addi- 
tional force should be equal and opposite to the resul- 
tant force i.e., 

Fadditional = — f resultant = —2Fî. 
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The resultant torque on the plate about the origin O is 


Tresultant = TA X Fa t+ rp x Fg +rp x Fp 


aF aF; aF, aF » 
= k k+ k= k. 
V2 V2 V2 V2 


Let Pate is applied at a point P having position 
vector Tp = (xi+yJ). To bring the plate in rotational 
equilibrium, the torque due to Peg ies ih about the ori- 
gin O should be equal and opposite to the resultant 
torque i.e., 








> _2> F — > 
Tadditional = TP X fadditional = —Tresultant , 


which gives y = a/2V/2 (a line parallel to a axis). 
Ans. D 














Q 94. A disc rotates about its axis of symmetry in a 
horizontal plane at a steady rate of 3.5 revolutions per 
second. A coin placed at a distance of 1.25 cm from 
the axis of rotation remains at rest on the disc. The 
coefficient of friction between the coin and disc is [g = 
10 m/s] 

(A) 0.5 (B) 0.3 (C) 0.7 (D) 0.6 


Sol. The coin rotates in a circle of radius r = 1.25 cm 
with an angular velocity w = 3.5 rps = 77 rad/s. The 
forces acting on the coin are its weight mg, normal re- 
action N and frictional force f. 
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The normal reaction is equal to the weight and the 
frictional force provides the centripetal acceleration i.e., 


N = mg, (1) 
f = mw’r. (2) 


The limiting value of frictional force is fmax = UN. The 
minimum value of coefficient of friction that does not 
allow the coin to slip is obtained by equating frictional 
force to its limiting value. Substitute f = uN in equa- 
tion (2) and simplify to get 

wr  (Tr)?(1.25 x 107°?) 


= = = 0.6. 
j g 10 











Ans. D 











Q 95. In a physical balance working on the principle of 
moments, when 5 mg weight is placed on the left pan, 
the beam becomes horizontal. Both the empty pans of 
the balance are of equal mass. Which of the following 
statements is correct? 

(A) Left arm is longer than the right arm 

(B) Both the arms are of same length 

(C) Left arm is shorter than the right arm 


Chapter 2. Questions and Solutions 149 


(D) Every object that is weighed using this balance ap- 
pears lighter than its actual weight. 


Sol. Let x; and z, be the lengths of the left arm and the 
right arm, m be mass of the empty pan and Am = 5 mg 
be the additional mass on the left pan to make the beam 
horizontal. 


Lopes 


Tı Tr 


a: 


(m+ Am)g mg 











The weight of the left pan is (m + Am)g and that 
of the right pan is mg. Equating torque of these forces 
about the suspension point O gives 


Cl = = a < T 
Tr x. 
f m + Am f 


i.e., left arm is shorter than the right arm. 





Ans. C 











Q96. A rod of weight W is supported by two parallel 
knife edges A and B and is in equilibrium in a horizontal 
position. The knives are at a distance d from each other. 
The centre of mass of the rod is at a distance x from A. 
The normal reactions on A and B are 

(A) W(d— x)/d and Wa/d. 

(B) Wa/d and W (d — x)/d. 

(C) W/2 and W/2. 

(D) W(d— x)/x and Wd/z. 
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Sol. The forces on the rod are its weight W and normal 
reactions N4 and Np. 








In equilibrium, net force on the rod is zero and the 
net torque about its centre of mass Č is also zero i.e., 


Nat+Np-W =0, 
Np(d—2x)— Naz =0. 


Solve to get Na = (d — x)W /d and Ng = xW /d. 
Ans. A C 














Q97. A rectangular block of mass m, width w, and 
height h is placed on a rough horizontal surface. The 
coefficient of friction between the block and the surface 
is u. A horizontal force F is applied at a height y above 
the surface (see figure). Which of the following state- 
ment is false? 
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gy SS 


Z | 


y 


| 


(A) The block will topple if yF > mgw/2. 

(B) The block will slide if F < mgw/2y and F > umg. 

(C) The block will topple before sliding if F > mgw/2y 
and u < w/2y. 

(D) The block will topple before sliding if F > mgw/2y 
and u > w/2y. 

















Sol. The forces acting on the block are its weight mg at 
the centre of mass C, frictional force f on the contact 
surface AB, and normal reaction N from the ground. 
The weight of the block is balanced by the normal re- 
action on it i.e., N = mg. 





F I 
2 
[pone es 
yY 
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If the block topples, then it will topple about the 
point B. At this instant, normal force N passes through 
B and there is a clock-wise torque on the block about 
the point B. Thus, the condition for toppling is Tg = 
yF — mg(w/2) > 0 i.e., 


yF > mgw/2. (1) 


The block will slide if F > Froppie = mgw/2y. 

The block will not topple if yF < mgw/2. In this 
case, the normal force N will act between B and D (we 
encourage you to find this point). The frictional force f 
is equal to the applied force F if F < umg otherwise it 
is equal to umg (limiting value of the frictional force). 
The block will slide if applied force is greater than the 
frictional force i.e., 


F > umg. (2) 


The block will topple if F > Fyiae = umg. 
Let y be fixed and F is continuously increased from 
zero onward. We can see that Fylde < Ftopple if u < 
w/2y. Thus, the block will slides if u < w/2y (smooth 

surface) and it will topple if u > w/2y (rough surface). 
Ans. C 














Q98. A uniform cube of side a and mass m rests on a 
rough horizontal table. A horizontal force F is applied 
normal to one of the faces at a point that is directly 
above the centre of the face, at a height 3a/4 above 
the base. The minimum value of F for which the cube 
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begins to tip about the edge is [Assume that the cube 
does not slide.] 
(A) mg/3 (B) mg/2 (C) 2mg/3 (D) 3mg/2 


Sol. Let the cube topples about the point O. 








The forces acting on the cube are applied force F, 
weight mg, frictional force f, and normal reaction N. 
The centre of mass of the cube lies on its geometrical 
centre because the cube is uniform. Thus, perpendicu- 
lar distance of the weight mg from the point O is a/2. 
At the instant of toppling, only point O of the cube is 
in contact with the ground. Thus, normal reaction N 
passes through the point O. The torques of N and f 
about the point O are zero because these forces pass 
through this point. When the cube is about to topple, 
net torque on the cube about the point O is zero i.e., 


F(3a/4) — mg(a/2) = 0, which gives, F = 2mg/3. 





Ans. C 
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Q 99. A block of base 10 cm x 10 cm and height 15 cm 

is kept on an inclined plane. The coefficient of friction 

between them is v3. The inclination @ of this inclined 

plane from the horizontal plane is gradually increased 

from 0°. Then, 

(A) at 6 = 30°, the block will start sliding down the 
plane. 

(B) the block will remain at rest on the plane up to 
certain 0 and then it will topple. 

(C) at 6 = 60°, the block will start sliding down the 
plane and continue to do so at higher angles. 

(D) at 6 = 60°, the block will start sliding down the 
plane and on further increasing 0, it will topple at 
certain 0. 


Sol. The forces acting on the block are its weight mg, 
frictional force f, and normal reaction N. When the 
block starts toppling, the contact point between the in- 
clined plane and the block is A and at that instant N 
acts on A. 
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The frictional force f opposes downward motion of 
the block and attains its maximum value 


Traz = BLN. 


Resolve mg along and normal to the inclined plane. 
Newton’s second law gives 


N =mgcos@. 


The block starts sliding down when mgsin@ > fmax. 
Substitute the values of fmax and N to get 


tan? > p= V3 = 1.73. 


The block starts toppling when net torque about A is 
anticlockwise. The torques about A due to N and f are 
zero because these forces pass through A. The torque 
due to mg is 


T = mgsin@ x 7.5— mgcosé x 5. 


Thus, the block will topple if r > 0 i.e., tan@ > 2/3 = 
0.66. Thus, topple < slide and hence toppling occurs 
before sliding. 





Ans. B 











Q 100. A block of mass m is at rest under the action 
of force F against a wall as shown in the figure. Which 
of the following statement is incorrect? 
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(A) f = mg, where f is the frictional force. 

(B) F = N, where N is the normal reaction. 

(C) F will not produce torque about centre of mass. 
(D) 


N will not produce torque about centre of mass. 


Sol. The forces acting on the block are its weight mg, 
normal reaction N, frictional force f, and applied force 
F. 








Let O be the centre of mass and N acts at a dis- 
tance x below it. In equilibrium, N = F and f = mg. 
In equilibrium, net torque about the centre of mass is 
Zero 1.€., 


Na — fa/2 = Fx — mga/2 = 0, 
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which gives x = mga/(2F’). The value of x shall be less 
than or equal to a/2 for N to act on the block. Thus, 
F > mg for block to be in equilibrium. 





Ans. DE 











Q 101. A cubical block of side L rests on a rough hori- 
zontal surface with coefficient of friction u. A horizontal 
force F is applied on the block as shown. If the coef- 
ficient of friction is sufficiently high, so that the block 
does not slide before toppling, the minimum force re- 
quired to topple the block is 


FEF — 














(A) infinitesimal (B) mg/4 
(C) mg/2 (D) mg(1— u) 


Sol. Let C be the centre of mass (geometrical centre) 
of the cubical block of mass m. The forces acting on 
the block are its weight mg, frictional force f, applied 
force F, and reaction forces Rı and Rə. 


F > 
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In equilibrium, 


Ry + Rə = mg, (1) 
f=F. (2) 


Also, torque about the centre of mass C is zero i.e., 
FL/2— RəL/2+ fL/2+ RıL/2 = 0. (3) 
The block starts toppling when its left end is just above 


the ground i.e., Rı = 0. Substitute in equations (1)-(3) 
and solve to get F = R2/2 = mg/2. 





Ans. C 











Q 102. A wheel of radius r and mass m is placed at the 
bottom of a fixed step of height r as shown in the figure. 
A constant force is continuously applied on the surface 
of the wheel so that it just climbs the step without 
slipping. Consider the torque 7 about an axis normal 
to the plane of the paper passing through the point Q. 
Which of the following option(s) is(are) correct? 
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(A) If the force is applied normal to the circumference 
at point P then 7 is zero. 

(B) If the force is applied tangentially at point § then 
T #0 but the wheel never climbs the step. 

(C) If the force is applied at point P tangentially then 
T decreases continuously as the wheel climbs. 

(D) If the force is applied normal to the circumference 
at point X then 7 is constant. 


Sol. This question has two ambiguities (i) whether di- 
rection of applied force is constant in laboratory frame 
or constant in a frame attached to the wheel and 
(ii) whether torque 7 is due to applied force alone or 
due to all the forces acting on the wheel. Since wheel 
climbs the step without slipping, we assume that the 
reaction force at the point Q (Na) adjusts itself to pro- 
vide pure rolling about an axis normal to the plane of 
the paper passing through Q (i.e., Q is equivalent to a 
hinge joint). We choose the direction of applied force 
such that it tries to move the wheel up on the step. 

Initially, there is no applied force, the wheel is sta- 
tionary and it just touches the point Q. The forces act- 
ing on the wheel are its weight mg and normal reac- 
tion Nr. Net external force on the wheel is zero i.e., 
Nr = mg. Net torque on the wheel about the point Q 
is also zero. 
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Let us analyse the problem immediately after ap- 
plying the force at P, S, or X (see figure). The wheel 
will start to climb the step (i.e., rotates about an axis 
passing through Q) if there is net clockwise torque Tnet 
about Q. The angular acceleration of the wheel will be 
Q = Tnet / IQ, where Ig is moment of inertia of the wheel 
about a normal axis passing through Q. The linear ac- 
celeration of the centre of mass C will be vertically up 
with magnitude a = ar. 

The torque about Q, due to the force Fon applied 
normal to the circumference at the point P, is zero (be- 
cause it passes through the point Q). Also, the torque 
about Q due to the reaction force at Q (Na) is zero. The 
wheel was in equilibrium (initially), the torque about 
Q due to the applied force Foy is zero, and the wheel 
is allowed to rotate about an axis through Q. Thus, 
No = = —Fpn and net torque about Q is zero. The wheel 
will remain stationary. 
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The torque about Q due to the applied force Fs is 
Tr = rFs (clockwise). The torque about Q due to the 
reaction force No is zero. The wheel was in equilib- 
rium initially and applied force Fs generates a non-zero 
clockwise torque about Q. Thus, the wheel will tend to 
roll clockwise about an axis through Q with an angu- 
lar acceleration a = rFs/Ig and vertical linear accel- 
eration (of the centre of mass C) a = ar. As soon as 
wheel starts rising, the reaction force Np starts decreas- 
ing and it becomes zero when the wheel loses contact 
with the floor. In this process, the clockwise torque 
due to Nr decreases from mgr to zero. At the instant 
of losing contact, net clockwise torque on the wheel is 
Tnet = TF — Tme = TFs — mgr. The wheel will start 
climbing up only if Tnet > 0 i.e., Fs > mg. 

The torque about Q due to the applied force Fy is 
Tr = dFx = r cos Fy (clockwise), where d = r cos 8 is 
the arm length (see figure). Initial dynamics by Fx will 
be similar to the dynamics by Fs. Thus, the wheel will 
start climbing up only if Tnet > 0 i.e., Fx > mg/ cos 8. 
Note that X approaches P when 8 approaches 90° (i.e., 
Fen is limiting case of Fx). 

The torque about Q due to the force For applied 
tangentially at the point P is Tp = 2rFp, (clockwise). 
Initial dynamics by Fps will be similar to the dynamics 
by Fs. The wheel will start climbing up only if Fp, > 
mg/2. 

We encourage you to find No just after the wheel 
loses contact with the floor when applied force is Fs, Fx 
or Fps. For moment of inertia, you can approximate the 
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wheel by a ring of same mass and radius. 





Now, let us analyse the problem when the wheel 
starts climbing up. Let the direction of applied force is 
constant in a frame attached to the wheel i.e., a tangen- 
tial force remains tangential and a normal force remains 
normal as the wheel climbs up. Consider a time instant 
when the wheel is rotated by an angle 0 (< 90°) i.e 
the line joining Q and any other point on the wheel is 
rotated clockwise by an angle 0 (see figure). The wheel 
climbs up the step when 0 = 90°. The clockwise torque 
Tr due to applied force Fs, Fx or Foi is independent of 0 
because neither the force magnitude nor the arm length 
depends on 0. However, the torque due to weight varies 
with 0 as Tmg = mgr cos@ i.e., anticlockwise torque re- 
duces from mgr to zero when @ increases from zero to 
90°. Thus, net clockwise torque on the wheel increases 
as it climbs up. Hence, once started climbing up, the 


wheel will not stop. 
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If the direction of applied force is constant in lab- 
oratory frame then expressions for the torque will be 
different. Again consider a time instant when the wheel 
is rotated by an angle 0 (< 90°). The arm length 
and torque due Fs are lg = V2rsin(45° + 0) and 
Tr = V2rFssin(45° + 0). The arm length and torque 
due Bs: are lp, = 2rcos@ and Tr = 2rFp;,cos@. The 
torque due to Fy also varies with 0. The torque due to 
weight varies with 0 as Tmg = mgrcos@. Thus, the net 
clockwise torque on the wheel, Tact = TF — Tmg, Varies 
as the wheel climbs. Maths enthusiasts are encouraged 
to find the torque due to Fy. 

Ans. (A) also see solution. 














Q 103. A uniform wooden stick of mass 1.6 kg and 
length l rests in an inclined manner on a smooth, ver- 
tical wall of height h (< l) such that a small portion of 
the stick extends beyond the wall. The reaction force of 
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the wall on the stick is perpendicular to the stick. The 
stick makes an angle of 30° with the wall and the bot- 
tom of the stick is on a rough floor. The reaction of the 
wall on the stick is equal in magnitude to the reaction 
of the floor on the stick. The ratio h/ and the frictional 
force f at the bottom of the stick are [g = 10 m/s? ] 

(A) P= 45, f= "GEN (B) tow f= REN 


3 
(C) È = 3x3, = 83 N (D) 2 = 3¥3 = 16V3 N 


l T te 














Sol. The forces acting on the stick are its weight mg 
at the centre of mass C, normal reaction N4 at the 
contact point A due to the floor, frictional force f at 
the point A due to the rough floor, and the normal 
reaction Ng at the contact point B due to the wall. 
Since stick is uniform, its centre of mass C lies at the 
middle point i.e., at a distance 1/2 from the end A. It is 
given that the direction of Ng is perpendicular to the 
stick and Ng = N4. Resolve Np in the horizontal and 
the vertical directions. 
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Np sin 30° 


Ng 








Since the stick is in equilibrium, the net forces on 
the stick in the horizontal and the vertical directions 
are zero i.e., 


Na+ Ngsin30° — mg = 0, (1) 
Ne cos30° — f =0. (2) 


Also, in equilibrium, net torque on the stick about any 
point should be zero. The net torque on the stick about 
the point A is 


mg(l/2) cos 60° — Ng(h/ cos 30°) = 0. (3) 
Substitute Ng = N4 and solve equations (1)—(3) to get 


h V3 


16/3 
T = F6 ; and f = a N. 
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We encourage you to solve this problem by taking the 
torque about the point B or C. 





Ans. D 











Q 104. In the figure, a ladder of mass m is shown lean- 
ing against a wall. It is in static equilibrium making 
an angle 0 with the horizontal floor. The coefficient of 
friction between the wall and the ladder is pı and that 
between the floor and the ladder is u2. The normal re- 
action of the wall on the ladder is N, and that of the 
floor is N2. If the ladder is about to slip, then 


Hı 


A 

[12 
(A) mı = 0, u2 #0 and No tan0 = 48 
(B) mı #0, p2 = 0 and N; tan = 38 
(C) mı #0, p2 #0 and No = 72, 
(D) m = 0, u2 A 0 and N; tané = 7# 


Sol. The forces on the rod are its weight mg, normal 
reactions N1, N2, and frictional forces fı and f2. 
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Ny Hı 


Nə 


AY) 
H2 fe 


When the rod is about to slip, frictional forces at- 
tain their maximum values 


fi =m4M1, (1) 

f2 = p2Ne, (2) 
and their directions are as shown in the figure. Newton’s 
second law in the horizontal and the vertical directions 
gives 

N = fa, (3) 

mg = No + fi. (4) 
Eliminate fı, f2, and N; from equations (1)—(4) to get 


N = SEIA Torque on the rod about any point is 
zero. The torque about A is 


mg(l/2) cos@ — Nılsinð — uıNılcosð = 0. (5) 


Simplify equation (5) to get Nı (tan 0 + 1) = mg/2. 
Ans. C, D 
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Q105. Two identical ladders, each of mass M and 
length L are resting on the rough horizontal surface as 
shown in the figure. A block of mass m hangs from P. 
If the system is in equilibrium, find the direction and 
magnitude of frictional force acting at A and B. 




















(A) (44%) gtan@ (B) Ca oe 


(C) (24) gtanð (D) (=) gcot é 





Sol. Let the block of mass m hangs from the point P 
by a string attached to the hinges of the two ladders. 


R2 


Rı P P Ri 


NIN 
NIN 


Newton’s second law gives the tension T in the 
string as T = mg. By symmetry, string tension pulls 
down each ladder by a force 


T/2 = mg/2. 
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By Newton’s third law, the reaction forces acting on the 
two ladders at the hinge point P are equal and oppo- 
site. These are shown by Rı and Rə in the figure. By 
symmetry, the normal reaction N at A and B are equal, 
the friction forces f at A and B are equal in magnitude 
but opposite in direction. Another force acting on both 
the ladders is their weight Mg which pass through their 
centre of mass. In equilibrium, the resultant forces on 
the two ladders are zero i.e., 


N + Ro — Mg —mg/2=0, (1) 
f=, (2) 
N — Rə — Mg — mg/2 = 0. (3) 
The equations (1) and (3) give Rə = 0 (as expected!) 


and N = (M + m/2)g. In equilibrium, the net torque 
about any point is zero. Thus, the torque about the 
point P for the left ladder is 


Mg(L/2)cos0 + fLsinð — NL cosé = 0. (4) 





Substitute N = (M + m/2)g in equation (4) and sim- 
plify to get 


f= (422%) gcot 0. 





Ans. B 











Q 106. A ‘T’ shaped object with dimensions shown in 
the figure, is lying on a smooth floor. A force F' is ap- 
plied at the point P parallel to AB, such that the object 
has only the translational motion without rotation. The 


distance of P from the point C is 
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—— 
A B 
BR | oy 
F 

A 


(A) 21/3 (B) 31/2 (C) 41/3 (D) 1 


Sol. The object will have pure translational motion if 
F acts on its centre of mass. Let mass of the segment 
AB be mı. The length of the other segment is twice that 
of AB and hence its mass is mg = 2m ,. The centre of 
mass of the segment AB lies at its mid point (i.e., at a 
distance yı = 2l from C) and that of the other segment 
lies at a distance y2 = l from C. The distance of the 
centre of mass of the object from the point C is 


o miyi tmy? — mi (21) +(2m1)1 4l 
Yem = = = 5 
mı + Me mı +2m4 3 











Ans. C 











Q107. A person of mass m is standing on an open 
truck, which is rounding an unbanked turn of radius r 
at a speed v. His centre of mass is at a height h above 
the truck surface midway between his feet, which are 
separated by a distance of d. When speed of the truck 
is increased monotonically then his 

(A) outer foot loose contact at a speed \/2gdr/h 
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(B) outer foot loose contact at a speed \/gdr/2h 
(C) inner foot loose contact at a speed /2gdr/h 
(D) inner foot loose contact at a speed \/gdr/2h 


Sol. The free body diagram of the man is shown in the 
figure. The contact force on the inner foot consists of 
the frictional force f4 and normal reaction N4. Simi- 
larly, the contact force on the outer foot consists of the 
frictional force fg and normal reaction Ng. The weight 
mg of the man acts on his centre of mass C. 

















A 
l E EEES C a 
O r nl Na val 
rd mg 
/ fa A fe = 
Poa ee 
2 2 


The net force on the man in the vertical direction 
is zero i.e., 


Na+ Ng = mg. (1) 


The centre of mass C rotates in a circle of radius r. 
The frictional forces provides the necessary centripetal 
acceleration i.e., 


fat fg = mi’ /r. (2) 
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The net torque on the man is zero. Take torque about 
the centre of mass C to get 


(fa + fa)h + Nad/2 — Ngd/2 = 0. (3) 


Eliminate (f4 + fg) from equations (2) and (3) to get 











2mv?h 
Ng- N4 = d (4) 
r 
Solve equations (1) and (4) to get 
2mv7h 
Na = ea 
A dr mg, (5) 
2mv7h 
Ng = ; 
B ap + mg (6) 


The normal reaction Ng is always greater than zero 
and hence outer foot will not loose contact. From equa- 
tion (5), Na = 0 at v = \/gdr/(2h). The inner foot will 
loose contact and the man will tip outwards if velocity 
is increased beyond this value. A wise man can adjust 
h and d up to certain extent. Which action of the man 
will prevent tipping off? 





Ans. D 











Q 108. A ladder of length l and mass m is leaning 
against a frictionless wall. It makes an angle 0 with the 
horizontal surface. The coefficient of static friction be- 
tween the ladder and the horizontal surface is us. How 
high (from the horizontal surface) can a person of mass 
M climb before the ladder slip? 
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(A) lsinð [us (1+ #) tang — 2#] 
(B) Lcos@ [us (1+ 2%) cot — #4] 
(C) Isind [us (1+ %) tand + #4] 
(D) Isin® [us (1 + $) tand — $7] 


Sol. The centre of mass of the ladder lies on its centre C 
i.e., AC = AB = 1/2. Let the man be at the point D 
when the ladder is about to slip. The point D is at a 
height h above the horizontal surface (see figure). 








The forces acting on the ladder-man system are 
frictional force f4 at the point A, normal reaction NA 
at the point A, weight mg of the ladder at the point C, 
weight Mg of the man at the point D and the normal 
reaction Ng from the wall at the point B. In transla- 
tional equilibrium, the net force on the system in the 
horizontal and the vertical directions are zero i.e, 


Na = Mg + mg, (1) 
Ng = fa. (2) 


The frictional force attains its limiting value when the 
ladder is about to slip i.e., 


fa = Us Na. (3) 
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In rotational equilibrium, the net torque on the sys- 
tem about any point is zero. Taking torque about the 
point A gives 


mg (4.cos0) + Mg (hcot 0) = Ng (lsin). — (4) 


Solve equations (1)—(4) to get the maximum height 


m 


M 





h=1sinð [us (1 ! ) tang 


m 
2M l` 

For further analysis, let 0 = 45°. If the man is not 
there then the ladder will start slipping at us = 0.5. 
We encourage you to find minimum value of us if the 
man is standing at the point A, at the point B and the 
point C. Hint: The system become more stable if the 
man is standing in the section AC. 





Ans. D 











Q 109. A homogeneous block of mass M = 100 kg, 
width w = 3 m and height h = 4 m rests on a car which 
can move along a horizontal plane. Another block of 
mass m = 20 kg is connected to the block by means of 
a string and a frictionless pulley (see figure). The coef- 
ficient of static friction between the block and the car is 
u = 0.25. The car is given an acceleration to the right 
which starts from zero and gradually increased. Which 
of the following event will occur first 
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PH 


(A) The block will slip at an acceleration g/24. 
(B) The block will slip at an acceleration g/4. 
(C) The block will tip at an acceleration g/24. 
(D) The block will tip at an acceleration g/4. 






































Sol. Let the car is pulled towards the right with an 
acceleration a. The block of mass M will accelerates 
towards right with an acceleration a (assuming no slip). 
The block of mass m will accelerates upwards with an 
acceleration a (string is in-extensible). 



































T w 
: 
° 
i 
TI h 
is N f 
Y — a 
mg 


The forces on the block of mass m are its weight 
mg and string tension T. Apply Newton’s second law 
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on this block to get 


T — mg = ma. (1) 


The forces on the block of mass M are its weight Mg, 
normal reaction N, frictional force f and string ten- 
sion T. Apply Newton’s second law in the horizontal 
and the vertical directions to get 


f-T=Ma, (2) 
N = Mg. (3) 


The block starts slipping when frictional force attains 
its limiting value 


f=uN. (4) 
Solve equations (1)-(4) to get a at which the block 
starts slipping 


ee (uM —m)g (0.25 x 100 — 20)g g 
S è m+M 20 + 100 24" 





If the car is static then N is uniformly distributed over 
the contact surface and its resultant passes through the 
centre. When the car starts accelerating, the normal 
force N shifts towards the left. The block starts tipping 
if N reaches the left most point of the block. The net 
torque on the block is zero when it starts tipping. Take 
torque about the centre of mass C of the block to get 


f(h/2) + T(h/2) = N(w/2). (5) 
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Solve equations (1)-(3) and (5) to get a at which the 
block start tipping 


(Mw -—2mh)g  (100x3-—2x20x4)g g 
at = = = 


h(2m + M) 4(2x20+100) 4° 





The slipping event takes place first because as < at. 
Once slipping start, equations (1) and (2) are no longer 
valid. Hence, we cannot say that tipping will take place 
at a = a, = g/4. 





Ans. AE 











Q110. A cylinder of radius r and mass m rests on a 
plane inclined at angle 0. The coefficient of kinetic fric- 
tion between the cylinder and the plane is u. Where 
should a force F, parallel to the plane be applied, if the 
cylinder is to slide up the plane without rotation? 











(A) d=r(1—pmgcos0/F) 
(B) d=r(1+ pumgcos6/F) 
(C) d=r(1— umg cos0/2F) 
(D) d= r (1 + umg cos0/2F) 
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Sol. The forces acting on the cylinder are applied force 
F, weight mg, normal reaction N and frictional force 
f. Resolve mg parallel and perpendicular to the incline. 
The perpendicular component of mg is balanced by the 
normal reaction i.e., N = mgcos@. The direction of 
frictional force is downwards (because the cylinder is 
sliding up) and its magnitude is f = uN = umg cosð. 











The torque on the cylinder about its centre of 
mass C must be zero for it to slide up without rota- 
tion i.e., rf = F(r — d), which gives 


d=r—rf/F=r(1—pmgcos6/F). 


Note that F acts below the centre C. We encourage you 
to find the reaction force exerted by the incline on the 


cylinder. Hint: R = mgcos@\/1 + p?. 





Ans. A 











Q111. A tube of length L is filled completely with an 
incompressible liquid of mass M and closed at both the 


ends. The tube is then rotated in a horizontal plane 
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about one of its ends with a uniform angular velocity 
w. The force exerted by the liquid at the other end is 

2 2 272 
(A) Me L (B) Mw? L (C) Aes L (D) Mo k 





Sol. Consider a small element of length dz at a distance 
x from the axis of rotation. 


aE 





Foe r+ar 


K— >| 
x da 











The mass of this element is m = Mag. Net force 
on this element, dF’, provides centripetal acceleration 
to it i.e., 

2 
w 
xdz. 





dF = mw*z = 


Integrate dF from « = 0 to x = L to get the force at 
the right end 


Mw? f4 Mw?L 
F= = [wae = uae 
0 








L 2 


This is radially inward force on the liquid. By Newton’s 
third law, the force exerted by the liquid on the other 
end is Mw?L/2 (radially outwards). 





Ans. A C 











Q 112. There is a rectangular plate of mass M kg of 
dimensions (a x b). The plate is held in horizontal posi- 


tion by striking n small balls uniformly each of mass m 
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per unit area per unit time. These are striking in the 
shaded half region of the plate. The balls are colliding 
elastically with velocity v. What is v? [Given n = 100, 
M =3 kg, m=0.01 kg, b=2 m, a=1 m, g=10 m/s?.] 











(A) 10 m/s (B) 15 m/s (C) 5m/s (D) 12 m/s 


Sol. The ball collides elastically with the stationary 
plate. In this collision, velocity of ball gets reversed. 
The conservation of linear momentum, Pi ball +Pi,plate = 
Pf ball + Pf,plate, gives 


APplate = —A Pral 
= mv — (—mv) = 2mv, (upwards). 


The number of balls striking the plate in times At is 
N = n(ab/2)At = nabAt/2. 


Thus, the total change in the plate’s momentum in time 
At is 


AP = NApPplate = munabAt. 
By Newton’s second law, upward force on the plate is 


F = AP/At = mvnab. (1) 
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This force effectively acts at the centre of the shaded 
region i.e., at a distance 3b/4 from the hinge. Other 
forces on the plate are its weight Mg acting downwards 
at a distance b/2 from the hinge and the vertical reac- 
tion force R at the hinge. In equilibrium, F + R = Mg, 
and the torque due to all forces about any point is zero. 
The torque about a point on the hinge is 


F(3b/4) — Mg(b/2) = 0. (2) 
Substitute F from equation (1) into equation (2) to get 


= 2Mg 2x 3x10 
= 3mnab 3x 0.01 x 100x 1x 2 





= 10 m/s. 





Ans. AE 











Q113. A uniform rod PQ of mass m and length I is 
placed on a support S such that PS = 1/4. A string is 
attached to the end P and a spring of spring constant 
k is attached to the end Q. Initially, the rod is hori- 
zontal, the string is taut, and the spring is elongated 
by a distance x. The reaction force at the support S 
immediately after cutting the string is 
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Sol. The forces on the rod after cutting the string are 
reaction force R at the support S, weight mg at the 
centre of mass C, and the spring force kx at the end Q. 





Immediately after cutting the string, the rod starts 
clock-wise rotation about the fixed axis passing through 
the support S. Let a be angular acceleration of the rod 
and a be acceleration of its centre of mass C. These two 
are related by 


a=al/4. (1) 
Apply Newton’s second law on the rod to get 
kz + mg — R = ma. (2) 


The torque about the point S is rs = mgl/4 + 
3kal/4. Apply Ts = Isa to get 


imgl + łkxl = Isa = (hm? +m GP) a. (3) 


Solve equations (1)-(3) to get R = mg — ĉkz. 
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Q114. Three particles A, B and C, each of mass m, are 
connected to each other by three massless rigid rods to 
form a rigid equilateral triangular body of side l. This 
body is placed on a horizontal frictionless table (a-y 
plane) and is hinged to it at the point A, so that it can 
move without friction about the vertical axis through 
A (see figure). The body is set into rotational motion 
on the table about A with a constant angular velocity 
w. 


Y 
EN 
I 
1 
A®--> x 
wW 
F>B C 
ky 


l 


(a) Find the magnitude of the horizontal force exerted 
by the hinge on the body. 

(b) at time T, when the side BC is parallel to the x-axis, 
a force F is applied on B along BC (as shown). Ob- 
tain the z-component and the y-component of the 
force exerted by the hinge on the body, immediately 
after time T. 


(A) (a) V3mlw? (b) Fy = -f. y= V3mlw? 
(B) (a) V5mlw? (b) F; = —£, Fy = ee 
(C) (a) V3mlw? (b) F, = —4, Fy = V2ml 

(D) (a) V3mlw? (b) F, = - 5, Fy = amli? 
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Sol. Consider the three masses and the connecting rods 
together as a system. The centre of mass of the system 
(G) is at a distance AG = 1/3 from the hinge point A. 


y 
N 
l 
A®-> x 
LXW 
1⁄3 
2 
F+ BO OC 
k 


The centre of mass moves in a circle with cen- 
tripetal acceleration 


Qe = wl /V3. 


The horizontal force acting on the system is the reac- 
tion at the hinge, Fn, which provides the necessary cen- 
tripetal acceleration. Apply Newton’s second law on 
the system to get 


Fy, = (3m)ae = V3mw?l. 


The force F acting on B causes an anticlockwise torque 
T = FlV/3/2 about the point A. Since A is a fixed point, 
the torque 7 is related to the angular acceleration a by 


FIV3/2 = Ia = Ma, 
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which gives a = /3F/(4ml). Total acceleration of the 
centre of mass immediately after a time T is 


3 itai lo 3 OE wl 
G=Azt1+ayjJ=a t+ AejJ= t 
yd v3 IT im 


Let F, = F,i+ F,j be the reaction force at the hinge 
and Fa = (Fr + F)i+ Fyj, be the net force on the 
system. Newton’s second law gives 


>> 





i. 1) 


m 


Fa = (F + Fe) î + F} ĵ = (3m)ä. (2) 


Substitute @ from equation (1) into equation (2) to get 
F, = —F/4 and Fy = /3mw?l. 





Ans. AE 











Q115. A homogeneous circular disc of radius r and 
mass m is fixed on a shaft which coincides with geomet- 
rical axis of the disc. Acting on the shaft is a torque 
caused by bearing friction which is proportional to the 
angular velocity of the disc, rp = —kw. At the time 
t = 0, the disc has an initial angular velocity wo. The 
number of revolutions of the disc before it come to rest 
are 

(A) ee (B) mr2wo (C) mr?wo (D) Ark 


Ark 2rk mr2wo 











Sol. The moment of inertia of the disc about the axis 
of rotation is J = smr?. The angular acceleration is 
related to the torque by Tf = Ja, which gives 


dw dw dé dw Tf kw 





w= au doad a ee T 
dw k 
dd TI 
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Integrate from w = wo to w = 0 to get the angular 
displacement 6 = Iw o/k before the disc come to rest. 
Thus, number of revolutions of the disc are 
— 6 Iw | mr?wo 
n= On mk nk 
We encourage you to plot t-w and t-0 graphs. What is 
the time required to come to rest? Hint: T = oo. 


Ans. B 

















Q 116. A flywheel with a moment of inertia J starts 
from rest under the action of a constant torque T. What 
is the angular velocity of the flywheel after it has rotated 
through n revolutions? 

(A) y4rnT/I (B) y2rnrT/I 


(C) y4rnI/T (D) yrnr/I 


Sol. The angular acceleration of a flywheel of moment 
of inertia J rotating under the action of a torque 7T is 
given by a = 7/I. It is constant because 7 is constant. 
Initial angular velocity of the flywheel is zero because 
it starts from rest. The angular displacement of the fly- 
wheel after n revolutions is 0 = 27n. Substitute values 
in w? — we = 2a0 to get the angular velocity of the 
flywheel after n revolutions as 


w = \/ w? + 2a0 = y4rnr/I. 


Aliter: The work done by the torque 7 in rotating 
the flywheel by an angle 0 = 277 is given by 


6 
W= J 7d0 = 2mnr. (7 is constant) 
0 
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The gain in rotational kinetic energy of the flywheel 
from start to the angular velocity w is 


K, = Siar. 


Use work-energy theorem, W = K,, to get the answer. 
Ans. A 














Q117. A wheel having a moment of inertia I about 
its axis of rotation is acted upon by a constant torque 
To. If the motion is resisted by a torque Tf = —kw due 
to bearing friction, the maximum speed which will be 
attained by the wheel is 

(A) 270/k (B) To/2k (C) To/k (D) k/70 


Sol. The net torque on the wheel of moment of inertia 
I is T =7)—Ty. Thus, angular acceleration of the wheel 
is 


dw T T—kw 


d I I 





Integrate with initial condition w = 0 to get 


w = 3 [i - e=]. 


Thus, wmax = To/k as t > œœ. 














Ans. C 


Q118. A rotor with moment of inertia J; rotates with 
an angular velocity w10. It is brought into contact with 


a second rotor of moment of inertia I2, which is initially 
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at rest. There is a constant normal force F between 
the rotors, and the coefficient of friction is u. At first 
there is slipping between the rotors. How much time is 
required to overcome slipping? [Assume that rotors are 
mounted on frictionless bearings. 


Ce 


(A) Wi0T1 (B) Wi0T1 





bP (r?/I2+r}/1) ) Eaa) 
= Wro? — > wro Ž Ž 
(C) uF (r?/I1+r}/I2) (D) uF (r?/I1+r2/I2) 


Sol. The forces acting on the two rotors are shown in 
the figure. Note that frictional force is uF (limiting 
value) because the rotors slip over each other. The 
direction of frictional force is decided by the contact 
point’s tendency to move (think over it!). 


The external torque on the rotor 1 about the 
point O; (or axis of rotation) is 7, = urıF (counter 
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clock wise). This torque tries to reduce the angular ve- 
locity w;. Thus, angular acceleration of the rotor 1 is 
given by 
dw, uri F 
— = : (1) 
dt I, 
Integrate equation (1) with initial condition w, = w10 
to get 





unk 





t. (2) 


wWı = w10 — 
1 
The external torque on the rotor 2 about the point O2 
is T2 = HrF (counter clock wise). This torque tries to 
increase the angular velocity w2. Thus, angular accel- 
eration of the rotor 2 is given by 





dws uro F 
Ta LERE, (3) 
dt Io 
Integrate equation (3) with initial condition w2 = 0 (ini- 
tially at rest) to get 


rok 
tip Se (4) 
I2 
The rotors continue to slip against each other until lin- 
ear velocities of their contact point becomes equal i.e., 





WT] = Were. (5) 
Substitute wı and w2 into equation (5) and solve to get 
the time required to overcome slipping as 

Wi0r1 
HF (rt /Ty +r3 2) 





t= 





Ans. D 
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Q 119. A rigid body can rotate about a fixed point O as 
shown in the figure. The moment of inertia of the body 
about the point O is Jo and the distance between O 
and the centre of mass C of the body is d. A force F is 
applied to the body perpendicular to the line joining O 
and the centre of mass, at a distance x from O. Find 
the distance x for which there will be no reaction at the 
point O in the direction of F. Neglect gravity. 





(A) d (B) 2Io/(md) (C) d/2 (D) Io/(md) 


Sol. Let reaction force at the pivot point O is zero. The 
torque about the fixed point O is Tọ = xF (counter 
clock wise). Use To = Ioa to get the angular accelera- 
tion of the body 


a=2F/Io. (1) 


The torque about the centre of mass C is tc = (a—d)F. 
Use Tc = Ica to get 
Oe ee) a  (x-d)F 
~ Ie Ig — md?’ 





(2) 
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where we used parallel axis theorem, Io = Ic + md, 
to get moment of inertia of the body about an axis 
passing through the centre of mass C. Eliminate a from 
equations (1) and (2) to get x = Ig/(md). 

The point P is called centre of percussion of the 
body. If line of action of the force F is perpendicular 
to OC and passes through P then reaction force at the 
point O is zero. Let us see some real life situations 
where centre of percussion plays an important role. 

In the game of cricket, if you hold the bat at O 
and the ball hits at the centre of percussion P then you 
feel comfortable because reaction force at your hands is 
zero. If the ball hits at some other point than you feel 
JhanJhanaHat (stinging) in your hands. 

Another situation is Kater’s reversible pendulum. 
The body oscillate under the action of gravity if it is 
suspended from a point. The oscillation frequency is 
same whether you suspend the body from the point O 
or from the point P. 





Ans. D 











Q 120. A pulley of radius 2 m is rotated about its axis 
by a force F = (20t — 5t?) N (where, t is time in sec- 
onds) applied tangentially. If the moment of inertia of 
the pulley about its axis of rotation is 10 kg-m?, then 
the number of rotations made by the pulley before its 
direction of motion is reversed is, 

(A) more than 3 but less than 6 

(B) more than 6 but less than 9 

(C) more than 9 

(D) less than 3 
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Sol. The torque on the pulley is 

T = rF = 2(20t — 5t?) N m, (1) 
and its angular acceleration is 


cee ees (4t — t°) rad/s”, (2) 


= de T 


where J = 10 kg-m? is moment of inertia of the pulley. 
Integrate equation (2) with initial condition w = 0 to 
get the angular velocity 


w = (2t? — t? /3) rad/s. (3) 


Integrate equation (3) with initial condition 6 = 0 to 
get the angular displacement 


6= (2t? /3 — tt /12) rad. (4) 








The pulley comes to rest (momentarily) when w = 
0. Substitute w = 0 in equation (3) to get t = 6s. 
Substitute t = 6s in equation (4) to get 0 = 36 rad. 
Thus, number of rotations made by the pulley to come 


to rest are n = 0/(27) = 5.73. 
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We should not ignore the fact that 0 increases 
monotonically till pulley come to rest (see figure). This 
simplifies our calculations. We encourage you to find 
the number of rotations made by the pulley till t = 8 s. 

Ans. A EL 














Q121. A solid disc of mass m and radius r is floating 
in space. A force F is applied to it at a distance d(< 
r) from the centre in the y-direction. Which of the 
following statement is false just after application of the 
force 


(A) The acceleration of the point O is F/m j. 

(B) The angular acceleration of the disc is 2dF/mr? Å. 

(C) The acceleration of the point P is zero. 

(D) The acceleration of the point P is kj if d < R/2, 
where k > 0. 


Sol. Apply Newton’s second law on the disc to get ac- 
celeration of the centre of mass O as ag = F/m. The 
torque on the disc about the centre of mass is Tem = Fd. 
Apply Tem = Tema to get angular acceleration of the disc 
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as a = 2dF/mr? (anti-clockwise). The acceleration of 
the point P is given by 


dp = Go + x OP 
F. 2dF » F F 2d\ . 
-ja (Gh) x= F (1 PE 


Ans. C 




















Q 122. A uniform circular disc of mass 2.5 kg and ra- 
dius 0.5 m is initially at rest on a horizontal frictionless 
surface. Three forces of equal magnitude F = 0.5 N are 
applied simultaneously along the three sides of an equi- 
lateral triangle XYZ with its vertices on the perimeter 
of the disc (see figure). One second after applying the 
forces, the angular speed of the disc in rad/s is 


F 





Sol. In triangle OZP, the distances OZ = R and OP = 
Rsin 30° = R/2. 
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F 





>F 


F 


The total torque by the three forces about the cen- 
tre of mass O is 


T = 3F|OP| = 3FR/2. 


The moment of inertia of the disc about the axis of 
rotation is I = 4MR?. Using, T = Ia, we get 


T 3F 3x05 
I MR 15x05 





a= = 2 rad/s”. 
The angular velocity after t = 1 s is given by 


w = wọ tat = 0+2 x 1 = 2 rad/s. 





Ans. C 











Q 123. A triangular plate of uniform thickness and 
density is made to rotate about an axis perpendicular 
to the plane of the paper and (a) passing through A, (b) 
passing through B, by the application of same force, F, 
at C (mid-point of AB) as shown in the figure. The 
angular accelerations in two cases are related by 
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D 








F 


(A) aa >ag (B) ag <ag 
(C) a4 =apg (D) Insufficient data 


Sol. Let I4 and Ig be the moment of inertia of the 
given triangular plate about axes perpendicular to its 
plane and passing through A and B, respectively. Since 
most of the mass is distributed near B, we get I4 > Ig. 
The torques of force F about A and B are equal 

in magnitude but opposite in direction i.e., TA = TB 
(because C is the mid point of AB). The torque about 
a fixed point is related to the angular acceleration by, 
Ta = laaa and Tg = Ipag. Use TA = Tg to get 

Oh ea: Cathy Se: 

ag la 
We encourage you to find the expressions for [4 and 
Ig. Note that the length of side AB is greater than the 
length of side BD. 





Ans. B 











Q 124. A long horizontal rod has a bead which can 
slide along its length and is initially placed at a distance 
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L from one end A of the rod. The rod is set in angular 
motion about A with a constant angular acceleration a. 
If the coefficient of friction between the rod and bead 
is u, and gravity is neglected, then the time after which 
the bead starts slipping is 


(A) VE (B) 4 (C) Ay (D) infinitesimal 





Sol. The forces acting on the bead are reaction N from 
the rod and frictional force f. 





Force N provides tangential acceleration and f pro- 
vides centripetal acceleration. Newton’s second law in 
tangential and radial directions, gives 


N = ma = mla, (1) 
f = mLw’ = mLat?, (2) 


where we have used w = at at time t. The bead starts 
slipping when frictional force attains its maximum value 


f = fmax = WN. (3) 
Eliminate f and N from equations (1)—(3) to get t = 


tmax = V uja. 





Ans. A 
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Q125. A cylinder of mass M and radius R is resting 
on a horizontal platform (which is parallel to the x-y 
plane) with its axis fixed along the y-axis and free to 
rotate about its axis. The platform is given a motion 
in the x direction given by x = Acoswt. There is no 
slipping between the cylinder and platform. The max- 
imum torque acting on the cylinder during its motion 
is 

(A) 3M RAw? (B) MRAw? 

(C) $MRAw? (D) $MRAw? 


Sol. The acceleration of a platform having time varying 
position x = Asin wt is given by 


d?r 
ap = qe = -w Asin wt. 


zZ 
nxn 
mia f 











Maximum value of the platform acceleration is 
Qp max = w? A. Let a be the acceleration of the centre of 
mass of the cylinder and a be its angular acceleration. 
The acceleration of the contact point A is given by 


G4 = üo +Ë X TCA 
=aî+ (—a ĵ) x (-Rk) = (a +aR)î. 
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Since the cylinder is rolling without slipping, the accel- 
eration of contact point A is equal to the acceleration 
of the platform i.e., 

ap =at+aR. (1) 


The force on the cylinder in the x direction is frictional 
force f. Apply Newton’s second law on the cylinder to 
get 


f=Ma. (2) 
The torque on the cylinder about its centre of mass C 
is T = fR. It is related to the angular acceleration by 

T=fR=Ia=5MR’a. (T= 5MR?’). (3) 


Eliminate f from equations (2) and (3) to get a = Ra/2. 
Substitute a in equation (1) to get a = 2a,/(3R). Sub- 
stitute a in equation (3) to get the torque on the cylin- 
der 


pee | 
T= 3M Rap, 


with its maximum value Tmax = 3M Rapmax = 


3M Rw? A. 





Ans. D 











Q 126. A boy is pushing a ring of mass 2 kg and radius 
0.5 m with a stick as shown in the figure. The stick ap- 
plies a force of 2 N on the ring and rolls without slipping 
with an acceleration of 0.3 m/s?. The coefficient of fric- 
tion between the ground and the ring is large enough 
that rolling always occurs and the coefficient of friction 


between the stick and ring is P/10. The value of P is 
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Stick 


Ground 
(A) 1 (B) 2 (C) 3 (D) 4 


Sol. The forces on the ring are applied force F, normal 
reaction N, weight mg, and frictional forces fı and f2. 





-s+ 


f2 G 


Let the direction of fı and fz be as shown (choice 
of these directions is arbitrary). As ring rolls without 
slipping, its linear acceleration a is related to the angu- 
lar acceleration a by a = ar. Apply Newton’s second 
law in the horizontal direction to get 


Substitute the values in equation (1) to get f2 = —1.4 N 
(negative sign indicates that fo is opposite to the as- 


sumed direction). The torque about the centre of mass 
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C is related to a by 


—fir— for = Ica = mr?’ (a/r), (-a=ar), (2) 


where Ic = mr? is the moment of inertia about an axis 
passing through C. Note that anti-clockwise direction is 
taken as positive. The equation (2) gives 





fi = fe ma = ( 1.4) 2x0.3=0.8N, 


(positive sign indicates that the assumed direction of 
fi is correct). Substitute the values in fı = uF to get 
u = 0.4. We encourage you to assume the different 
directions of fı and fọ and show that the result does 
not change. 








Ans. D 








Q127. A man pushes a cylinder of mass mı with the 
help of a plank of mass mə as shown in the figure. There 
is no slipping at any contact. The horizontal component 
of the force applied by the man is F. The magnitudes of 
frictional forces at contact points of the cylinder are 


























F > m2 
mı 
3Fmı Fm, Fm, Fm, 
(A) 3m 1+8m2? 3m1+8M2 (B) 3m1+8m2? 3m, +8M2 
(C) 3Fm1 sims (D) 3Fm, Fm, 
mitema? ne Pee ace arias Spee oa 
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Sol. Let fı be the frictional force between the cylinder 
and the ground, a; be the acceleration of the centre 
of mass of the cylinder, a be the angular acceleration 
of the cylinder, fọ be the frictional force between the 
cylinder and the plank, and az be the acceleration of 
the plank. 














fe 


my 


A 


The direction of frictional forces can be chosen ar- 
bitrarily. Apply Newton’s second law on the plank and 
the cylinder to get 


mzaz = F — fa, (1) 

mya, = fi + fe. (2) 
The torque on the cylinder about C, 7 = Ica, gives 

foR- fiR = Ica = mı R°a. (3) 


The rolling without slipping condition at the contact 
point A gives acceleration of point A to be equal to the 
acceleration of the ground (zero). Thus, 


a, = QR. (4) 


Chapter 2. Questions and Solutions 203 


The rolling without slipping condition at the contact 
point B gives acceleration of B to be equal to the ac- 
celeration of the plank. Hence, 


az = 20R. (5) 
Solve equations (1)—(5) to get 


a, = 4F/(3mı + 8m2), 

ag = 8F'/(3m, + 8M2), 

fi = Fm1/(3m1 + 8m2), 
fo = 3F'm,/(3m, + 8mz2). 





Positive signs for fı and fə indicate that their chosen 
directions are correct. 





Ans. A 











Q 128. Two thin circular discs of mass 2 kg and radius 
10 cm each are joined by a rigid massless rod of length 
20 cm. The axis of the rod is along the perpendicular to 
the planes of the disc through their centres. The object 
is kept on a truck in such a way that the axis of the 
object is horizontal and perpendicular to the direction 
of motion of the truck. Its friction with the floor of the 
truck is large enough, so that the object can roll on the 
truck without slipping. Take x-axis as the direction of 
motion of the truck and z-axis as the vertically upwards 
direction. If the truck has an acceleration 9 m/s?, cal- 
culate, 
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LN 


20cm 





(a) the force of friction (in N) on each disc. 

(b) the frictional torque (in N-m) acting on each disc 
about the centre of mass O of the object. Express 
the torque in the vector form in terms of vector 2, 
j and k in x, y and z directions. 

) (a) 42, (b) —0.6 + 0.6k, —0.47 — 0.4k 

) (a) 6i, (b) —0.6 + 0.6k, —0.6— 0.6Å 

) (a) 32, (b) —0.37 + 0.3k, —0.67 — 0.6k 

) (a) 62, (b) —0.67+ 0.64, —0.57— 0.54 

















(A 
(B 
(C 
(D) (a 


9 


Sol. By symmetry, external forces and resultant mo- 
tion of each disc is same. Consider one of the disc as 
shown in the figure. 


— ao 


-5x 


= 


P 


Let @o = 9.07 m/s? be the acceleration of the truck 


and f be the frictional force on the disc. Since disc rolls 
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without slipping, acceleration of the contact point P is 
same as the acceleration of the truck i.e., @p = Go, and 
acceleration of the centre of mass C is 

do = ap + a Xx PPC 

= agi + (—aĵ) x (rk) = (ao — ar)i, 

where a is the angular acceleration. Newton’s second 
law, f = mac, gives 

f = m(ao — ar). (1) 
The torque on the disc about C is 

Fop x f=—frj=—Iaj. (2) 


where J = $mr? is the moment of inertia of the disc 
about an axis passing through C and perpendicular to 
plane of the disc. Substitute J in equation (2) to get 


f = 4mar. (3) 


Eliminate a from equations (1) and (3) to get f = 
mao/3 =2x 9/3 =6N ie., f=6iN. 

zZ 
T 


>y 


Q P 
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Let P and Q be the contact points of the discs with 
the ground and O be the centre of the connecting rod. 
The frictional torque about O on two discs are 


z 


p x f = (0.1f— 0.1 Å) x (6%) 

= (—0.6 f — 0.6 k) Nm, 

7 = Fog x f = (—0.1 f — 0.1%) x (64) 
0 





Ans. B 











Q 129. A uniform cylinder of radius r is spinned about 
its axis with an angular velocity w and then placed into 
a corner (see figure). The coefficient of friction between 
the corner walls and the cylinder is equal to u. How 
many turns will the cylinder accomplish before it stops? 


(A) w?r(1+u?) (B) w TOH ) 





Brgu(lty) HS ae 
(C) SageCeD) (D) Te 


Sol. The forces on the cylinder are its weight mg at C, 
normal force N; and frictional force fı at A, and nor- 
mal force Nə and frictional force f at B. The velocity 
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of the cylinder at the contact points A and B decides 
directions of fı and f2. The frictional forces fı and fo 
attains their limiting values because there is sliding at 
the contact points, which gives, 


fi =i, (1) 
fo = Nd. (2) 





A h 


The centre of mass of the cylinder is not acceler- 
ating. Apply Newton’s law in the horizontal and the 
vertical directions to get 


fi — No = 9, (3) 
fo + Ni — mg =0. (4) 
The torque on the cylinder about its centre of 
mass C is Tc = fi +r fz (anti-clockwise). This torque 
retards the cylinder with an angular retardation a. Ap- 
ply tc = Ica to get 
r(fı + f2) = Ica = imr’a. (5) 
Solve equations (1)—(5) to get 
2gu(1 
a = 29H + u) (6) 


rF) 
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The angular displacement of the cylinder when its 
angular speed reduces from w to zero with a retardation 
a is given by 6 = w?/2a. Corresponding number of 
revolutions of the cylinder are 

0 w2 wr(1 +p?) 
n= = == 


2r 4ra 8rgul +u) 








Ans. A C 











Q 130. Consider the situations shown in the figure. 
In case (A), string is pulled with a force 2mg and in 
case (B), string is connected to a block of mass 2m. 
If a4 and ag be angular accelerations of the pulley in 
these cases then [assume no slipping of the string over 
the pulley—a solid disc of mass m and radius r] 












































r r 
m m 
2m 
2mg 
case (A) case (B) 


(A) QA > QB (B) QA < QB 
(C) aa =ag (D) ag =2ag/T 


Sol. Consider the situation in case (A). Let T} be ten- 
sion in the string segment attached to the block of mass 
m. Let a, be acceleration of the block of mass m and 
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aa, be angular acceleration of the pulley. No slip con- 
dition gives 


















































aA = QAT. (1) 
mM |o 7 QB 
Tı Tr 
aB + m T2 
| 2m] 44B 
me ne 
case (B) 


Newton’s second law on the block of mass m gives 
Tı — mg = maa. (2) 


The tension in the right segment of the string is 
equal to the applied force i.e., 


To = 2mg. (3) 


The torque on the pulley about the axis of rotation 
is T = r(To — Tı). Apply T = Ia to get 


(Tz — Tı) = Iaa = mra. (4) 


Solve equations (1)-(4) to get a4 = 2g/3r. 
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Similarly, for the situation in case (B), 


ap = apr, (5) 
Tı — mg = map, (6) 
2mg — Tz = 2map, (7) 
r(T2 — Tı) = 4mr’°ap. (8) 


Solve equations (5)-(8) to get ag = 2g/Tr. 
Ans. A 














Q131. A moving pulley of mass mı and radius rı, 
a fixed pulley of mass mz and radius r2, and a block 
of mass mg are connected by an inextensible string as 
shown in the figure. The fixed pulley is mounted on a 
frictionless bearing. The sections of string between the 
pulleys are vertical and there is no slip over the pulleys. 
The pulleys can be assumed as uniform solid discs. The 
moving pulley is accelerating up with an acceleration 




















rı 
mı 


4(m3—m1)g 4(2m3—m1)g 

(A) Ty Fat (B) Sm seama-F¥5 
m3—=m1ı)g m3=m 

(C) aaa Peet As (D) neds Se 
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Sol. The forces and acceleration on various components 
are shown in the figure. Note that tensions in three seg- 
ments of the string are different because there is friction 
between the string and the pulleys (no slip). 





























T: a 
as | i a1 {Ti 
O a 
t C a TB 
m3g 
mig 


Apply Newton’s second law for translational and 
rotational motion of the moving pulley to get 
Tı + T2 — mig =m 41, (1) 


(To = Tı)rı = lia = imır?on. (2) 


Apply Newton’s second law for rotational motion of the 
fixed pulley to get 


(T3 = T2)ro = Iga = morfas. (3) 


Apply Newton’s second law for translational motion of 
the block to get 
m3g — T3 = m3a3. (4) 
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The acceleration of the string at the contact point E is 
equal to ag (because the string is inextensible). The tan- 
gential acceleration of the pulley at the contact point E 
is Q2r2 (because pulley is rigid and it is rotating about 
a fixed axis). Since there is no slip at this point, these 
two accelerations are equal i.e., 


a3 = Q2r2. (5) 


Let distances yo, yı and y3 be as shown in the figure. 
The length of the string is 





l= Yo + Y1 + Tri + yi + Tra + y3- 


In this equation, yo, 71, r2 and l are constants. Differ- 
entiate with time, twice, to get 


d?y3 /dt? = —2d?y, /dt?. 


The accelerations a; and ag are given by ay = 
—d?y,/dt? (note the negative sign) and a3 = d?y3/dt?. 
Substitute these to get 


a3 = 2a4. (6) 


Now, consider the contact point C. The acceleration 
of the string at this point is a3 (upwards). The ac- 
celeration of the centre O of the pulley is ai. The 
angular acceleration of the pulley is a; (clockwise). 
The accelerations of points O and C are related by 
Gc = Go + & x Toc, which gives tangential acceler- 
ation of the pulley at the contact point as a, + arı. 
The no slip condition at C gives 


a3 = aj, + Qırı. (7) 
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Solve equations (1)—(7) to get 


Me 2(2m3 — m1)g 
3m, + 4m2 + 8m3 i 





ay 





Ans. D 











Q 132. A uniform disc of radius R and mass M is free 
to rotate about its axis. A string is wrapped over its 
rim and a body of mass m is tied to the free end of the 
string as shown in the figure. The body is released from 
rest. Then the acceleration of the body is 


ova 


gy 














2m, 2M 2m 2M 
(A) mpa (B) ome (C) amm (D) amem 











Sol. Let T be tension in the string, a be the acceler- 
ation of the body of mass m, and a be the angular 
acceleration of the disc of mass M and radius R (see 
figure). 
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M 

















Apply Newton’s second law on the body of mass m 
to get 


mg —T = ma. (1) 


The forces on the disc are string tension T at the contact 
point C, weight Mg at the centre O and the reaction 
force at O. The torque about the point O is To = TR. 
The disc rotates about a fixed point O. Apply To = Toa 
to get 


TR = Ioa = (MR? /2)a, (2) 


where Jo is moment of inertia of the uniform solid disc 
about the axis of rotation. The acceleration of the string 
at the contact point C is a. The tangential acceleration 
of the pulley at the point C is aR. These two accelera- 
tions should be equal for no slip at C i.e., 


a=aR. (3) 
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Solve equations (1)—(3) to get 


2mg 


oom + M` 


We encourage you to solve this problem by energy 
method. 





Ans. AE 











Q 133. A cylinder B of mass m and radius r is sus- 
pended from an identical cylinder A, which is free to 
rotate about its axis (see figure). The suspension is by 
a massless tape which is free to unwind. Both cylinders 
are initially at rest and cylinder B moves vertically. The 
initial acceleration of cylinder B is 








(A) 39/4 (B) 49/5 (C) 29/3 (D) g/2 


Sol. Let a4 and ag be angular accelerations of two 
cylinders and a be linear acceleration of cylinder B. The 
kinematic constraints of no slip and in-extensible tape 
gives 


a = (aa + apr. (1) 
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( eA $C 
T 
ay 
ofe) [a 
lee 
mg 


Let T be tension in the tape. The forces acting on 
cylinder A are tension T at the point C, weight mg at 
its centre and reaction force at its centre. The torque on 
cylinder A about its centre is T4 = rT (clockwise). This 
cylinder rotates about a fixed axis. Apply 74 = AQA 
to get 

rT = imr’aa. (2) 
The forces on cylinder B are tension T at the point D 
and weight mg at its centre of mass. The torque on 
cylinder B about its centre of mass is Tem = rT (clock- 
wise). Apply Tem = Iemag to get 

rT = ġmr°ap. (3) 


Apply Newton’s second law for translational motion of 
cylinder B to get 


mg —T = ma. (4) 


Solve equations (1)-(4) to get a = 4g/5. 





Ans. B 
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Q134. An Atwood machine has two blocks with 
masses mı and mz, connected by an in-extensible string 
of negligible mass that passes over a pulley with friction- 
less bearings. The pulley is a uniform disc of mass m 
and radius r. The angular acceleration of the pulley 
is 


(A) (mi-ma2)g (B) (mitme2)g 





ae PENTA) ae ape, 
mi—™Ma2)g mitme2)g 
(C) r(mi+m2+2m) (D) Gia 


Sol. Since string is in-extensible, the accelerations of 
the two blocks are equal in magnitude but opposite in 
directions (see figure). Let a be the angular accelera- 
tion of the pulley. The acceleration of the string at the 
contact point A is a (upwards) and tangential accelera- 
tion of the pulley at this point is ar (upwards). These 
two accelerations are equal because there is no slip at A 
i.e., 


a=ar (1) 
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Let T; and To be tensions in the string segments 
connected to the block of mass mı and mg, respectively. 
Note that friction between the string and the pulley 
make these tensions unequal. The torque on the pulley 
about its centre O is T = (Tı —T)r. The pulley rotates 
about a fixed point O. Apply To = Ioa to get 


(Ti — T2)r = Ioa = $mr*a. (2) 


Apply Newton’s second law on two blocks to get 


mig — Tı = mya, (3) 


To — meg = mea. (4) 
Solve equations (1)—(4) to get 


_ __(m = me) 
r(mı + Mm + m/2) 
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We encourage you to find expressions for a, T; and Tə. 
Compare these with their values for smooth pulley. 
Ans. A 














Q 135. A rope is wrapped around a solid cylinder of ra- 
dius r and mass m (see figure). The cylinder is released 
from rest. The velocity of the centre of the cylinder af- 
ter it has moved downward by a distance h is 


(A) /4gh/3 (B) V/3gh/4 (C) V2gh (D) V2gh/3 


Sol. Let a be angular acceleration of the cylinder and 
a be linear acceleration of its centre O. The accelera- 
tion of the string at the contact point C is zero because 
string is in-extensible. The tangential acceleration of 
the cylinder at the contact point is a — ar (by using 
Gc = ïo + & x roc). These two accelerations are equal 
because there is no slip at C, which gives 


a=ar. (1) 
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mg 


Let T be tension in the string. The torque on the 
cylinder about its centre of mass O is Tem = rT (clock- 
wise). Apply Tem = Tema to get 

rT = Ima = 4mr?a. (2) 


Apply Newton’s second law for translation of the cylin- 
der to get 


mg -T = ma. (3) 


Solve equations (1)-(3) to get a = 2g/3. The cylinder 
is released from rest (u = 0) and it moves down with a 
constant acceleration a. The velocity after travelling a 
vertical distance A is 





v = Vu? + 2ah = \/4gh/3. 


Aliter: Initially, the cylinder is at rest at a height h. 
Its kinetic energy is K; = 0 and potential energy is U; = 
mgh. After dropping by a vertical height h, the centre 
of mass O moves with a velocity v and the cylinder 
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rotates with an angular velocity w. Its potential energy 
at this instant is Ur = 0 and kinetic energy is 


1 2 1 2 
Ky m= Kom + Kabout, cm = 5 MUcm + 3Lemw 





= bmw? + b- bm? (2) = fm, 
where we used v = wr because there is no slip at the 
contact point. By conservation of mechanical energy, 
U; + K; =U; + Ky, we get v = y4gh/3. 





Ans. A 











Q 136. A block X of mass 0.5 kg is held by a long mass- 
less string on a frictionless inclined plane of inclination 
30° to the horizontal. The string is wound on a uni- 
form solid cylindrical drum Y of mass 2 kg and of ra- 
dius 0.2 m as shown in the figure. The drum is given 
an initial angular velocity such that the block X starts 
moving up the plane. 


30° 





(a) Find the tension in the string during the motion. 
(b) At a certain instant of time the magnitude of the 


angular velocity of Y is 10 rad/s. Calculate the 
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distance travelled by X from that instant of time 
until it comes to rest. 


(A) (a) 1.63 N (b) 1.43 m 
(B) (a) 1.43 N (b) 1.63 m 
(C) (a) 1.22 N (b) 1.63 m 
(D) (a) 1.63 N (b) 1.22 m 


Sol. Given, mass of the block m = 0.5 kg, mass of the 
drum M = 2 kg, radius of the drum r = 0.2m and 
inclination angle 0 = 30°. 








Let T be the tension in the string, a be the down- 
ward acceleration of X, and a be the angular accelera- 
tion of the drum. Forces on X are its weight mg, normal 
reaction N, and tension T. Resolve mg along and nor- 
mal to the inclined plane and apply Newton’s second 
law to get 


ma = mg sind — T. (1) 


The tension T due to string on drum produces an anti- 
clockwise torque T = Tr. This torque is related to the 
angular acceleration a by 

Tr = Ia = ($Mr*) a. (2) 
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There is no slipping at the drum. The acceleration of 


the string-drum contact point, which is same as a, is 
given by 


a=ar. (3) 
Solve equations (1)—(3) to get 
pin Mmgsin@ — 2(0.5)(9.8)0.5 
= M+2m  2+2(0.5) 
OP 2(1.63) 


“= Mr 2x02 
a= ar = 8.15 x 0.2 = 1.63 m/s”. 





= 1.63 N, 





= 8.15 rad/s”, 


At the time when w = 10 rad/s, we get velocity of the 
block as v = wr = 2 m/s (up the incline). The distance 
travelled by the block till it comes to rest is given by 
s = v? / (2a) = 2? / (2 x 1.63) = 1.22 m. 





Ans. DE 











Q 137. A block of mass M is resting at the top of an 
inclined plane of angle 0 and height h. It is attached 
to a cylindrical pulley of mass m and radius r by a 
massless string that unwinds as the block slides down. 
The coefficient of friction between the block and the 
plane is u. The velocity of the block when it reaches 
the bottom is 
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(A) 2M gh(1—pcot 0) (B) 2M gh(1+p cot 0) 


2M+m 2M+m 
2M gh(1+pcot 0) Mgh(1— cot 0) 
(C) M+2m (D) M+2m 


Sol. Let pulley rotates with an angular acceleration a. 
The tangential acceleration of the pulley at the contact 
point P is ar and acceleration of the string at this point 
is a (because string is in-extensible). These two acceler- 
ations are equal because there is no slip at the contact 
point P, which gives, 


a=ar. (1) 








Let T be tension in the string. The torque on the 


pulley about its centre (a fixed point) is r = rT (anti- 
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clockwise). Apply Thxed = Ifxea@ to get 


rT = IgxeqQ = $mra. (2) 


The forces on the block are its weight Mg, normal 
reaction N, string tension T, and friction force f. Re- 
solve Mg along and perpendicular to the inclined plane. 
Apply Newton’s second law in the direction perpendic- 
ular to the plane to get 


N = Mgcosé. (3) 


Apply Newton’s second law in the direction along the 
plane to get 


Mgsinð — f -T = Ma. (4) 
The friction force on the sliding block is 

f=uN. (5) 
Solve equations (1)—(5) to get 


2M q(sin 0 — u cos 0) 
2M +m l 


a = 





The block starts from rest at the top. It travels a dis- 
tance s = h/sin@ with a constant acceleration a. Thus, 
velocity of the block when it reaches the bottom is 


2Mgh( 1 — p cot 0) 
Sisiqes 
j Bere y 2M +m 











Ans. A C 
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Q 138. A uniform cylinder of radius R and mass M 
can rotate freely about a stationary horizontal axis (see 
figure). A thin cord of length l and mass m is wound 
on the cylinder in a single layer. The angular accelera- 
tion of the cylinder as a function of the length x of the 
hanging part of the cord is 





Ole 
T 
mMmgE 2mgx 
(A) IRon (B) TREmi NT 
(C) IR iM) (D) Omt 


Sol. Let length of the hanging part of the cord be zx. 
The mass of the hanging part of the cord ism, = mg/l. 
The speed of the cord at this instant is v = da/dt. Note 
that every point on the cord moves with the same speed. 
The cord does not slip over the cylinder. Thus, 
angular velocity of the cylinder is related to v by 


w=v/R. 
The kinetic energy of the cord and the cylinder are 
given by 
Kora = im?, 
Koyi = How? = GMP”. 
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The centre of mass of the hanging part of the cord 
lies at its mid-point i.e., at a vertical distance h = x/2 
from O. The loss in gravitational potential energy of the 
cord is 


U = mgh = (ma/l)g(2/2) = mga? /2l. 

The loss in gravitational potential energy of the 
cord is equal to the sum of kinetic energy of the cord 
and the cylinder i.e, U = Keora+Keyi. Substitute values 
and simplify to get 

ia 2mg 2 
(2m+M) ` 
Differentiate above equation with time to get the accel- 
eration of the cord 
dv 2mg 


= E 1Qm+M)— 


The no slip condition gives angular acceleration of the 
cylinder as 





2 
gatea Mgr 


R IRQm+M) 








Ans. B 








Q 139. A string wraps around a uniform cylinder of 
mass M, which rests on a fixed inclined plane of incli- 
nation angle 0. The string passes over a massless pulley 
and is connected to a mass m, as shown in the figure. 
Assume that the cylinder rolls without slipping on the 
plane, and that the string is parallel to the plane. The 
acceleration of the mass m is 
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(A) (M sin 0—2m)g B) (M cos @—2m)g 


oars aml 
sin 0—2m)g sin@—m)g 
(C) 2m+4M/3 (D) m+3M/4 


Sol. Let 0 be the inclination angle and R be the radius 
of the cylinder of mass M. The forces acting on the 
cylinder are its weight Mg, normal reaction N, string 
tension T and frictional force f. 


























Let œa be angular acceleration of the cylinder and 
a be acceleration of its centre of mass C. Resolve Mg 
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parallel and perpendicular to the inclined plane. Apply 
Newton’s second law along the inclined plane to get 


Mgsinéd -T — f = Ma. (1) 


The torque on the cylinder about its centre of mass C 
is rc = fR— TR. Apply Tc = Ica to get 


fR-TR=Ica=5MR’a. (2) 
The no slip condition at the contact point P gives 
a=aR. (3) 


The forces on the block of mass m are its weight mg and 
string tension T. Let a’ be acceleration of the block. 
Apply Newton’s second law in the vertical direction to 
get 


T — mg = ma’. (4) 


The tangential acceleration of the cylinder at the con- 
tact point Q is a+ aR. The acceleration of the string 
at this contact is a’ (because string is in-extensible). 
These two accelerations should be equal for no slipping 
at Q i.e., 


a’ =a+aR. (5) 
Solve equations (1)-(5) to get 


, _ (Msin@ —2m)g 
2m + 3M/4 





Ans. A C 
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Q 140. A solid sphere of mass m, and radius rs is free 
to rotate about a vertical axis passing through its cen- 
tre. A light string passes around the equator of the 
sphere, and over a pulley (solid disc) of mass m, and 
radius rp, and string is attached to a small block of mass 
m (see figure). When the block is released from rest, the 
string does not slip around the sphere or pulley. What 
is the acceleration of the block when it is released? 


Ms 


Ts 


























(A) amr (B) ihe 
(C) ane CECT (D) Smt om. [etme 





Sol. Let T; and T be tensions in the horizontal and 
vertical segments of the string. Let a, be angular ac- 
celeration of the sphere, a, be angular acceleration of 
the pulley and a be acceleration of the block. 

The string is in-extensible and it does not slip 
around the sphere or the pulley. The no slip condition 
at the contact point P gives 


Aplp = a. (1) 
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The no slip conditions at the contact points R (on the 
equator of the sphere) gives 


Asta = a. (2) 



































T T 
= ee, 
p 
y [T 
{T2 
m] ta 
Y 
mg 


Apply Newton’s second law on the block to get 
mg — Tə = ma. (3) 


The sphere rotates about a fixed axis passing 
through its centre. The torque on the sphere about 
its centre is Ts = rsTı. Apply Tfxea = Igxeaa to get 


rel, = Zmsr?as. (4) 


The pulley also rotates about a fixed axis. The 
torque on the pulley about its centre is Tp = rp(T2— T). 
Apply Tfixed = TgxcaQ to get 


rR- Ty) = 5 Mp ep. (5) 
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Solve equations (1)—(5) to get a = iam Se 


We encourage you to use energy conservation to 
find speed of the block when it has fallen by a vertical 
distance h. 





Ans. A 











Q 141. A wheel of mass m and radius r is unbalanced 
so that its center of mass C lies at a distance kr from the 
center of the wheel O. The wheel rolls without slipping 
with a constant velocity v. The normal force on the 
wheel from the ground at the instant shown in the figure 
is 





O, K 
< 
Fy 
45% 
y Tr 
ty 
T P 





(A) m(g+ 42) B) m(g+ E2) 


(C) m(g+ e (D) m(g- i) 


Sol. Since wheel rolls without slipping, its angular ve- 
locity is given by w = v/r. Since speed v is constant, 
angular acceleration of the wheel and linear acceleration 
of its centre O are both zeros i.e., a = 0 and ao = 0. 
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The acceleration of the centre of mass C at the given 
instant is given by 


> 


Go = üo + @X roc + BX ð x Foc 


v\2 (—î + 3) 
kr ; 

The forces in y direction are weight mg and normal 
reaction N. Apply Newton’s second law in y direction, 
N — mg = may, to get 


N R (o5) 
=m ma, =M — |]. 
a d 4 V2r 


II 








Ans. C 











Q 142. A solid homogeneous sphere of mass m and ra- 

dius r is moving on a rough horizontal surface, partly 

rolling and partly sliding. During this kind of motion 

of the sphere 

(A) total kinetic energy is conserved. 

(B) the angular momentum of the sphere about the 
point of contact with the plane is conserved. 

(C) only the rotational kinetic energy about the centre 
of mass is conserved. 

(D) angular momentum about the centre of mass is con- 
served. 


Sol. Consider a time instant when the sphere rolls with 
an angular velocity w and its centre O translates with 
a velocity v (see figure). The velocity of point P on the 
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sphere is up = v — wr. The point P will slide towards 
the right if vp > 0 i.e., if v > wr. In this case, the 
frictional force f on the sphere will point towards the 
left. The work done by the frictional force is negative 
because frictional force is opposite to the displacement 
of the point P. By work-energy theorem, total kinetic 
energy of the sphere decreases. It is not conserved. 


E€ 





f P 


The torque on the sphere about its centre of mass O 
is To = rf #0. Thus, angular momentum of the sphere 
about the point O is not conserved. The angular accel- 
eration of the sphere is @ = Tem/Iem Æ 0. This will 
increase w and hence Kem = Hmv? is not conserved. 

The torque on the sphere about the contact point P 
is zero. Thus, angular momentum of the sphere about 
the point P is conserved. 

The phrases “angular momentum about the con- 
tact point is conserved” is likely to create confusion. 
The angular momentum is defined about a specific 
point. The contact point is not fixed in this problem. 
A better phrase is “angular momentum about a point 
on the ground that coincides with the contact point (at 


a particular instant e.g., at t = 0) is conserved”. 
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Q 143. A uniform solid cylindrical roller of mass m is 
being pulled on a horizontal surface with force F par- 
allel to the surface and applied at its centre. If the 
acceleration of the cylinder is a and it is rolling without 
slipping then the value of F is 

(A) ma (B) 2ma (C) 3ma (D) 3ma 

Sol. Let @ be angular acceleration of the cylinder 
and a be linear acceleration of its centre O. The no slip 
condition at the contact point P gives 


a= ar. (1) 





f P 


The forces on the cylinder are applied force F, fric- 
tional force f, weight mg and normal reaction N. Apply 
Newton’s second law for translation in the horizontal 
direction to get 


F- f= ma. (2) 
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The torque about the centre of mass O is Tem = rf. 
Apply Tem = Iema to get 


rf = Ima = mra. (3) 


Solve equations (1)-(3) to get F = ma. 
You will get the same answer if you use Tp = Ipa 
instead of equation (3). However, you should be very 
careful while using 7 = Ja. Apart from the centre of 
mass and fixed point, T = Ja is valid for other points 

in special situations, like the point P in this problem. 
Ans. C 














Q 144. A string is wound around a hollow cylinder of 
mass 5 kg and radius 0.5 m. If the string is now pulled 
with a horizontal force of 40 N, and the cylinder is 
rolling without slipping on a horizontal surface (see fig- 
ure), then the angular acceleration of the cylinder will 
be [Neglect the mass and thickness of the string] 


40 N 





(A) 20 rad/s? (B) 16 rad/s? 
(C) 12 rad/s? (D) 10 rad/s? 


Sol. Let a be angular acceleration of the hollow cylin- 


der and a be linear acceleration of its centre O. The no 
slip condition at the contact point C gives 


a=ar. (1) 
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P 
je 
a 


f C 





The forces on the cylinder are applied force F, fric- 
tional force f, weight mg and normal reaction N. Apply 
Newton’s second law for translation in the horizontal 
direction to get 


F-f= ma. (2) 


The torque about the centre of mass O is Tem = r(F+f). 
Apply Tem = Iema to get 


r(F + f) = Ima = mr’a. (3) 
Solve equations (1)-(3) to get 


F 40 


—— = 16 rad/s?. 
a EGE Ae 


Q = 








Ans. B 











Q 145. Consider a cylinder of mass m resting on a 
rough horizontal rug that is pulled out from under it 
with an acceleration a perpendicular to the axis of the 
cylinder. What is the frictional force f at the contact 
point P? It is assumed that the cylinder does not slip. 
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ax 











(A) mg (B) ma (C) ma/2 (D) ma/3 


Sol. As the rug is pulled towards the left, a point on 
the rug at the contact P will have a tendency to move 
towards the left. The friction force ‘on the rug’ will act 
towards the right to oppose this tendency. By Newton’s 
third law, friction force ‘on the cylinder’ will be towards 
the left (see figure). 











P 


The forces on the cylinder are frictional force f, 
weight mg and normal reaction N. Let œa be angular 
acceleration of the cylinder and ag be acceleration of 
its centre O. Apply Newton’s second law for translation 
in the horizontal direction to get 


f = mao. (1) 


The torque about the centre of mass O is Tem = rf. 
Apply Tem = Tema to get 


rf =LIma= $mr7a. (2) 
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Consider the acceleration of the rug and the cylinder 
at the contact P. The acceleration of the rug at this 
point is a. The tangential acceleration of a point on 
the cylinder at the contact P is ag + ar. These two 
accelerations are equal because there is no slipping at 
the contact P, which gives, 


a = ao + ar. (3) 


Solve equations (1)-(3) to get f = ma/3. The accel- 
eration of the point O is ag = a/3 and angular accel- 
eration of the cylinder is a = 2a/3r. Note that the 
cylinder moves towards the left, it rolls clockwise, and 
ao # ar. 





Ans. D 











Q 146. During paddling of a bicycle, the force of fric- 

tion exerted by the ground on the two wheels is such 

that it acts, 

(A) in the backward direction on the front wheel and 
in the forward direction on the rear wheel. 

(B) in the forward direction on the front wheel and in 
the backward direction on the rear wheel. 

(C) in the backward direction on both the front and 
the rear wheels. 

(D) in the forward direction on both the front and the 
rear wheels. 


Sol. This problem is explored in detail for conceptual 
clarity. Let a non-rotating (wo = 0) disc of radius r 
having initial velocity u be gently placed on a rough 


surface. 
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wo = 0 w 
—~ 


uU U 


P fR 


Initial velocity of the contact point P, üp = üc + 
Üo X Tcp = Uc is same as that of the centre C. Thus, P 
moves towards right relative to the surface. To oppose 
this, frictional force at P acts towards left (see figure). 
The friction force retards the velocity of C i.e., v < u. 
The torque about C due to frictional force is rT = fr 
(clockwise). This torque gives clockwise angular accel- 
eration (T = Ia) and disc starts rotating clockwise. If 
the coefficient of friction is sufficiently large then retar- 
dation and angular acceleration continue till v = wr. 
At this instant, velocity of P relative to the surface be- 
comes zero, making f = 0. After it, the disc continues 
to roll without slipping. 


WO Ww 

PNI Aa 
u=0 V 

P P f 


Now, let a disc with non-zero angular velocity wo 
and zero linear velocity (u = 0) be gently placed on a 
rough surface. Initial velocity of the contact point P, 
üp = üc + Üo X Top = wor, is towards left relative to 
the surface. To oppose this, friction force at P acts to- 
wards the right (see figure). The friction force increases 
the velocity of C. The torque about C due to friction 
force is anti-clockwise. This torque gives anti-clockwise 
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angular acceleration i.e., w < wo. If the coefficient of 
friction is sufficiently large then acceleration and angu- 
lar retardation continue till v = wr. At this instant, 
velocity of P relative to the surface becomes zero, mak- 
ing f = 0. After it, the disc continues to roll without 


slipping. 
G2 D 


fe f 


Now, consider the bicycle. The front wheel is con- 
nected to rest of the bicycle by a rod passing through 
its centre (axle). The torque on the wheel about its 
centre by the force coming from the rest of the bicycle 
is zero. Thus, paddling can give linear velocity to the 
front wheel but cannot rotate it. The situation is sim- 
ilar to the first case discussed above and friction force 
acts in the backward direction. The situation of rear 
wheel is different. The rear wheel is connected to the 
rest of the bicycle by a rod passing through its cen- 
tre and a chain connected to the paddles (see figure). 
Pressing the paddle increases the tension in the upper 
portion of the chain. This tension gives rise to a clock- 
wise torque and wheel starts rotating in clockwise di- 
rection. Thus, situation of rear wheel is similar to the 
second case discussed above and friction force acts in 
the forward direction. 





Ans. A 
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Q 147. Consider a simplified model of a bicycle. The 
distance between the centers of the wheels is 2d and 
the centre of mass of the bicycle plus rider lies at a 
height d above the ground halfway between the wheels. 
The coefficient of kinetic friction between the wheels 
and the ground is u(< 1). When brakes are applied 
hard enough so that skidding occurs than which of the 
following statement is false? 

(A) The normal reaction on the back wheel (from the 
ground) is more than the normal reaction on the 
front wheel when brakes are applied to the front 
wheel. 

(B) The normal reaction on the back wheel (from the 
ground) is less than the normal reaction on the 
front wheel when brakes are applied to the back 
wheel. 

(C) The time to stop is more if brakes are applied to the 
front wheel as compared to its value when brakes 
are applied to the back wheel. 

(D) The time to stop is less if brakes are applied to the 
front wheel as compared to its value when brakes 
are applied to the back wheel. 


Sol. Let the bicycle is moving towards the right with 
a speed v. Consider the situation when brakes are ap- 
plied to the front wheel. Let a be deceleration of the 
bicycle when brakes are applied to the front wheel. The 
forces on the bicycle plus rider system are normal reac- 
tion Ny on the front wheel, normal reaction Np on the 
back wheel, frictional force f on the front wheel and the 


weight mg at the centre of mass C. Since brakes are ap- 
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plied hard enough, the front wheel skids and frictional 
force on this wheel is 


f = uNy. (1) 
iG) GIG 


K—— 2d —— K—— 2d ——I 








Brakes to the Front Wheel Brakes to the Back Wheel 


Apply Newton’s second law in the horizontal and 
vertical directions to get 


hae Si, (2) 
Ny + Np = mg. (3) 


The torque on the bicycle plus rider system about its 
centre of mass C should be zero because there is no 
angular acceleration of the system (wheels as massless 
and they are always in contact with the ground) i.e., 


df+dN,—dNy =0. (4) 
Solve equations (1)—(4) to get 


‘ea 
eee y,- OTOMI #9 


Ta 2p 2— p 
Now, consider the situation when brakes are ap- 


plied to the back wheel. Only change from the previous 
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case is the frictional force f’ = Nj; which acts at the 
back wheel. Similar algebra gives us 


,_ (tu)mg wy mg »_ H9 
Cte Dae © = gg VE 

Thus, a > a’ i.e., deceleration is more when brakes 
are applied to the front wheel. Thus, the time to stop 
(v/a) is less if brakes are applied to the front wheel as 
compared to its value (v/a’) when brakes are applied to 
the back wheel. 

The normal reaction on the back wheel is always 
less than the normal reaction on the front wheel (N, < 
Ny and N; < N;) . Thus, whether brakes are applied 
to the front wheel or the back wheel, it is the back wheel 
that leaves the ground (at the time of toppling). Can 
you explain why applying brakes to the back wheel is 
safer than applying brakes to the front wheel? 

Ans. B, D 














Q 148. A solid cylinder of mass m and radius r is 
thrown on a rough horizontal surface with an initial 
speed vp and angular speed wo, such that vo > rwo 
(see figure). The coefficient of kinetic friction between 
the cylinder and the horizontal surface is uz. The time 
taken by the cylinder to start rolling without slipping 
is 


wo 
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SG) at OO) a 





Sol. Initially, velocity of the cylinder’s centre of mass C 
is vg and its angular velocity is wọ. When the cylinder 
starts rolling without slipping, velocity of the cylinder’s 
centre of mass is v and its angular velocity is w. The 
rolling without slipping condition gives 


v=wr. (1) 


a ye oy 
wo w 





OFT f P P: 


Initially, velocity of a point on the cylinder at the 
contact P is (vo — wor) > 0. Thus, the contact point on 
the cylinder has a tendency to move towards the right. 
The frictional force f will oppose this and act towards 
the left. Other forces on the cylinder are its weight mg 
and normal reaction N. The friction force due to sliding 
is given by 


f = MN. (2) 
Apply Newton’s second law in the vertical direction to 
get 

N = mg. (3) 


Chapter 2. Questions and Solutions 246 


Let a be acceleration of the centre of mass C and a be 
angular acceleration of the cylinder. The directions of a 
and a are shown in the figure. Apply Newton’s second 
law in the horizontal direction to get 


f =ma. (4) 
The torque on the cylinder about its centre of mass C 
is Tem = r f (clockwise). Apply Tem = Tema to get 


rf = Ima = mra. (5) 


Solve equations (2)—(5) to get 


a = Lrg, 

a = 2upg/r. 
Thus, velocity of the centre of mass C decreases with a 
constant deceleration a and angular velocity increases 
with a constant angular acceleration œ. This continues 
until the cylinder starts rolling without slipping. Let t 
be the time taken to start rolling without slipping. The 
velocity of the centre of mass C and the angular velocity 
of the cylinder at this instant are given by 


v = vo — at = vo — Hkgt, 
w = wọ + at = wo + (2ukg/r)t. 
Substitute v and w in equation (1) and solve for time 
to get 
T A 
Sug 





Ans. B 
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Q 149. A homogeneous spherical ball of mass m and 
radius r is thrown down an alley with an initial speed 
vo and backspin with angular speed wo, such that vo > 
rwo. The speed of the ball when it just start to roll 
without slipping is 


— v0 





(A) pro + zwor (B) 2 2wor 


Vg — = 
(C) vo — wor (D) boo + buor 


Sol. We define the coordinate system as shown in the 
figure. Initially, velocity of the ball’s centre of mass C 
is Vem, = vo? and its angular velocity is Oj; = wo k. 
When the ball starts rolling without slipping, velocity 
of the ball’s centre of mass is Uom,f = vi and its angular 





velocity is Gp = —w k. The rolling without slipping 
condition gives 
v = wr. (1) 
OON A TTA 
wo Ww 
— vo —v 
y 
O T f P P’ 
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Initially, velocity of the ball at the contact P is 
vo + wor. Thus, the contact point on the ball has a 
tendency to move towards the right i.e., the ball slide 
towards the right. The frictional force f will oppose 
this and act towards the left. Other forces on the ball 
are its weight mg and normal reaction N. Since there 
is no acceleration in the y direction, Newton’s second 
law in y direction gives 


N = mg. (2) 


The torque on the ball about the origin O is 


= 


O 


II 


To x mg(—j) + rp x Nj+fp x f (a 
0. (using equation (2)) 


Thus, angular momentum of the ball about the origin O 
is conserved. Initially, angular momentum of the ball 
about O is 


> > > 
Li = Lem F Labout, cm 
= lemi + MPC X Vi 
2 R X 


= ĝmr’wo k — mrvo k. (3) 


Finally, angular momentum of the ball about O is 
Ly baa Tiss + Dabok. cm 
= cmW f + mirc x Ur 


= -mrw k—mrvk = —Lmrvk, (4) 
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where we used equation (1) in the last step. The con- 
servation of angular momentum, L; = Ly, gives 


v= 29 — 2wor. 
We encourage you to find the work done by the friction 
force. Hint: loss in kinetic energy of the ball is AK = 
zm/(vo +wor)?. 





Ans. C 











Q 150. A spool of inner radius r and outer radius R is 
placed on a rough horizontal surface. It is pulled by a 
force F in three different ways as shown in the figures. 
The friction is sufficient to roll the spool without slip- 
ping. Which of the following statement is incorrect? 


F 


case (i) case (ii) case (iii) 


(A) The spool moves towards the right in case (i) and 
case (ii) but it moves towards the left in case (iii). 

(B) The spool rotates clockwise in case (i) and case (ii) 
but it rotates anticlockwise in case (iii). 

(C) The frictional force acts towards the left in all 
cases. 

(D) The frictional force acts towards the left in case (i) 
and case (iii). Given information is not sufficient 
to find its direction in case (ii). 
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Sol. The frictional force f acts at the contact point P. 
This point is instantaneously at rest because the spool 
rolls without slipping. Thus, we can use Tp = Ipa 
about P to get the direction of angular acceleration a. 
The direction of rotation is same as the direction of 
angular acceleration because the spool starts from the 
rest. In case (i) and (ii), the torque about the contact 
point is clockwise. Thus, the spool rotates in the clock- 
wise direction in these cases. In case (iii), torque about 
the contact point is anticlockwise and the spool rotates 
in the anticlockwise direction. 


F 
ANN PN 
E 
F 
i P 4 P 
case (i) case (ii) case (iii) 


The direction of angular acceleration also gives the 
direction in which the centre of mass C moves (dc = 
a@p +a x PC). Thus, the spool moves towards the right 
in case (i) and case (ii) but it moves towards the left in 
case (iii). 

The frictional force on the spool is “opposite to the 
direction of spool’s tangential acceleration at the con- 
tact point P when it is placed on a smooth surface”. In 
case (i) and (iii), the contact point P has a tendency to 
move towards the right and hence frictional force acts 
towards the left. In case (ii), the contact point P has a 
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tendency to move towards the right if r < I/mR and it 
has a tendency to move towards the left is r > I/mR, 
where J is moment of inertia about an axis through C. 
Thus, frictional force may acts towards the right or to- 
wards the left depending on the value of r in comparison 
to I/mR. 





Ans. C 











Q151. A spinning wheel drops on a horizontal floor, 

slips for some time, and then rolls without slipping. The 

coefficient of kinetic friction between the floor and the 

wheel is u. Which of the following statement is incor- 

rect? 

(A) The velocity of wheel’s centre of mass when it starts 
rolling without slipping is independent of u. 

(B) The work done by the frictional force is indepen- 
dent of u. 

(C) The time to start rolling without slipping is in- 
versely proportional to p. 

(D) The distance traveled by the wheel before it starts 
rolling without slipping is independent of u. 


Sol. Let wo be initial angular speed of the wheel and O 
be the point where it initially touched the ground. The 
weight of the wheel is balanced by the normal force on 
it i.e., N = mg. The frictional force acts at the contact 
point and passes through O. Thus, external torque on 
the wheel about O is zero. Hence, angular momentum 
of the wheel about O is conserved. 
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a 
WO Ww 
> VU 
y 
IA > 
O T P f P’ 


Initially, angular momentum of the wheel about O 
is Lo = Iwo = mr?wo. Let w be angular speed of the 
wheel and v be speed of its centre of mass when it starts 
rolling without slipping. The rolling without slipping 
condition gives v = wr. The angular momentum of the 
wheel when it starts rolling without slipping is 


L = Lem + Labout em = Mur + Iw = 2mvr. 


Apply conservation of angular momentum, Lo = L, to 
get v = wor/2. The final speed of the wheel is indepen- 
dent of the coefficient of friction 4, which appears to be 
counter intuitive, but it is true. 

The work done by the frictional force is equal to 
the loss in kinetic energy of the wheel i.e., 


II 


W = AK = $1ug — ($mv? + 41w?) = imr’og, 
which is independent of p. 

The frictional force on the wheel when it is slipping 
on the ground is f = uN = umg. Note that frictional 
force acts in the forward direction. The acceleration of 
the wheel’s centre of mass is a = f/m = ug. The time 
taken by the wheel to increase its speed from zero to v 
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with a constant acceleration ug is given by 


i v—0 wor 
© a > Big: 
Thus, time to start rolling without slipping is inversely 
proportional to u. The wheel takes more time to start 
rolling without slipping on a smoother surface. 
The distance traveled buy the wheel before it starts 
rolling without slipping is given by 





vu? wlr? 
s= = 








2a tg 

We encourage you to solve this problem, without 
invoking conservation of angular momentum, for a sym- 
metrical object (e.g., ring, cylinder, sphere) of radius r 
and moment of inertia I = Bmr?. 





Ans. D 











Q 152. A uniform disc of mass m and radius R is pro- 
jected horizontally with velocity vg on a rough hori- 
zontal floor, so that it starts off with a purely sliding 
motion at t = 0. After tọ seconds, it acquires a pure 
rolling motion as shown in the figure. 


AEN 


vo 


t=0 t=to 
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(a) Calculate the velocity of the centre of mass of the 


disc at to. 


(b) Assuming the coefficient of friction to be u, calcu- 
late tg. Also calculate the work done by the fric- 
tional force as a function of time and the work done 
by it over a time t much longer than to. 








m 
AT ; 5 





2 6 





(A) (a) ĝvo (b) 28, 
(B) (a) 2vo (b) 25, 
(C) (a) 2vo (b) 25, 
(D) (a) 3vo (b) 3%, 


2 6 


Sol. When the disc slides on the floor, the frictional 


force acting on the disc is 


f = aN = umg. 





The retardation of disc due to frictional force is a. 
Newton’s second law gives a = ug. Thus, the velocity 
of centre of mass C' at time t < to is given by 


u(t) = vo — at = vo — ugt. 


(1) 
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The frictional torque about the centre of mass C pro- 
vides an angular acceleration a to the disc. The torque 
about the point C 


fR= (umg)R = Ia = (mR?) a, (. I = 4mR?), 


gives a = 2ug/R. Thus, angular velocity at time t < to 
is given by 


w(t) = foa = at = 2ugt/R. (2) 


At time t = to, the disc rolls without slipping i.e., ve- 
locity of the point P is zero and hence 


v(to) = w(to)R. (3) 


Substitute the values of v(to) from equation (1) and 
w(to) from equation (2) into equation (3) to get tg = 
vo/(3ug). Substitute to in equation (1) to get v(to) = 
2u9/3. The work-energy theorem gives work done by 
the frictional force till time t as 


W(t) = K(t) — K(0) = $mv? + iIw? — imuk 


3m(vo — ugt)? + 5 (mR?) (2ugt/ R)? 


1 2 
= 3 MVO 





= $mpgt(3pgt — 2vo). 


The work done by the frictional force in pure rolling is 


zero. Thus the work done by f at time t > to is same 


as W (to) = ġmyugto(3ugto — 2v0) = — mvs. 





Ans. A C 
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Q 153. A uniform solid cylinder of radius r and mass 
m is rotating with an angular velocity wo about its axis 
of symmetry. It is slowly placed on a rough horizontal 
plane. The velocity of its centre of mass when it starts 
rolling without slipping is 

(A) rwo/4 (B) rwo/3 (C) rwo/2 (D) rwo 


Sol. The coordinate system shown in the figure is fixed 
to the ground. 

The forces acting on the cylinder are its weight mg, 
normal reaction N and frictional force f. The weight 
is balanced by the normal reaction i.e., N = mg. The 
torque on the cylinder about the origin O is zero. Thus, 
angular momentum of the cylinder about the point O 
is conserved. 


P N "aS 
wo Ww 





a 


x P f P’ 


Ore 
y 


Initially, the velocity of centre of mass C is zero and 
the angular velocity of the cylinder is @ = —wo k. The 
angular momentum of the cylinder about the origin O 
is 


Lo = ae + Lavoni cm = O+ Lom A -}mr’°wo k. 
Finally, the velocity of centre of mass C’ is Gm = 


v îĉ and the angular velocity of the cylinder is G = —w k. 
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Since the cylinder start rolling without slipping, we get, 
v= wr. 


The angular momentum of the cylinder about the 
origin O when it start rolling without slipping is 
L = Lem et Labout cm = mToc x Uem mE Lom 
= —mor Å — smr7w k 


= -mvr k. (Cu =r) 


By conservation of angular momentum, Lo = L, we get 
v = wor /3. 





Ans. B 











Q 154. A uniform solid cylinder of mass m and radius 
r is placed on the right end of a horizontal plank of 
mass m and length l. Which of the following statement 
is true if the plank is pulled to the right with a constant 
force F? [Assume that the cylinder does not slip with 
respect to the plank.] 





m [> F 


l 














x 


A) The acceleration of the plank is F/m. 

) The angular acceleration of the cylinder is F/4mr. 
) The acceleration of the cylinder is F/2m. 
) The acceleration of the plank is 3F/4m. 


( 

(B 
(C 
(D 
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Sol. Let f be frictional force between the plank and 
the cylinder. The frictional force on the cylinder acts 
towards the right and that on the plank acts towards 
the left. Let a be angular acceleration of the cylinder, 
a’ be acceleration of the cylinder’s centre of mass C, 
and a be acceleration of the plank. 





a 
— qa! 
—> a f 
m Í cures F 











The acceleration of the cylinder at the contact 
point P is a’ + ar and acceleration of the plank at this 
point is a. These two acceleration must be equal for no 
slipping at P i.e., 


a=a' +ar. (1) 


Apply Newton’s second law on the plank and the 
cylinder to get 


F — f = ma, (2) 
f=md. (3) 


The torque on the cylinder about its centre of 
mass C is Tem = rf. Apply Tem = Iema to get 


rf = ma = mra. (4) 
Solve equations (1)-(4) to get a’ = F/4m and a = 
3F/4m. 
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If the system starts from the rest then find the 
distance moved by the cylinder by the time the left end 
of the plank reaches it? 





Ans. D 











Q 155. A solid cylinder of mass m and radius r lies on 
a frictionless horizontal surface. A massless string, with 
a small ball of mass m attached to one end, is running 
halfway around the cylinder (see figure). If other end of 
the string is pulled with a force F then the acceleration 
of the ball is [assume no slipping of the string over the 
cylinder] 


(A) F/m (B) F/4m (C) F/2m (D) 3F/4m 


Sol. Let a’ be acceleration of the ball, a be acceleration 
of the cylinder’s centre of mass C, and a be angular 
acceleration of the cylinder. The leftward acceleration 
of the string at the contact point A is a’ (in-extensible 
string) and the leftward acceleration of the cylinder at 
this contact point is (ar — a). These two accelerations 
must be equal for no slipping at A i.e., 


a’ =ar—a. (1) 
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a 

F 


Let T be tension in the string segment attached to 
the ball. Apply Newton’s second law on the ball and 
the cylinder to get 

T=md, (2) 
F+T = ma. (3) 


The torque on the cylinder about the centre of 
mass C is Tem = r(F — T). Apply Tem = [cma to get 
r(F — T) = Ima = jmr?a. (4) 


Solve equations (1)—(4) to get a = F/4m. 








Ans. B 








Q 156. A uniform solid cylinder of radius r is placed 
on a rough horizontal surface. The coefficient of kinetic 
friction between the cylinder and the surface is u. The 
cylinder is projected with speed vp and angular speed 
wo. If it comes to rest after travelling a distance d then 
Wg 1S 
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(A) 2/2ugd (B) Vugd (C) Vugd (D) 2/ugd 


r 


2r 


Sol. The velocity of the cylinder at the contact point P 
is directed towards the right, (v +wr). Thus, frictional 
force f on the cylinder acts in the leftward direction. 
The magnitude of frictional force is 


f = uN = umg. (1) 


oe ) 
f P 


Let a be angular acceleration of the cylinder and a 
be acceleration of its centre of mass C. Apply Newton’s 
second law on the cylinder to get 


f= ma. (2) 


The torque on the cylinder about its centre of 
mass C is Tem = Tf. Apply Tem = [cma to get 
rf = Toma = 4mr’a. (3) 
Solve equations (1)—(3) to get a = ug and a = 2ug/r. 
The point C starts it journey with a velocity vo, 
moves with a constant retardation ug, and comes to rest 
after traveling a distance d. The kinematic equation, 
v? — u? = 2as, gives the initial velocity 
vo = y 2ugd, 
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and the equation, v = u+at, gives time to come to rest 


t = vo/ug = V2d/p9. 


In time t, the angular velocity of the cylinder re- 
duces from wọ to zero. The kinematic equation, w = 
Wo + at, gives 


wo = (2ug/r) (v2d/u9) = anu 





Ans. A C 











Q157. A uniform solid cylinder of radius 0.2 m and 
mass 6 kg is touching a block of mass 3 kg (see figure). 
The coefficient of friction between the cylinder and the 
horizontal surface is 0.4, between the block and the hor- 
izontal surface is 0.5, and between the cylinder and the 
block is zero. A clockwise torque of 6 N m is applied 
to the cylinder about its axis. Which of the following 
statement is false? 

















(A) The acceleration of the block is 1 m/s?. 
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(B) The angular acceleration of the cylinder is 
10 rad/s?. 

(C) The acceleration of the cylinder at the contact 
point with the horizontal surface is zero. 

(D) The frictional force on the cylinder is equal to its 
limiting value. 


Sol. Let mass of the cylinder be m = 6 kg, its radius be 
r = 0.2 m, and torque on it be 7 = 6 N m. The weight 
mg of the cylinder is balanced by the normal reaction 
N from the ground i.e., N = mg. 














The torque 7 tries to rotate the cylinder in clock- 
wise direction. Thus, the contact point A has a ten- 
dency to move towards the left. Hence, friction force 
f on the cylinder acts towards the right. The reaction 
force between the cylinder and the block at the contact 
point B is R. 

Let aœ be angular acceleration of the the cylinder 
and a be acceleration of its centre of mass C. Apply 
Newton’s second law on the cylinder to get 


f-R=ma. (1) 
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The torque on the cylinder about its centre of mass C 
iS Tm = T — rf. Apply Tem = Tema to get 


7—rf=Ima= smr7a. (2) 


The limiting value of frictional force on the cylinder is 
fmax = UN = umg = 0.4(6)10 = 24N. The limiting 
value of frictional torque, rfmax = 0.2(24) = 4.8 N m, 
is less than the applied torque 7 = 6 N m. Hence, the 
point A will have a tendency to slip towards the left, 
which gives 








f = umg. (3) 


Let m’ = 3 kg be mass of the block and a’ be its ac- 
celeration. The weight m’g of the block is balanced by 
the normal reaction N’ from the ground i.e., N’ = m'g. 
The frictional force f’ on the block is equal to its lim- 
iting value because the block slides over the horizontal 
surface i.e., 


F =u N' = png. (4) 
Apply Newton’s second law on the block to get 
R- f =m. (5) 


Since the block and the cylinder are in contact with 
each other (at the point B), we get 


a’ =a. (6) 
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Solve equations (1)—(6) to get 


_ ff _ umg—p'mg 
m +m m +m 





a =1m/2. 


2 2 
a= maT- umgr) = 10 rad/s”. 


We encourage you to analyse this problem in two sep- 
arate cases. In case (i) the block mass is m’ = 6 kg 
instead of 3 kg and in case(ii) applied torque is 2 N m 
instead of 6 N m. 





Ans. C 











Q 158. A solid sphere of mass m and radius r is lying 
at rest on a rough horizontal surface. The coefficient of 
friction between the sphere and the horizontal surface 
is u. The sphere is pulled by a horizontal force F that 
passes through the centre of the sphere. The sphere will 
not slip if F is less than 


(A) umg (B) umg (C) 2umg (D) %umg 


Sol. Let a be angular acceleration of the sphere and a 
be acceleration of its centre of mass C. Till the sphere 
start slipping at the contact point P, a and a are related 


by 
a= ar. 
Q 
7 í : 
F 


(1) 
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The force F tries to move the sphere towards the 
right. To oppose this, the frictional force f at the con- 
tact point P acts towards the left. Apply Newton’s 
second law in the horizontal direction to get 


F—f=ma. (2) 


The torque about the centre of mass C is Tem = rf. 
Apply Tem = Iema to get 


rf = ma = err (3) 
The normal reaction on the sphere is equal to its weight 
i.e., N = mg. The sphere is about to slip when the 
frictional force attains its limiting value i.e., f = fmax = 
uN = umg. Solve equations (1)-(3) to get F = {f = 
T umg. Note that F > umg. 





Ans. D 











Q 159. A coin of radius r is placed on a horizontal table 
and given a linear velocity vg and angular velocity wo 
as shown in the figure. The coin comes to rest after 
moving some distance. Which of the following is true? 








(A) vo = wor (B) 2v9 = wor 
(C) vo = 2wor (D) 2vo = 3wor 


Chapter 2. Questions and Solutions 267 


Sol. Consider the coordinate system shown in the fig- 
ure. The normal reaction N on the coin is equal to 
its weight mg i.e., N = mg. The frictional force f at 
the contact point P passes through the origin O. Thus, 
torque on the coin about the origin O is zero. Hence, 
angular momentum of the coin about the point O is 
conserved. 


—+ vo 


wo 
> 
O £ Ff P 





Initially, angular momentum of the coin about the 
origin O is 


Lo = Lem + Labout cm 

= —mMvor k+ Iemwo É =— (mvor — $mrwo) k. 

Finally, angular momentum of the coin about the ori- 

gin O is zero as the coin comes to rest. Use the conser- 
vation of angular momentum to get 2vo = wor. 

Ans. B 














Q160. A spool of inner radius r and outer radius R 
is placed on a rough horizontal surface (the thread is 
wound on the spool upto radius r). One end of the 
thread is pulled with a force F as shown in the figure. 


The moment of inertia of the spool about its axis of 
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rotation is J and there is no slipping. If the angle 0 
between the applied force and the horizontal surface is 
varied then which of the following statement is false? 








(A) If < cos~+(r/R) then the spool rotates clockwise 
and moves towards the right. 

(B) If 0 > cos~!(r/R) then the spool rotates anti- 
clockwise and moves towards the left. 

(C) If 6 = cos-*(r/R) then the spool neither rotates 
nor translate. 

(D) If 6 > cos~'(r/R) then the spool rotates anti- 
clockwise and moves towards the right. 


Sol. The force F tries to move the contact point P 
towards the right. Thus, frictional force f at the contact 
point P will act towards the left. The normal reaction 
N from the ground acts at P and the weight mg acts 
the centre of mass C. 
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Let a be angular acceleration of the spool and a be 
acceleration of its centre of mass C. The no slip condi- 
tion at the contact point P gives 


a=ar. (1) 


Apply Newton’s second law in the horizontal direction 
to get 


F cos@ — f = ma. (2) 
The torque about the centre of mass C is Tem = f R-Fr. 
Apply Tem = Iema to get 
fR- Fr = Ta. (3) 
Solve equations (1)-(3) to get 
_ FR(cos9 — r/R) 
ae I+ mR? , 
_ FR?(cos@ — r/R) 
aa I+mR? 








Let us analyse these results. If @ = cos~t(r/R) then 
a = 0 and a= 0 i.e., it is not possible to move the spool 
(without violating rolling without slipping condition) if 
force is applied at a critical angle 6. = cos™! (r/R). 

If angle 0 is less than the critical angle 0e then 
a > 0 and a > 0 i.e., the spool moves towards the right 
and it rotates in clockwise direction. 

If angle 0 is greater than the critical angle 6, then 
a < 0 and a < 0 i.e., the spool moves towards the left 
and it rotates in anti-clockwise direction. 














Ans. D 
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Q 161. A spool of inner radius r, outer radius R, mass 
m, and moment of inertia I (about axis of rotation) is 
kept on a rough horizontal surface. It is pulled horizon- 
tally by two equal and opposite forces as shown in the 
figure. Which of the following statement is false? 


F 





(A) The centre of mass of the spool moves towards the 
right. 

(B) The spool may rotate clockwise or anti-clockwise 
depending on the coefficient of friction p. 

(C) The spool rolls without slipping if u > 

(D) The spool rotates anti-clockwise if u > 


2rF 
mgR(1+I/mR?)' 





Sol. The torque on the spool due to the applied forces 
about its centre C is clockwise. This torque tries to 
rotate the spool in clockwise direction and the contact 
point P has a tendency to move towards the left. To op- 
pose this tendency, the frictional force f at the contact 
point P acts towards the right. 
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The weight mg of the spool is balanced by the nor- 
mal reaction N on it i.e., N = mg. The frictional force 
f is equal to its limiting value f = uN = umg, where 
is friction coefficient. Apply Newton’s second law in 
the horizontal direction to get the acceleration of the 
centre of mass C (rightward) 


a= ug. (1) 


Net clockwise torque on the spool about the point C is 
Tem = 2rF — Rf = 2rF —pmgR. Apply Tem = Iema to 
get the angular acceleration of the spool as 


a = (2rF — umgR)/I. (2) 


The point P will have a tendency to move toward the 
left if aR > a. This condition gives us 


2 2rF 
mgR(1 + I/mR?) 





u 


If u is greater than this value then the frictional force 
adjust itself to make the spool roll without slipping. 
Ans. D 
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Q 162. A roller of radius R has a massless handle at- 
tached to its centre C (as in lawn mower). The roller is 
pulled on a rough horizontal surface by applying a hor- 
izontal force F on the handle. The distance r between 
the centre C and the line of action of F can be varied by 
adjusting the handle. Which of the following statement 
is false? 


- - F 


y 


(A) The direction of frictional force on the roller is to- 
wards the left if line of action of F is below C. 

(B) The direction of frictional force on the solid cylin- 
drical roller is towards the right if r > R/2 and the 
line of action of F is above C. 

(C) The roller will roll without slipping if the line of 
action of F is at a particular distance above C. 

(D) The direction of frictional force on the roller is to- 
wards the right if line of action of F is above C. 





Sol. The direction of frictional force on the roller de- 
pends on the direction of roller’s tendency to move at 
the contact point P. The frictional force opposes the mo- 
tion of the roller at the contact point. If the roller tend 
to move towards the right then the frictional force acts 
towards the left and if the roller tend to move towards 
the left then the frictional force acts towards the right. 
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There are many ways to find the direction of frictional 
force. A convenient way is the following statement: 

The frictional force on the roller is “opposite to the 
direction of roller’s acceleration at the contact point P 
when it is placed on a smooth surface”. 





Let m be mass of the roller and I be its moment of 
inertia about an axis passing through C. Let the roller 
be placed on a smooth surface and the line of action 
of the pulling force F is below its centre C (see fig- 
ure). Newton’s second law gives acceleration of C as 
ac = F/m and the equation Tem = Iema gives angular 
acceleration of the roller a = rF'/I (anticlockwise). The 
acceleration of the roller at the contact point P is given 
by äp = äg +@x CP. The direction of äp is towards the 
right as both @ and & x CP are in this direction. Thus, 
the direction of frictional force on the roller is towards 
the left. 
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An interesting case is when the line of action of the 
pulling force F is above the centre C. Let the roller be 
placed on a smooth surface. The acceleration of C is 
ac = F/m, angular acceleration of the roller is a = 
rF/I (clockwise), and the acceleration of the roller at 
the contact point P is given by äp = Gg + & x CP. In 
this case, do is towards the right but & x CP is towards 
the left. The direction of dp is decided by the relative 
magnitudes of @ and a x CP i.e., 


ea rFR  F 1 r 
Oa I m I/mR]- 





If r < I/mR then đp is towards the right and the 
direction of frictional force is towards the left. If r > 
I/mR then đp is towards the left and the direction 
of frictional force is towards the right. In this case, 
the direction of frictional force is decided by a critical 
distance re = I/mR. If the roller is a ring or hollow 
cylinder then re = R, if it is a disc or solid cylinder then 
re = R/2 and if its is a solid sphere then re = 2R/5. 

The roller rolls without slipping if the line of ac- 
tion of the pulling force is at a distance re above the 
centre C. 





Ans. D 











Q 163. A uniform cylinder is placed on an open truck 
with its axis perpendicular to the direction of truck 
movement. The coefficient of friction between the cylin- 
der and the truck surface is u. The limiting value of 
truck’s acceleration for which there is no slipping is 


(A) ug (B) 2ug (C) 3ug (D) 4ug 
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Sol. Let m be the mass and r be the radius of the cylin- 
der. The acceleration of the truck is ag, acceleration of 
the cylinder’s centre of mass C is a, and angular ac- 
celeration of the cylinder is a (see figure). There is no 
slipping at the contact P. Thus, acceleration of a point 
on the cylinder at P is equal to the acceleration of a 
point on the truck at P i.e., 


ao =a+ar. (1) 
O} 
© Q 


The forces on the cylinder are its weight mg at C, 
normal reaction N through C, and frictional force f 
at P. Apply Newton’s second law on the cylinder in the 
horizontal direction to get 





m ao 














f= ma. (2) 


The torque on the cylinder about its centre of mass C 
is tc =rf. Apply tc = Ica to get 


rf = La = mra. (3) 
Eliminate a and a from equations (1)-(3) to get 


ao = 3f/m. (4) 
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Newton’s second law on the cylinder in the vertical 
direction gives N = mg. The limiting value of fric- 
tional force is fmax = UN = umg. Substitute f = umg 
in equation (4) to get limiting value of the truck’s ac- 
celeration for which there is no slipping @o,max = 34g. 

Ans. C 














Q 164. A solid cylinder of mass m and radius r starts 
from rest and rolls without slipping under the action 
of gravity down a plane which makes and angle 6 with 
the horizontal. The coefficient of friction between the 
cylinder and the plane is u. The maximum angle of 
inclination of the plane for which the cylinder will roll 
without slipping is 

(A) tan™!(u) (B) tan7}(22/2) 

(C) tan~*(u/2) (D) tan7*(3y) 


Sol. Let a be angular acceleration of the cylinder and 
a be acceleration of its centre of mass C. If it rolls with- 
out slipping then tangential acceleration at the contact 
point P is zero, which gives, 


a=ar. (1) 
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The forces on the cylinder are its weight mg, nor- 
mal reaction N and frictional force f. Resolve mg along 
and perpendicular to the inclined plane. Apply New- 
ton’s second law in the direction perpendicular to the 
plane to get 


N = mg cos9. (2) 


Apply Newton’s second law in the direction along the 
plane to get 


mg sin@ — f = ma. (3) 


The torque on the cylinder about its centre of mass C 
iS Tem = r f (clockwise). Apply Tem = Tema to get 
rf = Ima = mra. (4) 


When cylinder is about to slide, the frictional force at- 
tains its limiting value 


f= aN. (5) 
Solve equations (1)-(5) to get 
tan @ = 3p. 


If 0 > tan~+(3y) then cylinder starts sliding (note that 
equation (1) is not valid beyond this limit). 





Ans. D 











Q 165. A solid cylinder of mass m rolls without slip- 
ping on an inclined plane inclined at an angle 0. The 
linear acceleration of the cylinder is 

(A) 2gcos@ (B) Zgsin@ (C) $gsin@ (D) łgcos0 
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Sol. The forces acting on the cylinder of mass m and 
radius r are its weight mg, normal reaction N, and 
frictional force f. 











Let a and a be the linear and the angular accel- 
eration. In rolling without slipping, a = ar. Apply 
Newton’s second law along the inclined plane to get 


ma = mgsinl — f. (1) 
The torque on the cylinder about its centre of mass is 
fr = Ia = mr? (a/r), (v a=ar). (2) 


Eliminate f from equations (1) and (2) to get a = 
2gsin 6. 





Ans. B 











Q 166. A cylinder of mass m, and sphere of mass ms 
are placed on two inclines of inclination angles 6, and 0s, 
respectively. If they roll on the incline without slipping 
such that their accelerations are the same, then the ratio 
sin ĝe/ sin s is 


(A) /8/7 (B) ./15/14 (C) 8/7 (D) 15/14 
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Sol. The acceleration of a symmetrical body (sphere, 
cylinder, disc etc.) of radius r and radius of gyration 
k rolling without slipping down an incline of angle 0 is 
given by 


gsind 
ie 1 
= IFR |r? (1) 
The radius of gyration of a solid sphere is ks = r./2/5 
and that of a solid cylinder is ke = r/[V/2. Substitute 
these in equation (1) to get 


as = šgsin 8s. 


Ac = 2g sin ĝe. 


The condition a, = as gives sin ĝ¿/ sin 0s = 15/14. 

It is worth analysing equation (1). The accelera- 
tion a is independent of the mass. It is also indepen- 
dent of the radius because k?/r? = 8 (a constant) for 
symmetrical bodies. Thus, if you have a solid cylinder 
(8 = 1/2) and a hollow cylinders (8 = 1) then accelera- 
tion of the solid cylinder will always be more than that 
of the hollow cylinder. If there is a race between these 
two cylinders then solid cylinder will reach the bottom 
earlier, irrespective of its mass and radius. Similarly, if 
race is between a solid disc (3 = 1/2) and a ring (6 = 1) 
then the disc will win. If race is between a solid sphere 
(8 = 2/5) and a hollow sphere (8 = 2/3) then the solid 
sphere will win. 





Ans. D 
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Q 167. A cylinder rolls up an inclined plane, reaches 

some height and then rolls down (without slipping 

throughout these motions). The directions of the fric- 

tional force acting on the cylinder are 

(A) up the incline while ascending and down the incline 
while descending. 

(B) up the incline while ascending as well as descend- 
ing. 

(C) down the incline while ascending and up the incline 
while descending. 

(D) down the incline while ascending as well as de- 
scending. 


Sol. The force acting on the cylinder are its weight mg 
and normal reaction N. 











In the absence of frictional force, the component 
mgsin@ will give an acceleration gsin@ down the in- 
cline and hence contact point will have a tendency to 
move downwards. To oppose this tendency, the fric- 
tional force will act upwards. This is independent of 
whether cylinder is moving up or down. We encourage 
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you to show that the friction reduces the acceleration 
to gsin@/ (1+ z). 





Ans. B 











Q 168. A solid sphere of mass m is in pure rolling mo- 

tion on an inclined surface having inclination 9, 

(A) frictional force acting on sphere is f = pumgcos 0. 

(B) f is dissipative force. 

(C) friction will increase its angular velocity and de- 
crease its linear velocity. 

(D) if 0 decreases, frictional force will decrease. 


Sol. The forces acting on the sphere of mass m and 
radius r are its weight mg, normal reaction N, and 
frictional force f. 














Let a and a be the linear and angular accelerations. 
In pure rolling (rolling without slipping), a = ar. Apply 
Newton’s second law along and normal to the incline 
surface to get 


N = mg cos9, 
ma = mgsin6 — f. (1) 
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The torque about the centre of mass of the sphere is 
T=fr=Ia= 2mr*(a/r). (2) 


Eliminate a from equations (1) and (2) to get f = 
2mg sin. The maximum value of frictional force is 
fmax = LN = umgcos0. The work done by f (dissi- 
pation) is zero in pure rolling as contact point does not 
move. It is clear from the equations (1) and (2) that 
f decreases a (hence linear velocity) and increases a 
(hence angular velocity). 





Ans. C, D 











Q 169. Two solid cylinders P and Q of same mass and 

same radius start rolling down a fixed inclined plane 

from the same height at the same time. Cylinder P has 

most of its mass concentrated near its surface, while Q 

has most of its mass concentrated near the axis. Which 

statement(s) is (are) correct? 

(A) Both cylinders P and Q reach the ground at the 
same time. 

(B) Cylinder P has larger linear acceleration than 
cylinder Q. 

(C) Both cylinders reach the ground with same trans- 
lational kinetic energy. 

(D) Cylinder Q reaches the ground with larger angular 
speed. 


Sol. Since cylinder P has most of its mass concentrated 
near its surface, its moment of inertia (about the cylin- 
der axis) is more than the moment of inertia of the 
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cylinder Q i.e., Ip > Ig. The forces acting on the cylin- 
der are its weight mg, normal reaction N, and frictional 
force f. 











In case of rolling without slipping, v = wr and 
a =ar. The torque about centre of mass is related to 
a by 


T=rf=Ta, (1) 
and the force along the plane is related to a by 

mgsin@ — f = ma. (2) 
Solve equations (1) and (2) to get 


gsind 


5 TF Tom) (a) 


a 


The equation (3) gives ap < ag (since Ip > Ig). 
Hence, P reaches the ground latter, it will have a lesser 
velocity, lesser angular velocity (w = v/r) and lesser 


translational kinetic energy. We encourage you to show 
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same results by using the conservation of energy. Hint: 
mgh = mv? + 5Iw? gives smvp < jmv and thus 
Up < VQ, WP < WQ, ap < ag and tp > tg. 


Ans. D 














Q170. Statement 1: Two cylinders, one hollow 
(metal) and the other solid (wood) with the same mass 
and identical dimensions are simultaneously allowed to 
roll without slipping down an inclined plane from the 
same height. The hollow cylinder will reach the bottom 
of the inclined plane first. 

Statement 2: By the principle of conservation of 
energy, the total kinetic energies of both the cylinders 
are identical when they reach the bottom of the incline. 


(A) Statement 1 is true, statement 2 is true; statement 
2 is a correct explanation for statement 1. 

(B) Statement 1 is true, statement 2 is true; statement 
2 is not a correct explanation for statement 1. 

(C) Statement 1 is true, statement 2 is false. 

(D) Statement 1 is false, statement 2 is true. 


Sol. The forces acting on the cylinder are its weight 
mg, normal reaction N, and frictional force f. 
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Let mass and radius of the cylinder be m and r. 
Let a and a be its linear and angular acceleration. Since 
cylinder is rolling without slipping, a = ar. Apply New- 
ton’s second law along the incline to get, 


ma =mgsind — f. (1) 
The torque about the centre of mass is, 

T= fr = Ila = I (a/r), (v a=ar), (2) 
where I is the moment of inertia about the axis of ro- 
tation. Eliminate f from equations (1) and (2) to get, 


mg sin 0 

rota (3) 
For cylinder, ponow = mr? and Isoja = mr?/2. Sub- 
stitute it in equation (3) to get ahollow = ig sin and 
Asolid = 2 gsin@. Thus, solid cylinder will reach the bot- 
tom first. There is no loss of energy in rolling without 
slipping. By conservation of energy, both cylinders will 
have identical total kinetic energies when they reach 
bottom of the incline. 





Ans. D 
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Q171. A uniform disc of mass m and radius R is rolling 
up a rough inclined plane which makes an angle of 30° 
with the horizontal. If the coefficients of static and ki- 
netic friction are each equal to u and the only forces 
acting are gravitational and frictional, then the magni- 
tude of the frictional force acting on the disc is ...... 
and its direction is ...... (write up or down) the in- 
clined plane. 

(A) mg/2,up (B) mg/3, up 

(C) mg/6, up (D) mg/6, down 


Sol. The forces acting on the disc are its weight mg, 
normal reaction N, and frictional force f. 








Let the acceleration of the disc be a and its angular 
acceleration be a. In pure rolling, a = aR. Resolve mg 
along and perpendicular to the inclined plane. Apply 
Newton’s second law along the plane to get 

mgsiné — f = ma. (1) 
The torque about centre of mass C is given by 
7=fR=Ia=TI(a/R), (.a=aR), (2) 
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where I = mR? is moment of inertia of the disc about 
an axis perpendicular to its plane and passing through 
C. Eliminate a from equations (1) and (2) to get f = 
(mg sin @)/3 = mg/6. Positive sign indicates that the 
chosen direction of f is correct. 





Ans. C 











Q172. A ring and a disc are initially at rest, side by 
side, at the top of an inclined plane which makes an 
angle 60° with the horizontal. They start to roll without 
slipping at the same instant of time along the shortest 
path. If the time difference between their reaching the 
ground is (2— V3)/V10s, then the height of the top 
of the inclined plane, in metres, is ....... [Take g = 
10 m/s?] 

(A) 0.75 (B) 0.50 (C) 0.62 (D) 1.00 


Sol. The acceleration of a ring or a disc rolling (without 
slipping) down an inclined plane which makes an angle 
0 with the horizontal is given by 


gsin@ 


= 1 
a 1+ K2/R’ (1) 


where R and K are radius and ‘radius of gyration’, re- 
spectively. The moment of inertia of a ring about an 
axis passing through its centre and normal to its plane 
is I = mR? = mK?, which gives K = R. Substitute K 
in equation (1) to get acceleration of the ring 


ar = $gsin 6. 
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The moment of inertia of a disc about an axis pass- 
ing through its centre and normal to its plane is J = 
mR? = mK?, which gives K = R/V/2. Substitute K 
in equation (1) to get acceleration of the disc 


ad = 2gsin 0. 


Note that ag > a, and accelerations are independent of 
R. 





The distance travelled on the incline is s = h/ sin 8. 
The time taken to reach the ground (when started from 
rest) is given by t = y2s/a. Thus, the time taken by 
the ring and the disc to reach the ground are 


i 2(h/ sin 0) 4h 

7 =; (g/2)sind \/ gsin? 0’ 
: 2(h/sin 6) 3h 
oo Vz (29/3)sind \| gsin? 6 
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The time difference between the two is 


WF (2-8) 28 


tr d — 





sin ð VG vio ` 


which gives h = sin? 0 = sin? 60° = 3/4 = 0.75. 

It is worth to explore the derivation of equation (1). 
For the given surface characteristics (coefficient of fric- 
tion), it is easy to see that body have pure rolling for 
small @ and it slides for large 0. See it yourself by rolling 
your pen on an inclined note-book. What is the critical 
value of 0 at which body makes a transition from pure 
rolling to sliding? 





Ans. AE 











Q173. A wheel of mass m and radius r is released at 

time t = 0 from the top of a plane inclined at angle 0. 

If the wheel rolls down without slipping then which of 

the following statement is incorrect? 

(A) The torque on the wheel about a fixed point on the 
plane is mgr sin 8. 

(B) The angular momentum of the wheel at time t 
about a fixed point on the plane is mgrt sin 8. 

(C) The kinetic energy of the wheel at time t is 
4mg?t? sin? 0. 

(D) The mechanical energy of the wheel is not- 
conserved because frictional force is dissipative in 
nature. 


Sol. The normal reaction N on the wheel is balanced 
by the component of weight mg perpendicular to the 
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plane. The frictional force f pass through the point P. 
Thus, the torque on the wheel about the point P is 
T = mgr sin@ (clockwise). 

The torque 7 is constant. The change in angular 
momentum of the wheel about the point P due to the 
torque on the wheel about the same point is given by 
dL = rdt. Integrate dL = rdt with time to get L = 
mgrt sin @ (clockwise). 








The centre of mass C of the wheel moves with a 
constant acceleration a = tae = $gsin0, where 
I = mr? is the moment of inertia of the wheel about an 
axis passing through its centre. The velocity of the cen- 
tre of mass at time t is given by v = at = (gt/2) sin 0. 
The angular velocity of the wheel at this instant is 
w = v/r = (gt/2r) sin@ because the wheel rolls down 
without slipping. The kinetic energy of the wheel at 
time t is 

K = Kom + Kabout cm = smu" + iIw? 
= imgt sin? 0. 
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In rolling without slipping, the point of contact is in- 
stantaneously at rest. Thus, the work done by the fric- 
tional force is zero. Hence, mechanical energy of the 
wheel is conserved. 





Ans. D 











Q174. A solid sphere, a hollow sphere and a disc, all 
having the same mass and radius, are released from the 
top of an inclined plane. The coefficients of friction 
between the objects and the incline are same. If the 
frictional force on the objects is not sufficient for pure 
rolling then which of the following statement is false? 
(A) The objects will reach the bottom simultaneously. 
(B) The angular momentum of the objects about their 
centre of mass is same when they reach the bot- 
tom. 
(C) The kinetic energy of the objects is same when they 
reach the bottom. 
(D) The torque on the objects about their centre of 
mass is same. 


Sol. The forces acting on an object are its weight mg, 
normal reaction N and the frictional force f. Resolve 
mg along and perpendicular to the inclined plane. The 
component of mg perpendicular to the incline is bal- 
anced by the normal reaction i.e., N = mg cos 6. 

The objects slide on the inclined plane because fric- 
tional force is not sufficient for pure rolling. Thus, fric- 
tional force on each object is equal to its limiting value 


f = uN = umg cosð. 
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Let a be angular acceleration of the object and a 
be acceleration of its centre of mass C. Apply Newton’s 
second law along the incline, mg sin @ — f = ma, to get 


a = g(sin@ — u cos 0). 


Thus, acceleration is same for all objects. Hence, each 
objects will take time t = \/2I1/a to travel a distance | 
on the incline i.e., they will reach the bottom simulta- 
neously. The velocities of their centre of mass (v = at) 
will be same when they reach the bottom. 

The torque on the object about its centre of mass C 
iS Tem = rf = umgr cos 0. The torque on each object is 
same. Apply Tem = Jema to get 


a = pmgr cos 0/T. 


The angular acceleration of the object depends on its 
moment of inertia, which is different for given objects. 
The angular velocity of the objects when they reach 
the bottom is w = at. Thus, angular momentum of the 
objects about their centre of mass when they reach the 
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bottom is [You can also integrate dL/dt = 7 to get L.] 
L = Iw = lat = umgr cos 6t. 


The kinetic energy of the objects when they reach 
the bottom is given by 


K = Tm, + Im = Em? + —. 
The velocity v and the angular momentum L are same 
for all objects but their moment of inertia I are dif- 
ferent. The kinetic energy is minimum for the hollow 
sphere as its moment of inertia is the maximum. 

Can you comment on the conservation of angular 
momentum if inclined plane is smooth (u = 0)? In this 
case, the frictional force is zero and the torque about the 
centre C is also zero. In fact, the torque is zero about 
any point lying on a line passing through C and parallel 
to the incline (line makes an angle @ with the horizontal 
plane). Thus, angular momentum of the object about 
any point on this line is conserved. 





Ans. C 











Q175. A ring of mass m and radius r is thrown up 
a plane inclined at an angle 0. The initial speed of 
the non-rotating ring is vg. The coefficient of friction 
between the ring and the plane is u. The ring start ro- 
tating as it climb and reach the state of rolling without 
sliding after a time T given by 


(A) g(sin ESM cos 0) (B) g(sin aa cos 0) 


(C) Fane (D) TENET 
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Sol. The contact point P on the ring slides up the plane 
till time T. Thus, the frictional force on the ring acts 
downwards and its magnitude is 


f = uN = umg cos9, 


where N = mg cos0 is the normal reaction on the ring. 











The torque due to f about the centre of mass C 
gives clockwise angular acceleration a to the ring. Ap- 
ply Tem = [cma to get 

Teri if: rumgcos@ _ yugcosé 


Q = = = 
Im mr? 





mr? r 


Apply Newton’s second law along the plane to get linear 
acceleration a of the ring 
sin 0 
a= Mie g(sin 0 + u cos 6). 
m 
After a time t (< T), the angular velocity of the ring is 
w = at and linear velocity of its centre of mass C is v = 
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vo — at. The ring will reach the state of rolling without 
slipping when v = wr. Substitute the expressions for 
w,v,a@ and a to get the time at which rolling without 
slipping starts 

vo vO 


T= E ; 
a+ar  g(sin@ + 2u cos0) 








Ans. A 











Q176. The minimum coefficient of friction necessary 
for a symmetrical object (ring, disc, cylinder or sphere) 
of radius r and moment of inertia J = Bmr? to roll 
without slipping down a plane inclined at an angle 0 
is 


an an an an0 
(A) trs B) Se (0 Sw) & 








Sol. The forces acting on the object are its weight mg, 
normal reaction N and frictional force f. Let a be 
angular acceleration of the object and a be acceleration 
of its centre of mass C. 
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Apply Newton’s second law in directions perpen- 
dicular and parallel to the inclined plane to get 


N =mgcos0, (1) 

mgsiné — f = ma. (2) 
The torque on the object about its centre of mass C is 
Tem = Tf. Apply Tem = Iema to get 


rf = ma = pmr’ a. (3) 


The rolling with slipping condition at the contact 
point P gives 


a =ar. (4) 
Solve equations (2)-(4) to get 
TE mg sin 0 
~ 14+1/8° 


The frictional force is less than its limiting value i.e., 
f < uN = umg cos0. Substitute f in this inequality to 
get 


tan @ 
1+1/8 


The moment of inertia expressions for given objects 
gives Pring -= 1, Baise = 1/2, Beylinder = 1/2, and 
Bsphere = 2/5. Thus, the coefficient of friction should 
be greater than (1/2) tan 6 if the object is a ring and it 
should be greater than (1/3) tan 0 if the object is a cylin- 
der. We encourage you to see these results by rolling a 
pencil on inclined books of different surface finishes. 


Ans. A C 
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Q177. A spool with a string wound on it is placed on 
an inclined smooth plane that makes an angle 6 to the 
horizontal (see figure). The free end of the string is 
attached to the wall. The mass of the spool is m, its 
moment of inertia about its axis of symmetry is J, and 
the radius of the wound string layer is r. The accelera- 
tion of the spool axis is 


0 








: sin sin mgr? sin 
(A) gsin@ (B) oft (C) Sime (D) ™oP* 


Sol. The end R of string is connected to a stationary 
wall. Thus, every point on the string RP is at rest. In 
other words, the velocity and acceleration of the point P 
are zero. Hence, angular acceleration of the spool and 
linear acceleration of the point C are related by 


a=ar. (1) 


Note that the point Q of the spool slide over the plane. 
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The forces on the spool are its weight mg, normal 
reaction NV, and the string tension T. Resolve mg along 
and perpendicular to the plane. Apply Newton’s second 
law along the plane to get 


mgsin b — T = ma. (2) 


The torque on the spool about its centre of mass C is 
To =rT. Apply tc = Ica to get 


rT = Ia. (3) 
Eliminate a and T from equations (1)-(3) to get 


_ gsind 
ao 1+I/mr?° 





Ans. B 











Q 178. A uniform solid cylinder of mass m rests on two 
horizontal planks. The coefficient of friction between 
the cylinder and planks is u. A string is wound on 
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the cylinder. The hanging end of the stirng is pulled 
vertically down with a constant force F (see figure). 
The maximum magnitude of the force F which still does 
not bring about any sliding of the cylinder is 








F 


(A) uny BI e Oa O 





Sol. By symmetry, the normal forces on the cylinder 
from two planks are equal. Also, the frictional forces 
of the cylinder by two planks are equal. Let N be the 
total normal force on the cylinder and f be the total 
frictional force on it. Other forces on the cylinder are 
its weight mg and applied force F. These forces are 
shown in the figure (side view). 
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Let œa be angular acceleration of the cylinder and 

a be acceleration of its centre of mass C. The no slip 
condition at the contact point P gives 

a=ar. (1) 


Newton’s second law in the horizontal and the ver- 
tical directions gives 


f = ma, (2) 
N-mg-F=0. (3) 


The torque on the cylinder about its centre of mass C 
isto =r(F — f). Apply tc = Ica to get 


r(F — f) = Ica = mra. (4) 
The limiting value of frictional force f is given by 
f=uN. (5) 


Solve equations (1)-(5) to get the maximum value of 
applied force 

_ 3umg 
ax ~— 2 =~ 3u $ 





Fm 
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Ans. C 














Q179. In the arrangement shown in figure, the mass 
of the block A is m and that of the pulley-system B is 
M. The moment moment of inertia of the pulley-system 
about its axis is J and the radii of the pulley are R and 
2R. The acceleration of the block A after the system is 
released is 











(M+3m)g 3(M+m)g 
(A) momir (B) 


ME Mele 
3(M+m 3(M+3m 
(C) aagmirme (D) morre 








Sol. The tensions in two strings attached to the ceiling 
are equal, say T in each string. The forces on the pulley 
are its weight Mg, upward string tension 2T at P, and 
downward string tension T” at Q (see figure). Let a be 
angular acceleration of the pulley and a be acceleration 
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of its centre of mass C. Apply Newton’s second law on 
the pulley in the vertical direction to get 


Mg +T — 2T = Ma. (1) 




















The torque on the pulley about its centre C is To = 
2RT + 2RT' (clockwise). Apply tc = Ica to get 


QRT + 2RT' = Ia. (2) 


There is no slip at the contact point P. The ac- 
celeration of a point on the string at this contact is 
zero (because string is in-extensible and its upper end 
is fixed). The acceleration of a point on the pulley at 
the contact P is (a—aR). These two accelerations must 
be same for no-slip, which gives 


a=aR. (3) 
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Let a’ be acceleration of the block A. The forces 
on the block are its weight mg and string tension T”. 
Apply Newton’s second law on the block to get 


mg — T' = ma’. (4) 


There is no slip at the contact point Q. The ac- 
celeration of a point on the string at this contact is a’ 
(because its lower end is moving down with an accel- 
eration a’). The acceleration of a point on the pulley 
at the contact Q is (a+ 2aR). These two accelerations 
must be same for no-slip, which gives 


a’ =a+t 2aR. (5) 
Solve equations (1)—(5) to get 


zs 3(M + 3m)g 
=~ M+9m+4+I/R? 





Ans. D 











Q180. A solid cylinder of mass m is free to rotate 
about a horizontal axis fixed to a mount of mass M 
(see figure). The mount is placed on a smooth horizon- 
tal floor and a constant horizontal force F is applied 
to the end P of a string wound on the cylinder. The 
acceleration of the point P on the string is 
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(A) (2m+3M)F B) (8m+2M)F 





(mnie Ban 
(C) m(3m+2M) (D) m(2m+M) 


Sol. Let a be angular acceleration of the cylinder and a 
be acceleration of its centre of mass C. The acceleration 
of a point on the cylinder at the contact Q is (a + ar). 
Since there is no slip at the contact Q, the acceleration 
of a point on the string at this contact is a+ ar. Thus, 
acceleration of the point P on the string is 


ap =a-+tar. (1) 








The horizontal force on the cylinder and the mount 
is F. Apply Newton’s second law in the horizontal di- 
rection to get 


F=(m+M)a. (2) 


Chapter 2. Questions and Solutions 305 


The torque on the cylinder about its centre of 
mass C is ro = rF. Apply tc = Ica to get 


rF = Ica = $mr’a. (3) 
Solve equations (1)—(3) to get 


(8m + 2M)F 


ea m(m+M) ` 


We encourage you find kinetic energy of the system as 
a function of time. 





Ans. B 











Q 181. A solid cylinder of mass m and radius r lies on 
a plank of mass m, which lies on a plane inclined at 
angle 0. The coefficient of kinetic friction between the 
plank and the plane is u. If the cylinder doesn’t slip 
over the plank then linear acceleration of the cylinder 
is given by 





(A) gsind (B) gsin0 — (u/2)g cos0 
(C) gsin@ — (u/3)gcos0 (D) gsin@ — 2ug cos 8 


WW.JEEBOOKS.I 


Chapter 2. Questions and Solutions 306 


Sol. Let the plane apply a normal force N; on the plank 
and the plank apply a normal force Nə on the cylinder. 
The frictional force on the plank by the plane is f; and 
that on the cylinder by the plank is fo. Let a be angular 
acceleration of the cyclinder, a be acceleration of its 
centre of mass and a’ be acceleration of the plank. We 
used Newton’s third for forces between the plank and 
the cylinder. 


w \ 


rd 
i Ne 





Apply Newton’s second law on the cylinder in the 
horizontal and vertical directions to get 


mg sin@ — fo = ma, (1) 
Nə = mg cos 0. (2) 


The torque on the cylinder about its centre of mass C 
iS Tem = T f2. Apply Tem = Iemar to get 


rf2 = Ima = Smee. (3) 


Apply Newton’s second law on the plank in the hori- 
zontal and vertical directions to get 


mgsinð + fz — fı = ma', (4) 
Nı = Na + mg cos 8. (5) 
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Since plank slides over the inclinded plane, frictional 
force on the plank is given by its limiting value 


fi = HN}. (6) 


There is no slip between the cylinder and the plank at 
their contact point. The acceleration of the plank at the 
contact point is a’ and the acceleration of the cylinder 
at this point is a—ar. These two accelerations must be 
equal for no slipping at this point i.e., 


a’ =a- ar. (7) 
Solve equations (1)—(7) to get 


a = gsin 0 — (u/2)g cos 0. 





Ans. B 











Q 182. A wheel of mass m and radius r lies on top 
of a plank of mass M (> m), which lies on a friction- 
less plane inclined at angle 6. The axle of the wheel 
is attached to a massless string that passes through a 
massless pulley and join the plank (see figure). The 
wheel rolls without slipping on the plank. If &œ is an- 
gular acceleration of the wheel, a is acceleration of its 
centre of mass and a’ is acceleration of the plank then 
which of the following is correct? 
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aaa 








(A) a’ =ar/2 (B) a=ar (C) a =ar (D) a= 2ar 


Sol. The plank moves downwards with an acceleration 
a’ because M > m (we encourage you to show this 
explicitly). Since string is in-extensible, the centre of 
the wheel will move upwards with an acceleration equal 
to that of the plank i.e., 


a=d. (1) 


Also, the wheel will rotate in the clockwise direction 
with an angular acceleration a. 











The acceleration of the plank at the contact point P 
is a’ (downwards). The downward acceleration of the 


WW.JEEBOOKS.! 


Chapter 2. Questions and Solutions 309 


wheel at the contact point P is ar — a. These two ac- 
celerations must be equal for no slipping at this point 
i.e., 


a’ =ar—a. (2) 


Solve equations (1) and (2) to get a = a’ = ar/2. We 
M- 
MIS 





gsinð. 
Ans. A 


encourage you to show that a’ = 














Q 183. A slender uniform rod of mass m and length | 
is pivoted at one end so that it can rotate in a vertical 
plane (see figure). There is negligible friction at the 
pivot. The free end is held vertically above the pivot 
and then released. The angular acceleration of the rod 
when it makes an angle 0 with the vertical is 





(A) 22sin@ (B) 22sin@ (C) #4cos@ (D) 24 cosé 


Sol. The forces acting on the rod are its weight mg at 
the centre of mass C and reaction force at the pivot 
point O. The rod rotates about a fixed point O. 


WW.JEEBOOKS.! 


Chapter 2. Questions and Solutions 310 





Consider the instant when the rod makes an angle 
0 with the vertical. The torque on the rod about the 
pivot point O is To = (4 sin@)mg. Apply To = Ioa to 
get angular acceleration of the rod 


1 : 
smglsinOd 3 
TO ae = I sino. 


Clo ime 2 





We encourage you to find the reaction force at the 
pivot. 





Ans. A C 











Q 184. A thin rod MN, free to rotate in the vertical 
plane about the fixed end N, is held horizontal. When 
the end M is released the speed of this end, when the 
rod makes an angle a with the horizontal, will be pro- 
portional to (see figure) 





(A) Vsina (B) sina (C) cosa (D) cosa 
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Sol. Let m be the mass and | be the length of the rod. 
Its centre of mass is located at the mid-point C. The 
centre of mass moves from C to C’ as the rod rotates by 
an angle a. The vertical distance moved by the centre 
of mass is sin 0. The loss in gravitational potential 
energy of the rod in this process is 


U = mg(l/2) sin @. (1) 


K 








Initially, kinetic energy of the rod is zero. The 
rod rotates about a fixed axis through N. Consider the 
instant when the rod makes an angle a from the hori- 
zontal. At this instant, the rod rotates with an angular 
velocity w. The gain in kinetic energy of the rod in this 
process is 

K= $l fixeaw” =F: iml? - e) = im?, (2) 
where v = wl is the velocity of the point M. By 
conservation of mechanical energy, U = K, we get 
v = V3lgsina. We encourage you to solve this problem 
by using force/torque. 





Ans. A 
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Q185. One half of a metre scale is made of steel and 
other half of wood. The steel half is five times heavier 
than the wooden half. In an experiment, the scale is 
pivoted at one end (so that it is free to rotate about the 
horizontal axis perpendicular to it) and released from 
the horizontal. The ratio of the angular acceleration of 
the scale at the time of release when it is pivoted at the 
steel end to the angular acceleration when it is pivoted 
at the wooden end is 

(A) 3:2 (B) 2:3 (C) 1:2 (D) 2:1 


Sol. Let l be the length of the scale, m be mass of the 
wooden half, and 5m be mass of the steel half. 


K io f — E — £ —» 
‘a ° I ° h ° 5 
o l o o} l 


5mg mg mg omg 




















case (i) case (ii) 


In case (i), steel end of the scale is pivoted. The 
scale rotates about a fixed point O. The torque on the 
scale about the point O is 


To = (4) dmg + (4 + 4) mg = 2mgl. 


The moment of inertia of the scale about the axis of 
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rotation is 


Io = +steel,O T Iwood,O 
= 3(5m) (5) + [En (4) +m E] 


= ml. 





Apply To = Ioa to get angular acceleration of the scale 


To _ 2g 
,=- 24. 1 
ba rg (1) 


In case (ii), wooden end of the scale is pivoted. The 
torque on the scale about the point O is 
To = (4) mg + (4 + 2) 5mg = 4mgl. 


The moment of inertia of the scale about the axis of 
rotation is 


Io = Iwood,O T Isteel,0 
1)? 1 1)? 312 
= im (4) + [25 (5m) GF + (5m) (2) 
= 3mil?. 
Apply To = Ioa to angular acceleration of the scale 


To 4g 
wi ee. Se 2 
ci m Tg T 3l (2) 


From equations (1) and (2), we get a; : Qi = 3: 2. 
Ans. A EL 
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Q 186. A massless rod of length / is pivoted at one end 
and has a mass m attached to its other end. A second 
mass m is attached to the rod at a distance x from 
the pivot. The value of x for which the rod falls as 
fast as possible when it is dropped from the horizontal 
orientation is 


: mie = 








T ae ee 





(A) 1 (B) (V2—1)l (C) (v3 - 1)! (D) 1/2 


Sol. The rod rotates about a fixed axis passing through 
the pivot point P. 


K l—«x *K—_ 2 — i] 
| T 
mg 











\ 


mg Q 
The torque on the rod about the pivot point P is 
Tp = mgxz + mgl. Apply Taxed = IfxeaQ, to get angular 
acceleration of the rod 


gaa mgz+mgl g(x +l) (1) 
Ip m@m? r+’ 





Differentiate equation (1) to get x that maximizes a 
i.e., 
d I? — 2al — x? 
er Loe 28 ey (2) 
da (£? +12)? 


Solve equation (2) to get x = (v2 — 1). 

















Ans. B 
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Q 187. The ends of a uniform rod of mass m and length 
l rests on top of two supports. If one of the support is 
quickly removed then the reaction force from the other 
support is 

(A) mg (B) mg/2 (C) mg/3 (D) mg/4 


Sol. The centre of mass of the uniform rod AB of mass 
m and length Z lies at its mid-point C. Let the support 
at the end B is quickly removed. The forces on the rod 
immediately after removal of the support are its weight 
mg at C and the reaction force N at A. 


N 
A C B A C B 
As DN 
a’ [fa 
mg 
Let a be angular acceleration of the rod and a be 


acceleration of its centre of mass C. Apply Newton’s 
second law in the vertical direction to get 


mg — N = ma. (1) 


The end A is at rest. The accelerations of A and C 
on the rigid rod are related by @o = G4 + @ x Fac. 
Substitute @4 = 0 and simplify to get 


a=al/2. (2) 
The torque on the rod about the fixed point A is 

Ta = mg 1/2. Apply Thxea = Ifxeaa to get 
mg 1/2 = T fixed = Ema. (3) 
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Solve equations (1)—(3) to get N = mg/4. We encour- 
age you to solve this problem if supports are placed at 
a distance d(< 1/2) from C. 





Ans. D 











Q 188. A massless rod of length b has one end pivoted 
and the other end joined perpendicular to the middle of 
a rod of mass m and length l. In case (i), two rods are 
held in a horizontal plane and then released. In case (ii), 
two rods are held in a vertical plane and then released. 
Which of the following is true about the acceleration of 
the centre of mass? 


eae J, 


case (i) case (ii) 


(A) The accelerations are same in both cases. 

(B) The acceleration in case (i) is g/2 and that in 
case (ii) is IPT 

(C) The acceleration in case (i) is g and that in case (ii) 





is 7A 702 
(D) The acceleration in case (i) is g and that in case (ii) 


re 
IS TP ie? 


Sol. The centre of mass C of the system of two rods 
lies at the mid-point of the rod of mass m and length J. 
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No ] 
b C 





case (i) case (ii) 


Consider the situation given in case (i). The forces 
on the system are its weight mg at C and the reaction 
force N; at the pivot P. Let a, be angular acceleration 
of the system and a, be acceleration of its centre of 
mass. Since system is pivoted at P, the acceleration 
of C is given by 


ay = a,b. (1) 
The torque on the system about the fixed point P is 
Taxed = Mgb. Apply Tfxea = Ifxeaa to get 

mgb = IgxeaQ = Mba. (2) 


Solve equations (1) and (2) to get a, = g. 

Now, consider the situation given in case (ii). Let 
æQ be angular acceleration of the system and ag be ac- 
celeration of its centre of mass. Since system is pivoted 
at P, the acceleration of C is given by 


ag = agbd. (3) 
The torque on the system about the fixed pivot P is 
Taxed = Mgb. Apply Tgxea = Ifxeaa to get 

mgb = IgxeaQ1 = (mb? + aml’) Q2. (4) 
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Solve equations (3) and (4) to get ag = ee: We 
encourage you to find the reaction forces N; and N2. 
Ans. D 














Q189. A uniform rod is released from rest in the hor- 
izontal position shown in the figure. The value of x for 
which the angular acceleration at the time of release is 
a maximum is 

















(A) 0 (B) 1/2 (C) 1/V3 (D) 1/2V3 


Sol. Just after release, the rod start rotating about the 
edge of the table. The rod touches the table only at the 
edge point O. At this instant, the forces acting on the 
rod are its weight mg at the centre of mass C and the 
reaction force at O. The torque acting on the rod about 
the point O is Tọ = mga. This torque provides angular 
acceleration to the rod i.e., 


To mgt gx (1) 
lo Igtma2 [2/12 + 2?’ 





Q = 


where we used parallel axis theorem to get moment 
of inertia of the rod about the horizontal axis passing 
through O. To get the value of x for which a is a maxi- 
mum, differentiate equation (1) w.r.t. x and equate the 
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derivative to zero i.e., 


da 


Á ( 
dz (2/12 +22)? 





1?/12— z?) =0, 


which gives x = 1/2\/3. Substitute x in equation (1) to 
get Qmax = V3q/l. 

There is a subtle point that need to be understood. 
We know that Tem = Jema is always true and Tfxed = 
Tgxeam@ is true if rotation is about a fixed point. The rod 
in this problem is not rotating about the fixed point O. 
We encourage you to derive equation (1) by using Tem = 
Iema and the fact that rod is released from rest. 

We also encourage you to solve a related problem. 
If the coefficient of friction between the rod and the ta- 
ble edge is u, find the rotation angle with the horizontal 
mgr 

Ans. D 


at which slipping begins. Hint: tan 0 = 














Q 190. A rectangular solid box of length 0.3 m is held 
horizontally, with one of its sides on the edge of a plat- 
form of height 5 m. When released, it slips off the table 
in a very short time 7 = 0.01 s, remaining essentially 
horizontal. The angle by which it would rotate when it 
hits the ground will be (in radians) close to 


WW.JEEBOOKS.! 


Chapter 2. Questions and Solutions 320 
0.3m 











5m 





(A) 0.5 (B) 0.3 (C) 0.02 (D) 0.28 


Sol. Let C be centre of mass of the rectangular box 
of mass m and length l = 0.3m. It is released from 
a platform of height h = 5m. The box slips from the 
point O in time 7 = 0.01 s. 











Till the box gets released, it remains in contact 
with the table at O. The contact point of the box is 
instantaneously at rest and the box essentially rotates 
about an axis passing through O. The forces on the box 
are its weight mg at C and reaction R at O. Let a be 
angular acceleration of the box and a be acceleration 
of its centre of mass. The torque on the box about O 
is To = mgl/2 and moment of inertia of the box about 
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the axis of rotation is Io = ml?/3. Apply To = Toa to 
get 
To _ mgl/2 3g _ 3(10) 


Q = = 


Io ml/3 21 2(0.3) 





= 50 rad/3. 


The angular velocity of the box at time 7 = 0.01 s is 
w = at = 0.5 rad/s. 

The box continue to rotate with a constant angular 
velocity w after its release. The time taken by the box 
to travel a vertical distance h = 5 m is 


t = y 2h/g = \/2(5)/10 = 1 s. 


Thus, angular displacement of the box when it reaches 
the ground is 6 = wt = (0.5)(1) = 0.5 rad. 

You need to be careful about the formula 7 = Ia. 
This formula is valid about CM, about fixed point, and 
about point instantaneously at rest (as we used in this 
problem). We encourage you to solve this problem by 
using T = Ia about the centre of mass C. 








Ans. AE 











Q191. A rigid uniform bar AB of length / is slipping 
from its vertical position on a frictionless floor (as shown 
in the figure). At some instant of time, the angle made 
by the bar with the vertical is 6. Which of the following 
statement(s) about its motion is(are) correct? 
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(A) Instantaneous torque about the point in contact 
with the floor is proportional to sin 0. 

(B) The trajectory of the point A is a parabola. 

(C) The midpoint of the bar will fall vertically down- 
ward. 

(D) When the bar makes an angle 0 with the vertical, 
the displacement of its midpoint from the initial 
position is proportional to (1 — cos 0). 


Sol. The forces acting on the bar are its weight mg 
and normal reaction N. There is no force on it in the 
horizontal direction. Thus, the horizontal component 
of its linear momentum will remain conserved at initial 
value of zero. Hence, the horizontal component of the 
velocity of centre of mass C remains zero i.e., C moves 
downwards in a vertical straight line. 
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Let Co be the initial position of the centre of mass 
and Cọ be the position of the centre of mass when the 
rod makes an angle 0 with the vertical. The vertical 
displacement of the point C from its initial position is 
given by 


A = OCo — OCg = 


£—4£cosd = Ł(1 — cos 0). 
Let O be the origin of the coordinate system. The 
coordinates of the point A(x, y) when the rod makes an 


angle 0 with the vertical are given by 


x = —(l/2) sin 0, (1) 
y = lcosð. (2) 


Eliminate 0 from equations (1) and (2) to get 


E E os 
(1/2)? P 
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which is the equation of an ellipse. Thus, A follows an 
elliptical path as shown. We encourage you to show 
that every point of rod (except C and B) moves in an 
elliptical path. 

The torque about the point B is given by 


7 = mg(OB) Å = mg(l/2) sin# k. 





Ans. (A), (C), (D) 











Q 192. A uniform thin rod of mass m and length L is 
standing vertically along the y-axis on a smooth hori- 
zontal surface, with its lower end at the origin (0,0). A 
slight disturbance at t = 0 causes the lower end to slip 
on the smooth surface along the positive x-axis, and the 
rod starts falling. 


(a) What is the path followed by the centre of mass of 
the rod during its fall? 

(b) Find the equation of the trajectory of a point on 
the rod located at a distance r from the lower end. 
What is the shape of the path of this point? 





(A) (a) vertical line (b) a + oy = 1, circle 
a) vertical line a + =e = 1, ellipse 
B 11 b p=") 
(C) (a) vertical line (b) z? + yw = r?, circle 
ie 
(D) (a) vertical line (b) aor + 4 = 1, ellipse 


Sol. The forces acting on the rod are its weight mg and 
normal reaction N. 
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There is no force on it in the horizontal direction. 
Thus, horizontal component of its linear momentum is 
conserved at initial value of zero. Hence horizontal ve- 
locity of centre of mass C remains zero and C moves 
down in a vertical straight line. Now, consider a point 
P(x,y) on the rod at a distance r from B. The coordi- 
nates of this point are 


x = OB — QB = CB cos 0 — PB cos 0 


= £cos0 — r cos 0 = (L/2 — r) cos 0, (1) 


y = PQ = PBsin 0 = rsin ð. (2) 


Eliminate 0 from equations (1) and (2) to get 


r? y? 


Gap an 


which is the equation of an ellipse. Thus, P follows an 
elliptical path as shown. 
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A more interesting problem is to find the acceler- 
ation of C. The point C moves down vertically with 
an acceleration @¢ = —acj and the point B moves 
horizontally with an acceleration @g = agi. Newton’s 
second law in the vertical direction gives 


mg — N = mac. (3) 


The torque on the rod about C is related to its angular 
acceleration a by 


N (£cos6) = Ica = (mI?) a. (4) 


The rod rotates in the counterclockwise direction with 
an angular acceleration @ = ak. The rod is a rigid 
body with accelerations of B and C related by Gg = 
Go +@ x Top i.e., 

api =—acj+(ak) x (4 cos 07 — £ sind j) 

= $Lasin0i— (ac — 4 La cosb) ĵ. 

which gives 

ac = į La cos9. (5) 


3g cos? 0 
1+3 cos? 0 
Ans. D 


Solve equations (3)-(5) to get ag = 














Q 193. A uniform rod of length l and mass m is initially 
at rest in a vertical position on a rough horizontal plane. 
The rod falls in a vertical plane under the action of 
gravity. The coefficient of static friction u between the 
rod and the plane if the rod starts slipping when it 
makes an angle 0 = 30° with the vertical is 

(A) 1/2 (B) V3/2 (C) 0.35 (D) 0.50 
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Sol. Till the rod starts slipping (i.e., 9 < 30°), it ro- 
tates about a fixed horizontal axis passing through the 
contact point O. The angular velocity w and angular 
acceleration a of the rod for this rotation are given by 


w = \/3g(1 — cos 6)/lI, (1) 
a = 3g sin 0/2. (2) 


We encourage you to get w and a by (i) applying New- 
ton’s law and/or (ii) using energy conservation. 





The acceleration of the centre of mass C of the rod 
is given by 


@=G +x OC +w x (w x OC) 


0 + a; cos 7% — a sin 0 7 — ae sin 0 î — ac cos 0 j 


II 


= (a; cos 0 — ac sin 0)î — (a, sin 0 + ac cos 0)ĵ, 
= agx î + ay j, (3) 


where a; = al/2 is the tangential acceleration and ac = 


w?l/2 is the centripetal acceleration of the point C. 
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The forces acting on the rod are its weight mg, 
normal reaction N, and the frictional force f. Apply 
Newton’s second law in the vertical and the horizontal 
directions to get 


N — mg = may, (4) 
f = maz. (5) 


The frictional force attains its limiting value when the 
rod is about to slip i.e., 


f=uN. (6) 


Solve equations (4)—(6) and substitute the expressions 
for ac, az, w and a to get 


Ag a cos Ô — ae sin 0 
HZ == ; 
g+ay g— sinl — ac cosh 


3 sin 0(3 cos 0 — 2) 
1 + 3 cos 0(3 cos 0 — 2) 














Ans. B 











Q 194. A uniform rod of mass m and length l rotates 
in clockwise direction with an angular velocity w and its 
centre of mass moves rightward with a velocity v (see 
figure). The angular momentum of the rod can be zero 
about the point 
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m 
~ eP 
| w 


l v Q 
| eR 


(A) P (B) Q (C) R (D) none of these. 


Sol. The angular momentum of a rigid body about a 
point A is given by 
La T has + Lou cm 

Tom x Dem + Lem, 


where fem is the position vector from A to the centre 
of mass, P (= MUcm) is the linear momentum, [cm is 
moment of inertia about an axis passing through the 
centre of mass and & is the angular velocity [axis of 
rotation is perpendicular to the plane of translation]. 

The vector Debdi cm points into the paper. The 
vector Lem points into the paper | for L R, is zero for La, 
and points out of the paper for Lp. Thus, only Lp has 
a possibility to become zero. 

We encourage you to find the expressions for E P, 
Lg, and Lr. Hint: Lp =0 if v = wl/6. 





Ans. A 











Q 195. A spherical body of radius r rolls without slip- 
ping on a horizontal surface. Let Lco and Lp be the 
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magnitudes of angular momenta of the body about the 
centre of mass and the point of contact, respectively. If 
k is the radius of gyration then 

(A) Lp =2Lcifk=r. (B) Lp = 2L¢ for all cases. 
(C) Lp >2Lcifk<r. (D) Lp >2Lcifk>r. 


Sol. Let the sphere rolls without slipping with an an- 
gular velocity w. The velocity of the centre of mass C is 
given by v = wr. The angular momentum of the sphere 
about the centre C is given by 





Lo = about, om = Jem = —mk? wh. (1) 
yY ] 
t Ww 
É P 


The angular of the sphere about the point P is 
given by 
Lp = Biase T Labout, cm = mMTPC x Yom + Tem 
= mrv(j x î) + mk? (—wk) 
= —mw(r? + k?)k = (1 + 1?/k?) Le. (2) 


From equations (1) and (2), Lp = 2Lc if k = r and 
Ip >2Lc ifk <r. 





Ans. A, C 
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Q 196. A disc of mass M and radius R is rolling with 
angular speed w on a horizontal plane (see figure). The 
magnitude of angular momentum of the disc about the 
origin O is 





o oo 
(A) 4MR?w (B) MR?w (C) 3MR2w (D) 2M R?w 


Sol. The angular momentum of the disc about the ori- 
gin O in combined rotation and translation motion is 
given by 


Lo = Lem + Mc x Uc. 


The first term Ti represents the angular momentum 
of the disc as seen from the centre of mass frame. Thus, 


> 


Lem = Ið = -4M Rw k, 


where I = ¿MR? is the moment of inertia of the disc 
about a perpendicular axis passing through C. The sec- 
ond term Mrc x Uc equals the angular momentum of 
the disc if it is assumed to be concentrated at the centre 
of mass translating with a velocity vc. 
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In pure rolling, velocity of the contact point P is 
zero. Thus, velocity of the centre of mass and the term 
MTo x Ug are 


tc = Up +Ü x rop =wRi, 
Mfc x to = M(x9i+ Rj) x (wRi) = —MwR? k. 


Hence, angular momentum of the disc about the origin 
O is 


Lo = To + Mre x Uo = -3 MuR? k. 





Ans. C 











Q 197. If L denotes angular momentum of the earth 

about the sun then which of the following statement is 

true? [make suitable approximations, if necessary.] 

(A) L makes an angle ~ 23.5° with the spinning axis 
of the earth. 

(B) L is perpendicular to the earth’s orbital plane. 

(C) L is parallel to the spinning axis of the earth. 

(D) L rotates on the curved surface of a right circular 
cone of half angle ~ 23.5°. 
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Sol. The angular momentum of the earth about the 
sun is almost perpendicular to its orbital plane. Let us 
see why? 

The earth of mass m = 5.97 x 1074 kg and radius 
r = 6.38 x 10° m moves in a nearly circular orbit of ra- 
dius R = 1.50 x 101! m around the sun with a time pe- 
riod Torbital = 365.25 days. The earth also spins about 
an axis passing through its centre of mass with a time 
period Typin = 23 hr 56 min. The spinning axis of the 
earth is fixed in space and it makes 23.5° angle with the 
normal to the orbital plane. 


sy 
Worbital 





top view side view 
Let Å be a unit vector normal to the earth’s orbital 


plane and 7 be a unit vector parallel to its spinning 
axis. The angle between k and ñ is 23.5°. The angular 
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momentum of the earth about the sun is given by 
L= ER sh East em = ear Eoin 
27R > 2 27 
ieee Ka ee l Tspin á 


= (2.68 x 104 È +7.10 x 1033 ñ) kg m?/s. 


= mR 





The angle between L and fv is 


> 


L: 
0 = cos”? —— ~ 23.5°, 
f| 





a 


because |Loxbitaa| > |Lepin|- Thus, L is almost perpen- 
dicular to the orbital plane. The approximations made 
in above calculations are (i) fixed heavy sun (ii) circu- 
lar orbit (iii) uniform spherical earth etc. If we consider 
sun-earth as an isolated system (i.e., neglect the effect of 
other bodies) then L is conserved. Thus, the earth’s or- 
bital plane and its spinning axis remains ‘almost fixed’ 
in space. 





Ans. A 











Q 198. A ‘classical’ electron radius is defined by equat- 
ing electrostatic potential energy of a sphere of charge 
e and radius re with the rest energy (mec?) of elec- 
tron. The value of ‘classical’ electron radius is re = 
2.8 x 10715 m. The spin angular momentum of the elec- 
tron is Le = h/(4m). If we assume electron to be a 
uniform sphere of mass me = 9.1 x 107°! kg spinning 
about its axis then maximum velocity of a point on its 


surface is 
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(A) 5.2x10'° m/s (B) 2.5 x 108 m/s 
(C) 5.2 x 10”m/s (D) 2.5 x 10" m/s 
Sol. The angular momentum of a uniform sphere of 
mass Me and radius re spinning about its axis with an 
angular velocity w is given by 

Le = Iw = 2mer2w. (1) 
The points on the equator of the spinning sphere will 
have maximum velocity given by 

v=or. (2) 
Eliminate w from equations (1) and (2) to get 
_5 Le _ 5h 
© Mefe  BNMere 

5(6.63 x 107°4) 
8(3.14)(9.1 x 10731)(2.8 x 10715) 

= 5.2 x 10'° m/s. 





v 





Are you surprised to get v greater than speed of light? 
Actually, electron is a point like particle (it does not 
have a size) and its angular momentum is intrinsic to 
it (not due to spinning). We got an unexpected result 
because we chose a wrong model. 





Ans. AE 











Q 199. A symmetric body is rotating about its axis of 
symmetry with a constant angular speed wọ (see figure). 
The angular momentum of the body about the origin O 
is Lo = Let + Lyî+ Lsk. Which of the following 
statement is incorrect? 
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Zz 


A 
<c Ls wo 











(A) La = Ly =0. 

(B) |Zo] is constant. 

(C) Lo is constant. 

(D) |£o| is constant but Lo/|Lo] is time dependent. 


Sol. The angular velocity of the body is & = wo k. Con- 
sider two elements, each of mass dm, located symmet- 
rically about the z-axis i.e., similar elements located at 
Ti = vit+yjt+zk and r2 = -—ri-yjtzk. The 
velocities of these elements are given by 


> 


LS 


> 


2 


=wo(—yi+ z), 
= —wo(—y îê + z ĵ). 


e 
g 


Ü x 
Ü x 


e 
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The angular momentum of these element about O 
are given by (dL = dmr x v) 


dL, = dmuy (-22i- zy î+ (a? +y’) i) ; 

dL = dm wo (zzî+ zy gt (£? +4?) k) 
The contribution of these elements to the total angular 
momentum of the body is 

dL = dË; + ds = 2dmuyo(x? + y?)k. 
Note that components of dL} and dL» in the z-direction 
adds up but their components in z-y plane cancels out. 
A symmetric body can be divided into two equal halves. 
For each element in one-half, there is a symmetrically 


located element in the other-half. Thus, total angular 
momentum of the body about O is 


io= f ab = 2w f (x? + y?) dmk = Ing k, 
half half 
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where integration is carried out on one half of the body 
and I is moment of inertia of the body about the z-axis. 
A body is said to be spinning if its axis of rotation 
is same as axis of symmetry e.g., a spinning top. We 
encourage you analyse angular momentum of a rotating 
body where (i) the axis of rotation is not same as axis 
of symmetry and (ii) the body itself is non-symmetric. 
Ans. D 














Q 200. A non-uniform rod AB of mass m and length | 
has its centre of mass C at a distance al from the end A. 
The moment of inertia of the rod about a perpendicular 
axis through C is J = Bml?. The velocities of the ends A 
and B when the centre of mass C coincides with the 
origin O of the coordinate system is shown in the figure. 
Which of the following statement is incorrect? 








(A) vg = V3va 
B) The angular velocity of the rod is G = v4/l k. 
C) The angular momentum of the rod about the origin 
is Bmval k. 
(D) The kinetic energy of the rod is 
mvs (3 + 2(1 — a)? + 48). 
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Sol. The velocities of the ends A and B are related by 
dp = 04+ x AB. Substitute Ja = va (V374+ J) /2, 
dp = vp (î + V3j) /2, 6 = w k and AB = lî to get 


2E 2 (i+ v33) = 5 TE (VBi+j) +wh x (Li). 


The component along the rod gives vg = /3v,4 and the 
component perpendicular to the rod gives w = va/l. 
Note that the components of y4 and Upg along the rod 
must be equal because the rod is rigid. 

The velocity of the centre of mass C is given by 


to = TA +Ü x AC 
_ vA „n AÀ UAn A 
= 4 (v3i+3)4 7 Kx (até) 
_ VA s 5 
(v3i + (1 + 2a) 3). 


The angular momentum of the rod about the origin O 
is given by 





> 


cm + Labout cm = mre x Uc ote Ic 
= Bmval k. 


fi 


my œ 


Note that = 0 because the centre of mass coincides 
with the origin. 
The kinetic energy of the rod is given by 


1 2 1 2 
K = Kom ot Kabout cm = z3 MUVE F zw 


= m (3+ (1 + 2a)? +48). 








Ans. D 
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Q 201. If the resultant of all the external forces acting 

on a system of particles is zero, then from an inertial 

frame, one can surely say that, 

(A) linear momentum of the system does not change in 
time. 

(B) kinetic energy of the system does not change in 
time. 

(C) angular momentum of the system does not change 
in time. 

(D) potential energy of the system does not change in 
time. 


Sol. Newton’s second law, F’.., = dp/dt, reduces to 


dp/dt = 0, (1) 
in the absence of external forces (Pox = 0). Thus, 
from equation (1), p = constant, if resultant of all the 
external forces is zero. The kinetic energy of the system 
may change as it happens in inelastic collision. The 
angular momentum may change as it happens if two 
equal and opposite forces (couple) are applied on two 
ends of a rod. Note that the angular momentum of 
a system is conserved only if external torque on the 
system is zero. 





Ans. A 











Q 202. Statement 1: If there is no external torque on 
a body about its centre of mass, then the velocity of the 
centre of mass remains constant. 

Statement 2: The linear momentum of an isolated 


system remains constant. 
WW.JEEBOOKS|| 


Chapter 2. Questions and Solutions 341 


(A) Statement 1 is true, statement 2 is true; statement 
2 is a correct explanation for statement 1. 

(B) Statement 1 is true, statement 2 is true; statement 
2 is not a correct explanation for statement 1. 

(C) Statement 1 is true, statement 2 is false. 

(D) Statement 1 is false, statement 2 is true. 


Sol. The velocity of centre of mass remains constant 
(which is same as the conservation of linear momentum) 
if there is no external force (i.e., system is isolated). As 
a counter example to statement 1, consider an external 
force passing through the centre of mass. This force 
gives zero external torque but it changes the velocity of 
the centre of mass. 





Ans. D 











Q 203. A circular platform is mounted on a frictionless 
vertical axle. Its radius is 2m and moment of inertia 
about the axle is 200 kg-m?. It is initially at rest. A 
50 kg man stands on the edge of the platform and begins 
to walk along the edge at the speed of 1 m/s relative to 
the ground. Time taken by the man to arrive at the 
same position on the platform is 

(A) ms (B) 37/28 (C) 278 (D) 2/28 


Sol. Let O-x-y be a reference frame fixed with the 
ground and O-z’-y’ be a frame fixed to the platform. 
Let radius of the platform be r = 2 m, moment of iner- 
tia of the platform about its axle I = 200 kg m?, mass 
of the man m = 50 kg and speed of the man relative to 


the ground v = 1 m/s. 
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8 





Consider the platform and the man together as a 
system. Initially, both platform and the man were at 
rest. Thus, angular momentum of the system about the 
point O is i = 0. 

When the man start moving along the edge with 
a speed v, the circular platform start rotating in the 
opposite direction with a speed w (see figure). The an- 
gular momentum of the system about the point O is 
L;= = (Iw — mvr) k. 

There is no external torque on the system about 
the point O. Thus, angular momentum of the system 
about the point O is conserved i.e., L; = Ly, which 
gives, 


w = mwr/I. (1) 


Let reference line for angle measurement be x-axis 
and angles measured in the counter clockwise direction 
be positive. Let x’ be along the initial position of the 
man M. It makes an angle ĝo with the x axis. When 
looking from the ground (i.e., x-y frame), the platform 
(i.e., x'-y' frame) rotates with a constant angular ve- 


locity w). Thus, angle made by the q’ axis with z-axis 
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after a time t is 
0 => Oo + wt. (2) 


Again looking from the ground (x-y frame), the man 
travels with a constant speed v clockwise in a circle of 
radius r. Thus, angular speed of the man is v/r. Hence, 
the line OM rotates by an angle vt/r in time t i.e., 


bo — ġ = vt/r. (3) 


(note that ¢ is negative because it is measured in clock- 
wise direction). The man will arrive at the same po- 
sition on the platform (i.e., OM will coincide with 2’ 
axis) if 


0— b= 2r. (4) 
Solve equations (1)—(4) for time to get 


t Hi 2T s 
= S| = 2S 
v(mr?/I +1) 





Ans. C 











Q 204. A circular platform is free to rotate in a hor- 
izontal plane about a vertical axis passing through its 
centre. A tortoise is sitting at the edge of the platform. 
Now the platform is given an angular velocity wọ. When 
the tortoise moves along a chord of the platform with 
a constant velocity (with respect to the platform), the 
angular velocity of the platform w will vary with time t 


as 
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(A) “T (B) °T 
(C) ye (D) Soke 
+ + — >t 


Sol. Let J, be the moment of inertia of the platform 
about its axis of rotation and R be its radius. The 
tortoise of mass m moves with a constant velocity v 
along the chord AD at a normal distance a from O. 





Consider platform and tortoise together as a sys- 
tem. There is no external torque on the system about 
O and hence its angular momentum about O is con- 
served. Initial angular momentum (tortoise at position 
A) about an axis through O is 


Li = (Ip + MR? )wo. 
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After a time t, the tortoise is at point B with distance 
AB = vt, 
CB = VR? — a2 — vt, 
OB=r= (r? + v7t? — 2wty R2 — a?) A ; 
The moment of inertia of the system at this instant is 
I(t) =I, +m? 
= I, +m(R? + vt? — 2ut/ R? — a?), 





and the angular momentum Ly = I(t)w(t). Using, Li = 
Ly, we get 

w(t) = eee (1) 

Ip + mR? + mv?t? — 2mvt WR? — a2’ 

which increases non-linearly as tortoise move from A to 
C and then decreases in the same fashion as tortoise 
move from Č to D. We encourage you to analyze the 
time varying terms in the denominator of equation (1) 
to see the behaviour of w(t). Also find the time at which 
w(t) is maximum. 











Ans. C 











Q 205. An equilateral triangle ABC formed from a uni- 
form wire has two small identical beads initially located 
at A. The triangle is set rotating about the vertical axis 
AO. Then the beads are released from rest simultane- 
ously and allowed to slide down, one along AB and other 
along AC as shown. Neglecting frictional effects, the 


quantities that are conserved as beads slide down are 
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B O C 


(A) angular velocity and total energy (kinetic and po- 
tential). 

(B) total angular momentum and total energy. 

(C) angular velocity and moment of inertia about the 
axis of rotation. 

(D) total angular momentum and moment of inertia 
about the axis of rotation. 


Sol. Consider beads and wire-frame ABC together as 
a system. The external forces acting on the system 
are gravitational pull and reaction at the hinge axis. 
By symmetry, these forces pass through the centre of 
mass and hence external torque about the centre of 
mass is zero. Thus, angular momentum of the system 
about its centre of mass is conserved. There is no non- 
conservative force and hence total mechanical energy 
of the system is also conserved. We encourage you to 
see how moment of inertia and angular velocity vary as 
beads slide down. 





Ans. B 
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Q 206. A cubical block of side a is moving with velocity 
v on a horizontal smooth plane (see figure). It hits a 
ridge at point O. The angular speed of the block after 
it hits O is 


. 


(A) © (B) & (C) 3 (D) zero 


O 





Sol. The forces on the block during collision pass 
through the point O. Thus, torque about O is zero and 
hence angular momentum of the block about O is con- 
served. Let C be the centre of mass of the block. The 
angular momentum about O just before the collision is 


L; = Mva/2. 


The point O lies on the instantaneous axis of rotation 
during collision. The angular momentum just after the 
collision is 


Ly = Tow = (Ic + Md?) w 


Ma? a N 2 
=| —— +M | — = Maw. 
(4 (i) ) ie 


Equate L; = Ly to get w = 3u/(4a). 





Ans. AE 
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Q 207. A uniform spherical ball of radius r rolls with 
speed vp without slipping on the ground. It encounters 
a step of height h. The ball will climb over the step if 
vo is greater than [Assume that the ball sticks to the 
corner of the step until the center of the ball is directly 
above the corner.| 


h -1 Tgh 
(A) yl- ywl- 
n\—1 =I 
© (Fu-B" m YF a-g) 
Sol. Consider collision of the ball at the point P of the 
step. The impulsive force due to the collision acts at 
the point P. Thus, external torque on the ball about 


the point P is zero. Hence, angular momentum of the 
ball about the point P is conserved during collision. 








Before collision, the ball of mass m and radius r 
is moving without slipping with a speed vo. In rolling 
without slipping, the angular speed of the ball is given 
by wo = vo/r. The angular momentum of the ball about 
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the point P is 


Lo = Lem T Labout cm = MVO (r a h) F TIemwo 


2 7 
= mv(r—-h)++ 5 mr? = mw (Era). 


Immediately after the collision, the ball start pure 
rotation about the fixed point P with an angular veloc- 
ity w. The angular momentum of the ball about the 
point P is 


2 7 
L=Ipw= (im + mr?) w = Bmw, 


where we used parallel axis theorem to get moment of 
inertia Jp about the axis of rotation. The conservation 
of angular momentum, Lo = L, gives 


Oe pee 
ae ee Tr) 


The kinetic energy of the ball immediately after 
the collision is 


1 ue 5h 
K = =Ipw? = —mvg | 1 — À 
oe Tma ( 2i 
The ball will climb over the step of height h if its kinetic 
energy immediately after the collision is greater than 
the increase in potential energy due to rise in the centre 
of mass from C to C’ i.e., 


RD 5h\? 
=. be h 
Fai ( 2") > mgh, 
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which gives 


10gh 5h\ + 
ms fy eee) a 
A aa 2) 


Note that a spherical ball of radius r cannot climb over 
a step of height h > 7r/5 irrespective of its initial ve- 
locity. Suppose you have three objects: a sphere, a 
cylinder and a ring, each of radius r. To climb over a 
step of height h, which one of these three need minimum 
velocity? 





Ans. A 











Q 208. A smooth sphere A is moving on a frictionless 
horizontal surface with an angular speed w and centre 
of mass velocity v. It collides elastically and head on 
with an identical sphere B at rest. After the collision 
their angular speeds are w4 and wg respectively. Then, 


(A) wa <we (B) wa=ws (C) wa=w (D) wg=w 


Sol. The frictional force between the spheres is zero. 
The collision forces on both the sphere pass through 
their respective centre of masses. Thus, the torque 
about centre of mass is zero for each sphere. Hence, an- 
gular momentum about the centre of mass is conserved 
for each sphere. Initial and final angular momentum of 
the two spheres are 


Lia = lw, Lig =0, 
Lea = Iwa, LiB = Iwp. 
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The conservation of angular momentum, Lia = Lea 
gives wa = w and Lig = [pp gives wg = 0. We en- 
courage you to use conservation of linear momentum 
and conservation of energy to show that the spheres 
exchange their linear velocities. 





Ans. C 











Q 209. A solid ball of mass m and radius r is rolling 

without slipping on a horizontal surface with a velocity 

v. It collides with a similar but smooth ball at rest. If 

collision is head-on and elastic then which of the follow- 

ing statement is false? 

(A) The first ball stops translating and the second ball 
start translating with a velocity v. 

(B) The first ball continue to rotate with an angular 
velocity u/r. 

(C) The first ball stops rotating and the second ball 
start rotating with an angular velocity v/r. 

(D) For the system of two balls, the linear momentum, 
kinetic energy, and angular momentum about the 
impact point are conserved. 


Sol. The impulsive forces on the balls (during colli- 
sion) passes through their centres because the collision 
is head-on and the second ball is smooth. Thus, there is 
no impulsive torque on the the balls about their centre 
of masses. Hence, angular momentum of the balls about 
their centre of masses remains conserved. The first ball 
will continue to rotate with an angular velocity w = v/r 
and the second ball will not rotate. 
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COO OG 


Before After 





Consider both ball together as a system. Apply 
conservation of linear momentum and kinetic energy 
(elastic collision) to show that the first ball stops trans- 
lating and the second ball starts translating with a ve- 
locity v. We encourage you to analyse this problem if 
the coefficient of friction between the two balls is p. 

Ans. C 














Q 210. A thin circular ring of mass M and radius R is 
rotating about its axis with a constant angular velocity 
w. Two objects, each of mass m, are attached gently to 
the opposite ends of a diameter of the ring. The ring 
now rotates with an angular velocity 


Ww Ww M— mMm w Ww m 
(A) Ao (B) SE (0) FAAS D) oa 








Sol. Consider the ring and the two objects together as 
a system. The objects are gently attached to the ring. 


m 
e 


m 
M M 
° m 
m 
Before After 
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The angular momentum of the system is conserved 
because there is no external torque on the system. Ini- 
tially, angular momentum of the system about O is 
L; = Iw; = MR? w, where I; is the moment of inertia 
of the ring about its axis of rotation. Finally, angu- 
lar momentum of the system about O is Lp = Ipwy = 
(MR? + 2mR?) wy. Conservation of angular momen- 
tum, L; = Ly, gives wp =wM/(M + 2m). 





Ans. C 











Q 211. A ring of mass m and radius r is rotating with 
angular speed w about a fixed vertical axis passing 
through its centre O with two point masses, each of 
mass % at rest at O. These masses can move radially 
outwards along two massless rods fixed on the ring as 
shown in the figure. At some instant the angular speed 
of the system is Bw and one of the masses is at a dis- 
tance of 3p from O. At this instant the distance of the 


other mass from O is 
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Sol. Consider the ring and the two point masses to- 
gether as a system. There is no external torque on the 
system about the fixed point O. Thus, angular momen- 
tum of the system about the point O is conserved. 

Initially, two point masses (each of the mass m/8) 
were located at O and the ring of mass m and radius r 
was rotating with angular speed w. Initial value of the 
angular momentum of the system about O is 


Li = Tringw + (@) (0)?w + (2) (0)?w = mrw. 


Finally, angular speed of the system is reduced to 8w/9 
and one of the point mass is at a distance 3r/5 from O. 
Let another point mass be at a distance x from O. Final 
value of the angular momentum of the system about O 
is 





Ly = Tring ($) + (8) (FY (8) + (3) 2? (F) 


= m (38r? +a) (8). 


Apply conservation of the angular momentum, L; = Ly, 
to get x = 4r/5. 





Ans. D 











Q 212. A thin ring of mass 2 kg and radius 0.5 m is 
rolling without slipping on a horizontal plane with ve- 
locity 1 m/s. A small ball of mass 0.1 kg, moving with 
velocity 20 m/s in the opposite direction, hits the ring 
at a height of 0.75 m and goes vertically up with veloc- 
ity 10 m/s. Immediately after the collision, 
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10m/s 


20m/s 


0.75m 


(A) the ring has pure rotation about stationary CM. 

(B) the ring comes to a complete stop. 

C) friction between the ring and the ground is to the 
left. 

(D) there is no friction between the ring and the 

ground. 


Sol. We assume that the ring remains in contact with 
the ground and the motion is confined to x-y plane. 


y 


O 





Point O is the contact point of the ring with the 
ground, C is the centre of mass of the ring, and P is the 
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point of collision. Since ring is rolling without slipping, 
velocity of O is zero (ŭo = 0) and velocity of C is 


tic = üo + @ x Fo, (1) 


where æ is the angular velocity of the ring and 7¢ is the 
position vector of C. Substitute ro = 0.5 mj and tig = 
—1 m/s? in equation (1) to get @ = 2rad/sk (anti- 
clockwise). Consider the ball and the ring together as a 
system. Since there is no external force in x direction, 
linear momentum of the system is conserved along this 
direction. The z-component of linear momentum before 
and after the collision are 


Pig = MU1e + MQU2e 
= 0.1x 20 +2 x (-1) =0, 


Phe = M1s + M2V22 = 0.1 x 0 + 2voz, 


(here mı is the mass of the ball, 7 = wiz? + uiy) is 
the velocity of the ball, mz is the mass of the ring, and 
U2 = Uzz? + Ugyj is the velocity of centre of mass of 
the ring). The conservation of linear momentum gives 
Voz = 0, i.e., centre of mass of the ring comes to rest just 
after the collision. The external torque on the system 
about point O is zero and hence angular momentum 
of the system about O is conserved. The moment of 
inertia of the ring about a perpendicular axis through 
C is Ion = mor? = 2 x (0.5)? = 0.5 kg m?. The initial 
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angular momenta of the ring and the ball about O are 


Lin = Lem a merc x U2 = emu k + mero x U2 
= 0.5 x 2k + 2(0.59) x (—1î) = 2 kg m?/sk, 
Lip = mrp Xt 
= 0.1(—0.5V3/27 + 0.75 j) x (204) 
= —1.5 kg m?/sk. 
Thus, the initial angular momentum of the system is 
Li = Lir+Li» = 0.5 kg m?/s Å. Final angular momenta 
of the ring and the ball are 
Lir = Pegi T morc x Vg 
= Ton Qk + 2(0.5 9) x (02) =0.52 kg m?/s k, 
Ley = mfp xd, 
= 0.1(—0.5V3/27 + 0.75 9) x (103) 
= —0.43 kg m?/sk. 
Thus, the final angular momentum of the system is L= 
Ley + Ley = (0.59 — 0.43) kg m?/sk. Conservation of 
angular momentum, L; = Ly, gives Q = 1.66 rad/sk. 
Thus, velocity of O just after the collision is 
Jo = v — Ñ x Fe 
= 0 — 1.66 Å x (0.59) = 0.82 m/sî. 
Hence, point O on the ring has a tendency to move to- 


wards the right and to resist it, friction force on the ring 
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shall be towards the left. Note that the effect of non- 
impulsive gravitational and friction force is neglected 
during collision process. 





Ans. A, C 











Q 213. A thin uniform circular disc of mass M and 
radius R is rotating in a horizontal plane about an 
axis passing through its centre and perpendicular to 
its plane with an angular velocity w. Another disc of 
the same dimensions but of mass M/4 is placed gently 
on the first disc coaxially. The angular velocity of the 
system now is 


(A) w/V3 (B) w/V5 (C) 2w/V5 (D) 2w/V3 


Sol. Consider the two discs of masses M and M/4 and 
radius R together as a system. There is no external 
torque about the axis of rotation when one disc is placed 
over the other coaxially. Thus, angular momentum of 
the system about the axis of rotation is conserved. Ini- 
tial and final values of angular momenta about the axis 
of rotation are given by 


Li = liwi = 5M Rw, 
Ly = Ipwp = (SMR? + ZMR?) wf = ŠM Rwş, 


where J; and Iş are the initial and the final values of 
the moment of inertia about the axis of rotation. The 





conservation of angular momentum, L; = Ly, gives 
wf = fw. 
Ans. C 
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Q 214. A smooth uniform rod of length L and mass M 
has two identical beads of negligible size, each of mass 
m, which can slide freely along the rod. Initially the 
two beads are at the centre of the rod and the system 
is rotating with an angular velocity wo about an axis 
perpendicular to the rod and passing through the mid- 
point of the rod (see figure). There are no external 
forces. When the beads reach the ends of the rod, the 
angular velocity of the system is 


Nit 
nit 





' 
els 


wo 























(A) mim (B) amim (O) myom D) amim 

Sol. Consider the rod and the two beads together as 
a system. There are no external torque on the system 
about the fixed point O (because there are no external 
forces). Hence, angular momentum of the system about 
the fixed point O is conserved. Initially, two beads of 
mass m are at the centre of the rod of mass M, length 
L, and angular velocity wo. 


WW.JEEBOOKS.I 


Chapter 2. Questions and Solutions 360 
































L O zr 
2 2 
K . 
ee 
GL initial 
wo 
Z Z final 
K K > 
@ 
cls 
Ww 


Initial angular momentum of the system about the 
axis of rotation is 


Lo = Iowo = [ML?/12 + m(0)? + m(0)?] wo 
= MLw/12. 


Finally, the two beads are at the extreme ends of the 
rod rotating with an angular velocity w. Thus, the fi- 
nal angular momentum of the system about the axis of 
rotation is 


L= Iw = [ML?/12 + m(L/2)? + m(L/2)7] w 
= [M/12 + m/2] L?w. 


Apply conservation of angular momentum about the 
Wo 


fixed point O, Lo = L, to get w = ieee: 





Ans. AE 











Q 215. A horizontal circular platform of radius 0.5 m 
and mass 0.45 kg is free to rotate about its axis. Two 
massless spring toy-guns, each carrying a steel ball of 
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mass 0.05 kg are attached to the platform at a distance 
0.25 m from the centre on its either sides along its di- 
ameter (see figure). Each gun simultaneously fires the 
balls horizontally and perpendicular to the diameter 
in opposite directions. After leaving the platform, the 
balls have horizontal speed of 9 m/s with respect to the 
ground. The rotational speed of the platform in rad/s 
after the balls leave the platform is 


(A) 2 (B) 4 (C) 6 (D) 8 


Sol. Consider the balls and the platform together as 
a system. There is no external torque on the system 
about its centre. Hence, angular momentum of the sys- 
tem about its centre is conserved. Initial and final an- 
gular momentum of the system are 


Li =0, 
Lp = mur + mwr + Iw = 2mvr + 5MR?w. 


The conservation of angular momentum, L; = Ly, gives 


—  4mvr  4(0.05)(9)(0.25) 
uac pa ee 








Ans. B 
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Q 216. A uniform circular disc of mass 50 kg and 
radius 0.4m is rotating with an angular velocity of 
10 rad/s about its own axis, which is vertical. Two 
uniform circular rings, each of mass 6.25 kg and radius 
0.2 m, are gently placed symmetrically on the disc in 
such a manner that they are touching each other along 
the axis of the disc and are horizontal. Assume that 
the friction is large enough such that the rings are at 
rest relative to the disc and the system rotates about 
the original axis. The new angular velocity (in rad/s) 
of the system is 

(A) 6 (B) 7 (C) 8 (D) 9 


Sol. Consider the disc and the rings together as a sys- 
tem. Since external torque [ext — 0, angular momen- 
tum of the system about vertical axis through O is con- 
served i.e., 


Ww 
nxn 


<a 


t 





Initially, moment of inertia is due to the disc and 
its value is I; = ¿MR? = § x 50 x 0.4? = 4kg m’. 
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The moment of inertia of a ring of mass m and radius r 
about a perpendicular axis passing through its centre is 
mr?. The theorem of parallel axes gives ring’s moment 
of inertia about the axis of rotation as 


ing = mr? + md? = 2mr?, 


where d = r is the distance between the parallel axes. 
The moment of inertia of the complete system in the 
final configuration is 
Ip = ¿MR? + 2mr? + 2mr? 
= 5(50)(0.4)? + 2 (2(6.25)(0.2)?) = 5 kg m°. 


Substitute I;, Iş, and w; = 10 rad/s in equation (1) to 
get wr = 8 rad/s. 





Ans. C 











Q 217. A solid disc of mass m and radius r initially 
rotates with an angular speed wo about its axis (AA’). 
The disc is suddenly caught along an element BB’ paral- 
lel to AA’. The loss of kinetic energy during this process 
is 





B A 
wo 
<| S 
ees 
P ts r 
B’ A’ 


(A) zmr?’wg (B) imr wg (C) Imr’wg (D) Imr’wg 


3 4 6 
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Sol. During impact (i.e., in the process of catching the 
disc), the reaction force acts at the impact point P, 
which lies on the axis BB’. Thus, external torque on 
the disc about the point P is zero. Hence, angular mo- 
mentum of the disc about the point P is conserved. Ini- 
tial angular momentum of the disc about the point P is 
given by 


Lo = Laa + Davout cm 
0 


+ lemo = imr’wo k. (1) 


Note that ER = mTpo X Vem = 0 because centre of 
mass of the disc is not moving and T oneen = lemo. 

After the impact, the disc rotates in the same di- 
rection about the axis BB’. Let angular velocity of the 
disc after the impact be @ = wk. Thus, angular mo- 
mentum of the disc about the point P just after the 
impact is 


L = Ip = (lem + mr?) = mrw k, (2) 


where we used parallel axis theorem to get the moment 
of inertia of the disc about the axis BB’. The conserva- 
tion of angular momentum, Lo = L, gives 


w = wo/3. (3) 


The disc have pure rotation (angular velocity wo) about 
the axis AA’ before the impact and pure rotation (an- 
gular velocity w) about the axis BB’ after the impact. 
Thus, kinetic energy of the disc before the impact, after 
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the impact, and loss in kinetic energy are given by 








_1 EE RO E. 
K = 5lemwo = mr wg, 
pal 2_1,.3,,,2, (wo)? _ 1 22 
K' = pIpw = 3: 3m’ (F) = gm wo, 
AK=K-K' = amr*wy. 
Ans. D 











Q 218. If the polar ice caps completely melt due to 

warming, then 

(A) the moment of inertia of the earth about its axis of 
rotation will decrease. 

(B) the earth will rotate faster. 

(C) duration of the day on the earth will decrease. 

(D) the kinetic energy of the earth will decrease. 


Sol. The melting of the ice caps leads to redistribution 
of earth’s mass. The mass (in the form of water) will 
move away from the axis of rotation (from polar region 
to the ocean). This increases the moment of inertia of 
the earth about its axis of rotation. 

Let Io, Wo, To, Lo = Towo, and Ko = Iowg/2 be 
the moment of inertia, angular velocity, time period, 
angular momentum and kinetic energy before melting 
of the ice cap. The redistribution of mass is internal 
to the earth. The angular momentum of the earth is 
conserved because there is no external torque to change 
it. The parameters after melting of the ice caps are 
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given by 
I> Io, (. of water ana 
w = L/I = Lo/I = wo o/I G Lo) 
< wo, Ge S < eh 
T = 2r /w > 27 /wo = To, Gi E 
K = 12/21 = 13/21 = (13/2I)lo/I (+ L= Lo) 
< Ko. G a < ae. 





Ans. D 











Q 219. A thin uniform rod, pivoted at O, is rotating 
in horizontal plane with constant speed w, as shown in 
the figure. At time t = 0, a small insect starts from 
O and moves with constant speed v with respect to the 
rod towards the other end. It reaches the end of the rod 
at t = T and stops. The angular speed of the system 
remains w throughout. The magnitude of torque (|F|) 
on the system about O, as a function of time is best 
represented by which plot? 


zZ 
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(A) I7 


(B) 17l 

O T O T i 
(D) FI 

LA. 


Sol. The angular momentum of a body rotating about 
z-axis with an angular speed w is given by 


L=Iw 2, 
where J is the moment of inertia about its axis of ro- 
tation. Let m be the mass of the insect. The insect is 
at a distance r = vt from the axis of rotation at time t 
(insect is moving with a constant speed v). Thus, mo- 
ment of inertia and angular momentum of the rod and 
the insect, together, about the axis of rotation is 


I = Loa + mvt’, 


L = (Loa + mv?t?)w 2. (1) 
The torque on a body about a point is equal to the rate 


of change of its angular momentum about that point 
i.e., 


7 = dL/dt. (2) 


Substitute L from equation (1) into equation (2) and 
differentiate it to get 


F = 2mv7tw 2. 
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Thus, 7 is proportional to t. When the insect reaches 
the other end (t > T), I and L become constant so 
TF = 0. We encourage you to write the expression for E 
directly 


L= Ioaw 2 + E78, and 


pmsect — mr x giset — mrë, x (vé, + wre) 
= mr2we = mv tw. 


Here r, 6 are polar coordinates and é,, €; are unit vec- 
tors in radial and tangential directions. 





Ans. B 











Q 220. A ring of mass M and radius R is pivoted at a 
point P on a frictionless table. The ring is initially at 
rest. A bug of mass m, initially at P, crawl along the 
ring with a speed v (relative to the ring). What is the 
speed of bug relative to the table when it reaches the 
diametrically opposite point X? 


= 
e 
G 
z 
e 
A 
z 
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m) 


M+ ai 
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(C) mv/(M+2m) (D) Mv/ 
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Sol. Consider the ring and the bug together as a sys- 
tem. The external force on the system acts at the 
pivot P when the bug crawl over the ring. The torque 
on the system about P is zero and hence angular mo- 
mentum of the system about P is conserved. 





Initially, the ring is at rest and the bug is at P. 
Thus, angular momentum of the system about P is zero 
i.e., Lo = 0. The ring starts clockwise rotation as the 
bug crawls from P to X. Let V be speed of the bug 
relative to the table when it reaches the point X and w 
be angular speed of the ring at this instant. The angular 
momentum of the system about P when the bug reaches 
X is 

L= Lying oP Thag 
= —Ipw + mV (2R) 
= —2M R°w + 2mVR, 


where anticlockwise direction is taken as positive and 


parallel axis theorem is used to get moment of inertia 
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of the ring about the rotation axis through P. Apply 
conservation of angular momentum, Lo = L, to get 


V = MRw/m. (1) 


The bug moves relative to the ring with a constant speed 
v, a constant. The speed of the bug relative to the 
table when it reaches X is V (tangential) and the speed 
of the ring at this point is 2wR (tangential). We used 
Ux = p +Ë x PX to get the speed of the ring at X. Thus, 
speed of the bug relative to the ring when it reaches X 
is 


v=V+2wR. (2) 


Eliminate w from equations (1) and (2) to get speed of 
the bug relative to the table as V = Mv/(M + 2m). 
Ans. D 














Q 221. A platform is free to rotate about a vertical axis 
through its centre. A boy of mass 80 kg and body radius 
0.2 m (his body is assumed as uniform cylinder) stands 
on the platform with his arms stretched horizontally 
with 5 kg dumbbell in each hand. Ignore mass of the 
arms and assume length of each arm as 1 m. The plat- 
form is given an initial angular velocity of 0.25 rad/s. 
In case (i) the boy folds his hands to bring the dumb- 
bells close to his body and in case (ii) he simply drops 
the dumbbells on the ground. Which of the following 
statement is false? 

(A) In case (i), the angular speed of the boy increases 


almost six times. 
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(B) In case (i), the kinetic-energy of the boy-dumbbells 
system increases almost six times. 

(C) In case (ii), the angular momentum of the boy- 
dumbbells system about the axis of rotation is same 
before and just after the release of dumbbells. 

(D) In case (ii), the angular speed of the boy increases 
almost six times. 


Sol. The moment of ene of the boy about the axis of 
rotation is I, = m»r? = $(80)(0.2)? = 1.6 kg m?. The 
moment of inertia of iie wo dumbbells about the axis 
of rotation when the arms are stretched is Ig = 2mql? = 
2(5)(1)? = 10 kg m?, which reduced to I} = 2mgr? = 
2(5)(0.2)? = 0.4 kg m? when the arms are folded. 








i ge EAN 
T 
J ms: C) 
Case (i): Before Case (i): After 
ON CON ri 
ay ia WO 
op me E S © on 8 
Case (ii): Before wol Case (ii): After 


Consider the boy and the dumbbells together as a 
system. In case (i), initial angular momentum of the 
system about the axis of rotation is L = (Ip + Ig)wo = 
(1.6 + 10)(0.25) = 2.9 kg m/s. Let w be angular veloc- 
ity of the system when arms are folded. Final angular 


momentum of the system about the axis of rotation is 
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L' = (h+I4)w = (1.64+0.4)w = 2w. Apply conservation 
of angular momentum, L = L’, to get angular velocity 
of the system as w = 2.9/2 = 1.45 rad/s. The angular 
velocity of the boy is increased almost six times. 

In case (ii), you may be surprised to note that the 
boy continues to rotate with his initial angular speed wo. 
Just after the release, the dumbbells are in air moving 
with a tangential velocity wol. The angular momentum 
of the dumbbells about the axis of rotation is 2mwọol?, 
which is same as the angular momentum before they 
are released. By conservation of angular momentum, 
the angular momentum of the boy before and after the 
dumbbells’ release is same. Hence, the boy continues to 
rotate with his initial angular speed wo. 

The kinetic energy of the system is given by kK = 
L?/2I. In case (i), L is conserved and the moment of 
inertia I is decreased six times. Hence kinetic energy 
of the system increases six times. The work done by 
the boy’s muscles in bringing the dumbbells close to 
his body increases the kinetic energy of the system. In 
case (ii), there is no change in kinetic energy of the 
system. 





Ans. D 











Q 222. A conical pendulum is made of a thin uniform 
rod of length l and mass m. It rotates uniformly about 
a vertical axis with angular velocity w (the upper end 
of the rod is hinged). The angle between the rod and 


the vertical is 
(A) cos! (—24,) (B) sin”! (24) 














~ Qw21 2w2l 
(C) sin! (352) (D) cos™* (32%) 
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Sol. Let us define a coordinate system with the ori- 
gin O at the hinge point, x-y axes in the horizontal 
plane and z axis vertically up. Let the rod makes an 
angle 0 with the z-axis. Consider an element of the rod 
at the point P. The radial distance of the point P is r, 
length of the element is dr, and the horizontal projec- 
tion of OP makes an angle ¢ with the x axis (see figure). 
The angle ¢ varies with time due to rotation of the rod 
about the vertical axis i.e., dd/dt = w. 


o 0 





dr 


l 
l 
INE 
j 
l 
1 P 
top view side view 





The position vector of the point P is 
r= rsin cos ġî + r sinb sin o+ rcos6 k. 
The velocity of the point P is given by 


ox T= wr sin 0(— sin di + cos ¢ J). 


II 


v 


WW.JEEBOOKS.I 


Chapter 2. Questions and Solutions 374 


The mass of the element is dm = (m/l)dr. The angular 
momentum of this element about the origin O is 


dL =dmr xt 
= (m/l)w sin 6 r?dr 
x (—cos@ cos 67 — cos f sin ¢ ĵ + sin 0 k). 

Integrate from r = 0 to r = l to get the angular mo- 
mentum of the rod about the origin O 

g ia o 

L= gml sin 0 

x (—cos 4 cos 67 — cos f sin ¢ ĵ + sin 0 Å). 

Differentiate L with time to get 


dE 1 
ae gw DP sin 0 cos 6 (sin d7 — cos ¢ J) . 


Note that 0 is constant and d¢/dt = w. 

The forces on the rod are reaction force at the hinge 
point O and the weight W = —mgk at the centre of 
mass C. The position vector of the centre of mass is 


TFo=k (sind cos $i + sin 8 sin dj + cos Å) : 
The torque on the rod about the origin O is 


> 


> 1 
T=fo x W = — mgl sin 8 (sin 67 — cos dj). 
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Use 7 = dL /dt to get the angle made by the rod with 
the vertical 


39 
ee Gee 
0 = cos ( ss R 


We encourage you to solve this problem in a rotat- 
ing frame attached to the rod. The rotating frame is 
non-inertial. You need to apply pseudo-force (centrifu- 
gal) to use Newton’s second law in this frame. 

Ans. A 

















Q 223. A uniform cube of side a rests on a horizontal 
plane whose friction coefficient is u. The cube is set 
in motion with an initial velocity, travels some distance 
over the plane and comes to a standstill. The angular 
momentum of the cube relative to the axis lying in the 
plane at right angles to the cube’s motion direction 
(A) is conserved. 

(B) becomes zero because normal force from the ground 
acts ahead of the gravitational force by a distance 
poa/2. 

(C) becomes zero because normal force from the ground 
acts behind the gravitational force by a distance 
pa/2. 

(D) becomes zero because normal force from the ground 
acts behind the gravitational force by a distance 
pa. 


Sol. Let m be mass of the cube and C be its centre of 
mass. Let x axis be along the direction of initial velocity 
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v and z axis be perpendicular to it. The x and z axes 
lies in the horizontal plane. 





The angular momentum of a body is defined about 
a point. Let angular momentum L is defined about a 
point P lying on the z-axis and L, be z-component of L. 
The component L, is sometimes called angular momen- 
tum of the body relative to z-axis. It is independent of 
the point P lying on the z-axis. 

Initially, the angular momentum of the cube rela- 
tive to the z-axis (i.e., z-component of the angular mo- 
mentum) is given by L, = —mva/2. Finally, the cube 
comes to rest and hence L, = 0. To change L,, there 
must be z-component of torque on the cube about a 
point lying on the z-axis. 
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r-------» € 














The forces on the cube are its weight mg, normal 
reaction N, and the frictional force f. The frictional 
force acts at the cube-plane interface i.e., x-z plane. 
The z-component of torque due to f about a point lying 
on the z-axis is zero. 

The normal reaction N acts at the cube-plane in- 
terface and the weight mg acts at the centre of mass C. 
Apply Newton’s second law in the vertical direction to 
get N = mg. The normal force should act ahead of C 
to generate a torque along z-axis (see figure). 

The angular acceleration of the cube is zero. Thus, 
net torque on the cube about its centre of mass C is 
Zero 1.€., 


tc = Nd — f(a/2) = mgd — umg(a/2) = 0, 


which gives d = a/2. Note that frictional force attains 
its limiting value f = uN because the cube slides on 
the surface. 





Ans. B 











Q 224. A horizontally oriented uniform disc of mass 


M and radius R rotates freely about a stationary ver- 


Chapter 2. Questions and Solutions 378 


tical axis passing through its centre. The disc has a ra- 
dial guide along which can slide without friction a small 
body of mass m. A string running down through the 
hollow axle of the disc is tied to the body. Initially the 
body was located at the edge of the disc and the whole 
system rotated with an angular velocity wo. Then by 
means of a force F applied to the lower end of the string 
the body was slowly pulled to the rotation axis. The 
angular velocity of the system in its final state is 

(A) wo(l+m/2M) (B) wo(1+2m/M) 

(C) wo(1 +2M/m) (D) woll + M/2m) 





Sol. Consider the disc of mass M and the body of mass 
m together as a system. There is no external torque on 
the disc about the axis of rotation. Also, there is no 
external torque on the body about the axis of rotation 
because the string force F passes through the axis of 
rotation at the point O. Thus, external torque on the 
system about the axis of rotation is zero. Hence, angu- 
lar momentum of the system about the axis of rotation 
is conserved. 











Y Y 
F F 
Initial State Final State 


Initially, angular velocity of the disc is wọ and tan- 
gential velocity of the body is v = wọ R. Thus, angular 


Chapter 2. Questions and Solutions 379 


momentum of the system about the axis of rotation is 
Lo = Iwo +mvR = 5M R?wWo + mR?wo. 


Finally, angular velocity of the disc is w and the body 
reached centre of the disc. Thus, angular momentum of 
the system about the axis of rotation is 


L= Iw = 5MRw. 
By conservation of angular momentum, Lo = L, we get 
w = wọ(1 + 2m/M). 


We encourage you to find the work done by the force 
F. 





Ans. B 











Q 225. Two steel balls A and B, each of mass m, are 
rotating about the vertical axis with an angular velocity 
w at a distance d from the axis. The collar C is now 
pulled down until the balls are at a distance d/3 from 
the axis. What is the work done on the collar? 


D 


(A) 8mw?d?/9 (B) mw?d? (C) 4mw?d? (D) 8mw?d? 
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Sol. Consider the two balls and the linkages together as 
a system. When the collar C is pulled down by a force 
F, the torque on the system about the axis of rotation 
(i.e., torque about any point on the axis) is zero. Thus, 
angular momentum of the system about the axis of the 
rotation is conserved. 


a1 Sv Ci Sat 
Hi i 
A CES B A B 
C 
C 
Before After 


Initially, each ball is rotating in a circle of radius d 
with an angular velocity w. Initial angular momentum 
of the system about the axis of rotation is L = 2mwd?. 
Finally, each ball is rotating in a circle of radius d/3 with 
an angular velocity w’. Final angular momentum of the 
system about the axis of rotation is L’ = 2mw’!(d/3)?. 
The conservation of angular momentum, L = L’, gives 


w = Ow. 


By work-energy theorem, the work done by the 
force F is equal to the increase in kinetic energy of 
the system. Initially, each ball is moving with a ve- 


locity v = wd. Initial kinetic energy of the system is 
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K =2x mv? = mw?d?. Finally, each ball is moving 
with a velocity v’ = w'd/3 = 3wd. Final kinetic energy 
of the system is K’ = 2x $mv’? = 9mw?d?. Thus, work 


done by the force F is 
W = K' — K = 8mw?d’. 


We encourage you to find expression for angular mo- 
mentum of each ball about the point O. Show that an- 
gular momentum of the system of two balls is indepen- 
dent of the point O. 





Ans. D 











Q 226. A star of mass 2 x 10% kg and radius 7 x 108 m 

rotates about its axis with a time period of 25.38 days. 

The star collapses to a pulsar of the minimum radius. 

Which of the following statement is false? [The star and 

pulsar are uniform spheres.] 

(A) The angular momentum and kinetic energy of the 
star are conserved when it collapses. 

(B) The radius of the pulsar is ~ 15 km. 

(C) The time period of the pulsar is ~ 107° s. 

(D) The kinetic energy of the pulsar is ~ 2 x 10° times 
that of the star. 


Sol. The star collapses due to the gravitational pull. 
The mass and angular momentum of the star are con- 
served in this process. The mass, radius, and time 
period of the given star are Mọ = 2 x 108° kg, Ryo = 
7x 10° m and Ty = 25.38 days. Let R be radius of 
the pulsar and T be its time period. Initial and fi- 


nal values of the angular momentum are Lo = Iowo = 
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2 MoR? (27 /To) and L = 2MjR?(2x/T). The conserva- 
tion of angular momentum, Lo = L, gives 


Ray = R° /T. (1) 


As the star collapses, it start rotating very fast. The 
tangential velocity of a mass element located on the 
great circle perpendicular to the axis of rotation (i.e., 
equator) is 2r R/T. This mass element will fly away 
unless gravitational pull on it is sufficient to provide 
centripetal acceleration. This condition put a limit on 
the radius i.e., 


GMo/R? = 47° R/T’, (2) 


where G is universal gravitational constant. Solve equa- 
tions (1) and (2) to get R ~ 15 km and T ~ 107° s. 

The work done by the gravitational pull increases 
rotational kinetic energy of the pulsar. The ratio of the 
final kinetic energy to the initial kinetic energy is 


K P/I I R 
Ko L2/2Ipn I F 





zx 2 x 10°. 


Can you calculate final kinetic energy of the pulsar? It 
is enormous! 





Ans. A 











Q 227. Which of the following statement is incorrect? 


(A) If linear momentum of a rigid body is zero then its 
angular momentum about the origin is equal to its 


angular momentum about any other point. 
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(B) If external force on a rigid body is zero then torque 
on it about the origin is equal to the torque about 
any other point. 

(C) The statement “angular momentum about an axis” 
means component of the angular momentum along 
the axis, which is same about any point on the axis. 

(D) A lollipop is made of a solid sphere of mass m and 
radius r that is radially pierced by a massless hori- 
zontal stick. The free end of the stick is pivoted on 
a vertical pole and the sphere rolls on the ground 
without slipping, with its centre moving in a circle 
of radius R. If L is angular momentum of the lol- 
lipop about the pivot then direction of L is same 
whether sphere is solid or hollow. 


Sol. This question highlights some of the finer points 
of rigid body motion. 

_The angular momentum of a rigid body is given 
by L= Das + Tapoi cm- The first term, Lem = =a X 
Pem, depends on the origin because fom is different for 
different origins. If linear momentum of the body is 
zero then Lem = 0 for any Tom (it is zero for any origin). 
The second term, Labout cm = Jw, is independent of the 
choice of origin. It is an intrinsic property of the body 
and generally called its spin angular momentum. 
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Let O be the origin and A be an arbitrary point 
with position vector 7. You can easily show that the 
torque about O, 7 = X F; x F; is equal to the torque 
about A, Fa = X (F; — To) X F, if net external force is 
>D F, = 0. This result is a generalization of the state- 
ment “torque due to a couple is same about any point”. 

The angular momentum (also torque) is defined 
about a specific point. This point is not specified in 
statement “angular momentum about an axis” because 
it is same about any point on this axis. A similar state- 
ment “angular momentum of a body” neither specify 
the point nor the axis. It usually means spin angular 
momentum of the body (which is independent of the 
origin). 

The formula L = Iw may tempt you to believe that 
L is parallel to w. It is true in special cases when ro- 
tation is confined to a fixed plane. In case of lollipop, 
whether sphere is solid or hollow, the angular velocity is 
along the line joining pivot point and the contact point 
of the sphere with the ground (these points are instan- 
taneously at rest). However, the angular momentum 
also depend on the moment of inertia. Its direction for 
the solid sphere is different from that for the hollow 
sphere. 
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Q 228. A person is sitting on a stool that is initially not 
rotating and is holding a spinning wheel. The moment 
of inertia of the person and the stool about a vertical 
axis passing through the center of the stool is Ip. The 
moment of inertia of the wheel about an axis, perpen- 
dicular to the plane of the wheel, passing through the 
center of mass of the wheel is J = Ip/4. The mass of 
wheel is m and it is spinning initially at an angular 
speed w. The distance of an axis passing through the 
center of mass of the wheel to the axis of rotation of 
the stool is d = ,/I/3m. What is the angular speed of 
the person and stool after the spinning wheel is turned 
upside down? [Ignore any frictional torque in the bear- 
ings of the stool.] 








(A) 3w/8 (B) 3w/4 (C) w/4 (D) w/2 


Sol. The angular momentum of the system about the 
vertical axis passing through the centre of the stool (z-z) 
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is conserved. Initially, angular momentum of the system 
about z-z is due to spinning of the wheel i.e., 


L= Lem + Labout cm =0+Iw= Iw, 


where Lem = 0 because centre of mass of the wheel is 
not translating. 

When the wheel is turned upside down, the stool 
start rotating in anticlockwise direction (when looking 
from above) with an angular speed Q. The angular 
momentum of the stool plus the man about z-z is 


Ly = DQ. 


The centre of mass of the wheel is translating with a 
speed Qd. The angular speed of the wheel relative to a 
fixed reference frame is 2+ = (Q—w)k (the negative 
sign of W is due to reversal of wheel’s spinning direc- 
tion when it is turned upside down). [You can correlate 
this with the angular speed of a spinning earth revolv- 
ing around the sun. The angular speed of the earth is 
15.04°/h and not 15°/h.]. The angular momentum of 
the wheel about z-z due to translation of its centre of 
mass and rotation about a fixed reference frame is 


Lo = MP + I(Q — w). 
Thus, final angular momentum of the system is 
L' = L + Lo = (Io + m + DQ — Iw. 
The conservation of angular momentum, L = L’, gives 


2Iw 3w 


Q= = ? 
Io + I + md? 8 
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You are encouraged to show that angular speed of a 
spinning earth revolving around the sun is 15.04°/h and 
not 15°/h. 





Ans. A 











Q 229. A uniform rod of mass m and length | is piv- 
oted at its middle on a smooth horizontal table. A 
ball of mass m moving with velocity v collides elasti- 
cally with the rod at its end (see figure). Which of the 
following quantities are conserved for the ball-plus-rod 
system during the collision? 


m 


| 


l ¢P 


| U enm 


(A) angular momentum about the pivot. 

(B) angular momentum about the pivot and kinetic en- 
ergy. 

(C) angular momentum about the pivot, linear momen- 
tum and kinetic energy. 

(D) angular momentum about the point of collision and 
kinetic energy. 


Sol. The kinetic energy is conserved in an elastic colli- 
sion. The external force (impulsive reaction force) acts 
on the system at the pivot point P. Thus, linear mo- 


mentum of the system is not conserved. The external 
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impulsive torque on the system about the pivot P is 
zero. Hence angular momentum of the system about 
this point is conserved. There is non-zero torque about 
the point of collision due to the impulsive reaction force 
at the pivot. Thus, angular momentum about the point 
of collision is not conserved. 

We encourage you to find angular velocity of the 
rod after the collision. 





Ans. B 











Q 230. A rod of length L and mass M is hinged at 
point O. A small bullet of mass m moving with velocity 
v hits the rod as shown in the figure. The bullet gets 
embedded in the rod. Find angular velocity of the sys- 
tem just after impact. 


O 
L 
v 
D> 
(A) m (©) rem 
(©) ramen (D) temin 


Sol. Consider the bullet and the rod together as a sys- 
tem. The collision forces are internal to the system. The 
reaction at the hinge point O is the only external force. 
The external torque about O is zero and hence angular 
momentum about O is conserved. Angular momenta of 
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the system about O before and after the collision are 


Li = mvL, 
Ly = low + m(wL)L, 


where To = ¿ML? is moment of inertia of the rod about 
a perpendicular axis of rotation passing through its end, 
w is the angular velocity of the rod, and wL is the veloc- 
ity of the ball (velocity of collision point) after the colli- 
sion. The conservation of angular momentum, L; = Lp, 
gives w = EESTE 

Aliter: The change in the linear momentum of the 
bullet is 


APpullet = pf — pi = MmwLî — mvi = m(wL — v\i. 
Newton’s seconds law gives force on the bullet as 
foulet = APhunet/At = m(wL — v)/At ĉ. 


By Newton’s third law, the force acting on the rod is 
froa = — fouet = M(v — wL)/At 7. The torque on the 
rod about O by the force froa is 


(m(v — wL)/At) L = Ioa = $ML? (w/At), 


r ‘ = 3mv 
which gives w = L(m+M)° 





Ans. D 











Q 231. A ballistic pendulum of mass M has a moment 
of inertia Io about its axis of rotation. A bullet of mass 
m is fired into the pendulum as shown in the figure. It 
is observed that the pendulum then undergoes angular 
displacement 6). Find the velocity of the bullet. 
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D) goe 00) 














Sol. Consider the bullet and the pendulum together as 
a system. The angular momentum of the system about 
the fixed point O just before the impact is 


L = mul. (1) 





After the impact, bullet gets embedded into the 
pendulum. Let w be the angular velocity of the pendu- 


lum just after the impact. The angular momentum of 
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the system about the fixed point O just after the impact 
is 


LU! = Ihw = (Io + ml? )w. (2) 


where JG is moment of inertia of the system (bullet and 
pendulum together) about O. The angular momentum 
of the system is conserved as there is no external torque 
about the point O i.e., 


LST (3) 
Substitute L and L’ from equations (1) and (2) to get 


7 mul 
a Io + ml2° 


(4) 


After the impact, system rotates about a fixed axis pass- 
ing through O. The kinetic energy of the system just 
after the impact is 


K; = 41 = 


=35 (Io + ml?)w? 


1 
2 
24272 
mevurl 
= ——.. ing 4 

Io + mi) (using 4) 
The kinetic energy of the system at the maximum an- 
gular displacement is zero i.e., Ky = 0 at the angle 6o. 
The potential energy of the system just after the impact 
is U; = 0 and the potential energy when it rotate by an 
angle ĝo is 


Uy = (M + m)gl(1 — cos 0o). (5) 
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By the conservation of mechanical energy, Ki + Ui = 
Ky + Uf, we get 
m2y2l2 
——.. = (M i(1 — 00), 
2(Io a mi?) ( + m)g ( cos 0) 


which gives 








ja yom + m)(Io + ml?)g(1 — cos 80) 


m?l 


This type of pendulum is called ballistic pendulum. 
They are used to measure the speed of a moving ob- 
ject like bullet. We encourage you to find the loss in 
mechanical energy during impact. 





Ans. A C 











Q 232. Two heavy metallic plates are joined together 
at 90° to each other. A laminar sheet of mass 30 kg 
is hinged at the line AB joining the two heavy metal- 
lic plates. The hinges are frictionless. The moment of 
inertia of the laminar sheet about an axis parallel to 
AB and passing through its centre of mass is 1.2 kg m?. 
Two rubber obstacles P and Q are fixed, one on each 
metallic plate at a distance 0.5 m from the line AB. 
This distance is chosen, so that the reaction due to the 
hinges on the laminar sheet is zero during the impact. 
Initially the laminar sheet hits one of the obstacles with 
an angular velocity 1 rad/s and turns back. If the im- 
pulse on the sheet due to each obstacle is 6 N s, 
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(a) Find the location of the centre of mass of the lam- 
inar sheet from AB. 

(b) At what angular velocity does the laminar sheet 
come back after the first impact? 

(c) After how many impacts, does the laminar sheet 
come to rest? 


(a) 0.1 m (b) 1 rad/s (c) never 
(a) 0.2 m (b) 1 rad/s (c) never 

(a) 0.1 m (b) 0.1 rad/s (c) never 

(a) 0.1 m (b) 0.1 rad/s (c) never 

Sol. Let r be the perpendicular distance of the centre of 
mass C from the line AB, wo = 1 rad/s be the angular 


velocity of the sheet just before the collision and w be 
the angular velocity just after the collision. 
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The linear momenta of the sheet before and after 
the collision are 


Pi = MVom,i = Mo X T = 30r J, 
Dp = MUem, f = —380wr j. 


Let impulse F At = 6 N s acts for a time At. Impulsive 
force F' = —F ĵ is the only force acting on the sheet be- 
cause reaction due to the hinge is zero. Apply Newton’s 
second law, F' = (py — p;)/At, to get 

5r(w+1)=1. (1) 
The torque about C is 


F = fpo x F = —F(0.5 —r)k = —6(0.5 — r)/At k. 





This torque is equal to the rate of change of angular mo- 
mentum of the sheet about C. Angular momenta about 
C just before and just after the collision are 


L = Iwo k, 
Ly = —Iwk, 
where J = 1.2 kg m?/s is the moment of inertia of the 


sheet about an axis GAT to AB and passing through 
C. Using, T = (Ly — L;)/At, we get 


5(0.5—-r) =wt+l1. (2) 
Solve equations (1) and (2) to get w = 1 rad/s and 
r = 0.1m. The value w = 1 rad/s shows that the sheet 


returns with the same speed and hence it will never 
come to rest. 





Ans. AE 
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Q 233. Two uniform rods A and B of length 0.6 m 
each and of masses 0.01 kg and 0.02 kg respectively are 
rigidly joined end to end. The combination is pivoted 
at the lighter end, P as shown in the figure, such that 
it can freely rotate about point P in a vertical plane. A 
small object of mass 0.05 kg, moving horizontally, hits 
the lower end of the combination and sticks to it. What 
should be the velocity of the object, so that the system 
could just be raised to the horizontal position? 


P 


(A) 7.3 m/s (B) 4.3 m/s (C) 5.3 m/s (D) 6.3 m/s 


Sol. Let | = 0.6 m be the length of each rod, m4 = 
0.01 kg be the mass of rod A, mg = 0.02 kg be the 
mass of rod B, and m = 0.05 kg be mass of the colliding 
object. The rod is free to rotate about P. Consider the 
rods and the colliding object together as a system. Dur- 
ing collision, there are equal and opposite forces on the 
object and the rod at the impact point. These forces are 
internal to the system and cannot give external torque 
about P. The reaction force at the hinge point P can- 
not produce external torque about P because it passes 


through P. Thus, there is no external toque about P 
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and hence angular momentum of the system about P is 
conserved. We encourage you to comment on the con- 
servation of linear momentum! The moment of inertia 
of the system about an axis passing through P is given 
by 


Ip= smal” + (Amal? +mp Go’) + m(21)? 
= }(ma+7mg + 12m) l. 

Let v be the velocity of colliding object and w be the 
angular velocity of the system just after the collision. 
Angular momentum of the system about P just before 
and just after the collision is 

Li = mv(2l) = 2ml, 

Ls = Ipw = 3 (ma +7mp + 12m) lw. 
The conservation of angular momentum, L; = Ly, gives 


2mlv 6mu 
w= = ; 
Ip (ma + 7mg + 12m)l 





The rod will become horizontal if the rotational kinetic 
energy is equal to the increase in gravitational potential 
energy i.e., 


sIpw* = mag (1/2) + mpg (31/2) + mg(2l). 
Substitute for Ip and w to get 





v ma +3mpg +4m)(ma + 7mp + 12m) 


adka 
~ 12m? 
= 6.3 m/s. 





Ans. D 
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Q 234. A homogeneous rod AB of length l = 1.8 m and 
mass M is pivoted at the centre O in such a way that it 
can rotate freely in the vertical plane (see figure). The 
rod is initially in the horizontal position. An insect S 
of the same mass M falls vertically with speed v on the 
point C, midway between the points O and B. Immedi- 
ately after falling, the insect moves towards the end B 
such that the rod rotates with a constant angular ve- 
locity w. 








i} 
sq 
A O C B 

K >K >K >| 





(a) Determine the angular velocity w in terms of v and 
l; 

(b) If the insect reaches the end B when the rod has 
turned through an angle 90°, determine v. 


(A) (a) 12v/7I (b) 2.5 m/s 
(B) (a) 12v/171 (b) 3.0 m/s 
(C) (a) 12v/71 (b) 3.5 m/s 
(D) (a) 12v/171 (b) 3.5 m/s 


Sol. Part (a): Consider the rod and the insect together 
as a system. The collision force between the insect and 
the rod is internal to the system. Thus, there is no 
external torque on the system about the pivot point 
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O. Hence, angular momentum of the system about O is 
conserved. The angular momentum about O just before 
and just after the collision is 


Li = Mv (1/4) = 4 Mol, 
Ly = Iw = | GMP +M (i) |w= Mw. 


The conservation of angular momentum, Li = Ly, gives 





Part (b): Let the insect be at a distance x from O 
at time t. The forces on the system are weight of the 
insect Mg, weight of the rod Mg, and reaction force 
at the pivot point. The external torque and angular 
momentum of the system about O is 

T = Mgxcosé = M gg cos wt, 
L= Iw = (M? + Ma?) w. 


Now, equating T = dL/dt, we get 


Mga coswt = 2Mweax dz/dt, 
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da = © coswtde. (1) 
2w 


At t = 0, the rod is horizontal and z = 1/4. The rod will 
turn through angle 0 = 90° in time t = 0/w = T/(2w) 
and at that instant x = 1/2. Integrate equation (1) 


1/2 = g 
f dx =| — coswt dt, 
1/4 0 2w 


to get w = y2g/l. Thus, v = lw = $vV2gl = 


5 V2(10)1.8 = 3.5 m/s. 


m. 





Ans. C 











Q 235. An object of mass mp and speed vo strikes at 
the free end of a rigid uniform rod of length / and mass 
m that is hanging by a frictionless pivot from the ceiling. 
Immediately after striking the rod, the object continues 
forward but its speed decreases to vo /2. The angular 
velocity of the rod immediately after the collision is 
(A) 2% (B) $m (C) gmuwe (D) 2 movo 


3 mol 2 mol 2 ml 3 ml 











Sol. Consider the rod and the object together as a sys- 
tem. The external forces on the system are reaction 
at the pivot point O and the gravitational attraction. 
During collision, external torque on the system about 
the point O is zero because reaction force acts at O 
and the gravitational force passes through O. Thus, an- 
gular momentum of the system about the point O is 


conserved. Initially, the rod is at rest and the object of 
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mass Mmo moves with a velocity vg at a perpendicular 
distance l from the point O. The angular momentum of 
the system about O just before the collision is 











Li = Movol. 
Before After 
O | O = 
l w 
—E 
o> vo | o> 20 
0 mo 2 


After collision, the object continue to move with 
a reduced speed vo/2. Let the rod start rotating with 
an angular velocity w about the fixed point O. Angular 
momentum of the system immediately after the collision 
is 

Lp = m?l + Iow = SMovol + gml?w. 
By conservation of angular momentum, L; = Ly. Sub- 
stitute values to get w = 3 moto, 

Can you find the loss in linear momentum and the 
loss in kinetic energy during collision? We encourage 
you to find vo for which the rod just touches the ceiling. 
Hint: vo = eV 4gl/3. 





Ans. C 
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Q 236. A thin uniform square plate with side a and 
mass M can rotate freely about a stationary vertical 
axis coinciding with one of its sides. A small ball of mass 
m flying with a velocity vp at right angle to the plate 
strikes elastically at its centre. The angular velocity of 
the plate after the impact is 


Av v 
(A) aTM JIM) (B) aTFAN TS) 








4v v 
(C) a(i+4m/3M) (D) a(i+4M/3m) 


Sol. Let the plate lies in the x-y plane and it is free to 
rotate about y-axis. The velocities of the ball of mass 
m before and after the collision are ù; = —vọo k and 
Uf = —v k. The angular velocity of the plate before 
the collision is č; = 0 and that after the collision is 
ws = Wj. 











y y 
' ctu 
M| 
a/2 
C 
fio 
m 
O, >r x 
Pe 
z Before z After 


Consider the ball and the plate together as a sys- 
tem. There is no external torque on the system about 
the y-axis. Thus, angular momentum of the system 
about the y-axis (i.e., y-component of the angular mo- 
mentum) is conserved. Before the collision, angular mo- 
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mentum of the system about the y-axis is 
Lyi = Mvp a/2. 


After the collision, angular momentum of the system 
about the y-axis is 


Ly f = mva/2+ Iw = mva/2 + (Ma?/3)w, 


where J is moment of inertia of the plate about y-axis. 
The conservation of angular momentum about y-axis, 
Lyi = Lyf, gives 


mu a/2 = mva/2 + Mwa?/3. (1) 


The kinetic energy of the system is conserved in 
an elastic collision. The kinetic energy of the system 
before the collision is 


os Vig 
K; = zmug- 


The kinetic energy of the system after the collision is 


K; = imo? + iIw? = ima? + $ Ma? w’. 
The conservation of kinetic energy, K; = Ky, gives 
imu = imo? + Maw. (2) 
Eliminate v from equations (1) and (2) to get 


_ 4v9 
Y= Gd +4M/3m)° 


We encourage you to find the horizontal component of 
the reaction force on the plate after the collision. Hint: 
this force provides the centripetal acceleration. 


Ans. D 
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Q 237. A uniform rod of mass m and length l is placed 
on a frictionless horizontal surface. A ball of mass m 
traveling perpendicular to the rod collides with it at a 
distance d from the centre. If the ball and the centre of 
the rod move with equal speeds after the collision then 
d is equal to 


(A) 1/73 (B) 1/3 (C) 1/v6 (D) 1/6 


Sol. Let vo be velocity of the ball of mass m before the 
collision, v be equal speeds of the ball and the centre 
of the rod after the collision, and w be angular speed 
of the rod after the collision. The centre of mass of 
the uniform rod of mass m and length / lies at its mid- 
point C. 


m m 
me—»vo y m> v 
d 
w 
$ c Chev 
l 
yY 2 
tog 
Before After 


Consider the ball and the rod together as a sys- 
tem. There is no external force on the system in the 
x-direction. Thus, linear momentum of the system in 
this direction is conserved. Initially, linear momentum 
of the system is p; = mvg. Finally, linear momentum of 
the system is pp = mv + mv = 2mv. The conservation 
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of linear momentum, p; = pf, gives 
v = vo/2. (1) 


The kinetic energy of the system is conserved in an 
elastic collision. Initially, kinetic energy of the system 
is 

K; = mvs. 
Finally, kinetic energy of the system is 
Ky = Kf pall + K prod = imo? + ($mv? + $Icw") 
Dg Ae Ae ye 58 Dei TE ond 
= mv + 5 qgml* w = mv + zm w. 
The conservation of kinetic energy, K; = Ky, gives 


cs De A ae SO: fio SB gD 
azmu = mv’ + zm w. (2) 


The external torque on the system about the 
point C is zero. Thus, angular momentum of the sys- 
tem about the point C is conserved. Initially, angular 
momentum of the system about the point C is 


Li = mvod. 


Finally, angular momentum of the system about the 
point C is 


Ls = Livan + Lfroa = moud + (mv(0) + Tow) 


= mvd + pm w. 
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The conservation of angular momentum, Li = Lr, 
gives 


mvod = mvd + pm w. (3) 


Solve equations (1)-(3) to get d = 1/6. 





Ans. C 











Q 238. A ball of mass m travels at speed vo perpen- 
dicular to a uniform rod of mass m and length l, which 
is initially at rest. The ball collides completely inelas- 
tically with the rod at one of its ends and sticks to it. 
The angular velocity of the system after the collision 
is 


(A) 4v9/3l (B) 5vo/6l (C) vo/l (D) 6vo/51 


Sol. Consider the ball and the rod together as a system. 
The centre of mass of the uniform rod of mass m and 
length / lies at its mid-point C. The centre of mass of 
the rod-ball system, C’, lies at a distance 1/4 from C. 


mM @—+ vo m 


Spies Broa y 
Q 
Q 


ES 


Before After 


Let v be velocity of C’ and w be angular velocity of the 
system after the collision. 
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There is no external torque on the system about the 
point C’. Thus, angular momentum of the system about 
this point is conserved. Initially, angular momentum of 
the system about the point C’ is 


Li = mvo(l/4). 
Finally, angular momentum of the system about the 
point C’ is 
Ly = Ly, em + Ly, about cm = O+ Tow 
2 2 
= (ame? +m (4) ) +m (4) w= aml w. 
The conservation of angular momentum, L; = Ly, gives 


mvol = aml w. 


1 

4 
Solve to get w = 6vo/5l. We encourage you to get 
this result by using conservation of angular momentum 
about the point C. Hint: use conservation of linear mo- 
mentum to get v = vo/2. 





Ans. D 











Q 239. A uniform rod of mass m and length l is placed 
on a smooth horizontal surface. One end of the rod 
is hit with a hammer in such a way that the blow is 
instantaneous, horizontal, and perpendicular to the rod. 
If the centre of mass of the rod starts moving with a 
speed v then the speeds of two ends of the rod right 
after the blow are 

(A) 3v, 2v (B) 4v, 2% (C) 4v,3v (D) 3v, v 
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Sol. The centre of mass of the uniform rod AB of mass 
m and length l lies at its mid-point C. Let the hammer 
applies a force F for a small time At at the end A. 
Immediately after the blow, let w be angular velocity of 
the rod and v be velocity of its centre of mass C. 


A A 


F VA 


Q 
K— ni~ —K— ni~ —y 
Q 

2 


UB 
B B 


By Newton’s second law, linear impulse imparted 
to a body is equal to change in its linear momentum 
i.e., FAt = Ap. The linear impulse imparted to the 
rod is FAt. This impulse increases linear momentum 
of the rod from zero to mw i.e., 


FAt = nw. (1) 


The torque on the rod about its centre of mass C 
is tc = F 1/2. The angular impulse about C imparted 
to the rod is rcAt = FAt 1/2. The angular impulse 
increases angular momentum of the rod (about C) from 
zero to lcw i.e, 


FAt 1/2 = Icw = 4ml?w. (2) 


Eliminate F'At from equations (1) and (2) to get w = 


6u/l. The velocity of the end A is v4 = v + w 1/2 = 4v 
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and that of the end B is vg = v—w l/2 = —2v (towards 
left). 





Ans. B 











Q 240. A uniform rod of mass M and length l is placed 
on a smooth horizontal surface. A ball of mass m trav- 
eling with a speed v perpendicular to the rod collides 
elastically with the rod at a distance d from the center. 
Which of the following statement is correct? 

(A) The speed of the ball relative to the ‘collision point 
on the rod’ is the same before and immediately 
after the collision. 

(B) The angular momentum of the ball about the cen- 
tre of the rod is conserved. 

(C) The kinetic energy of the ball is conserved. 

(D) The centre of the rod start moving with a speed 
mv/(m + M). 


Sol. The centre of mass of the uniform rod lies at its 
mid-point C. After collision, let v’ be velocity of the 
ball, w be angular velocity of the rod and V be velocity 
of its centre of mass C. 


M M 
me—>v 7 ME v! 
d w 
x C C V 
l 
y 2 
paged 
Before After 
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Consider the ball and the rod together as a sys- 
tem. There is no external force on the system. Apply 
conservation of linear momentum in the x-direction to 
get 


mv = mv' + MV. (1) 


The kinetic energy of the system is conserved in an elas- 
tic collision i.e., 


imo? = Imu”? + MV? + iIa’, (2) 


where J = MI/?/12 is momentum of inertia of the rod 
about its centre of mass. 

The angular momentum of the system is conserved 
because there is no external torque on it. The conser- 
vation of angular momentum about the point C gives 


mod = mv'd + Iw. (3) 


Before collision, speed of the ball relative to the 
collision point on the rod is v. After collision, the ball 
moves with a speed v’ and collision point on the rod 
moves with a speed V + wd. Thus, speed of the ball 
relative to the collision point on the rod is v’ — (V +wd). 
Use equations (1)-(3) to show that v’ — (V +wd) = —v. 
A person sitting at the collision point will observe that 
the ball bounces back with the same speed. Can you 
correlate this with similar results in 1-D collision? 

Ans. A 














Q 241. A rod of mass m and length l rotates about its 


centre of mass on a frictionless horizontal surface. One 
WW.JEEBOOKS.I 


Chapter 2. Questions and Solutions 410 


end of the rod collides elastically with a ball of mass M 
placed on the surface. If the rod has pure translational 
motion after the collision then M is equal to 


l l 
K— § —k— į — 
Me 


, 


(A) m (B) 2m (C) m/2 (D) 2m/3 








Sol. Before collision, let wo be angular velocity of the 
rod of mass m and length l. After collision, let v be 
velocity of the centre of mass C of the rod and v’ be 
velocity of the ball of mass M. 


wo 


me — f Before 
1/2 C 1/2 


Consider the rod and the ball together as a sys- 
tem. The linear momentum of the system is conserved 
because there is no external force on the system. Be- 
fore collision, linear momentum of the system is zero 
because the ball and centre of mass of the rod, both are 
at rest. After collision, linear momentum of the system 
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is (Mv' — mv). The conservation of linear momentum 
gives 


Mv = nw. (1) 


The kinetic energy of the system is conserved in an 
elastic collision. Before collision, kinetic energy of the 
system is $[ows = #ml?w%. After collision, kinetic en- 
ergy of the system is imu? + 3M v’”. The conservation 
of kinetic energy gives 

Hwi = 4mo? + LM". (2) 

The angular momentum of the system is conserved 
because there is no external torque on the system. Be- 
fore collision, angular momentum of the system about 
the point C is Iowo = zyml?wo. After collision, an- 
gular momentum of the system about the point C 
is Mv'(l/2). The conservation of angular momentum 
about the point C gives 


pwo = $Mv'l. (3) 


Solve equations (1)—(3) to get M = m/2. 





Ans. C 











Q 242. A wedge of mass m and triangular cross-section 
(AB = BC = CA = 2R) is moving with a constant 
velocity (—vî) towards a sphere of radius R fixed on a 
smooth horizontal table as shown in the figure. The 
wedge makes an elastic collision with the fixed sphere 


and returns along the same path without any rotation. 
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Neglect all friction and suppose that the wedge remains 
in contact with the sphere for a very short time At, 
during which the sphere exerts a constant force F on 


the wedge. 
zZ 
L Co) A \ 
aA v 
s mma y 
x B C 


(a) Find the force F and also the normal force Ñ ex- 
erted by the table on the wedge during the time 
At. 

(b) Let h denote the perpendicular distance between 
the centre of mass of the wedge and the line of ac- 
tion of F. Find the magnitude of the torque due to 
the normal force Ñ about the centre of the wedge, 
during the interval At. 





























(A) (a) Je (v3 A), (a + ma) È (o) Sea 
(B) (a) i (v3i- 8), (Fes + mg) È (o) Hih 
(C) (a) 2e (v3 k), (2 + mg) k (b) Be, 
(D) (a) 28 (V3 — k), (222 + mg) È (b) ABA 





Sol. The velocity of the wedge before the collision is 
Uy = —vt. The sphere is fixed and the collision is elas- 
tic. Conservation of energy and linear momentum give 
velocity of the wedge after the collision as v/, = vi. 
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The collision force F on the wedge acts normal to 
the surface as shown in the figure. Resolve F in x and 
z directions to get 


F, = F cos30° = V3F/2, 
F, = —F sin 30° = —F/2. 


The change in linear momentum of the wedge is 
Aps = Pf,x — Dig = mv — (—mv) = 2mv, 
Ap: = Pf,z — Piz = 9. 


Newton’s second law in the x direction, Fẹ = Ap, /At, 
gives F = 4mv/(V/3At). Thus, 


Feran eT sae he oy 
At V3At 





Other forces on the wedge are its weight —mgk and 
normal reaction N (upwards). Newton’s second law in 
the z direction gives 





n 2mvu A 
N = (mg + F sin 30°) k = + k. 
ing + Fsina0")k= (mo + 22) 
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Since motion of the wedge is linear, net torque acting 
on the wedge about its centre of mass G is zero. The 
weight —mgk passes through G and hence it cannot 
produce any torque about G. The torque by F about G 
is 








> 4mvh 
T rx F=—Fhj=—-——j, 
which is equal and opposite to torque due to Ñ. 





Ans. A 











Q 243. A billiard ball of radius r is horizontally hit by 
a cue at a height h above the ground. If linear velocity 
acquired by the ball is v then its angular velocity is 


| 
(A) 5uh (B) Qur? (C) 2v(h—r) (D) Buln) 


2r2 5h 5r2 r2 














Sol. Let the cue applies an impulsive force F for a time 
interval At. The linear impulse applied to the ball is 
equal to increase in its linear momentum (initially, the 
ball is at rest) i.e., 


FAt = nw. (1) 
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The angular impulse applied to the ball about its 
centre of mass C is Tem At = F (h — r)At. This impulse 
increase angular momentum of the ball about its centre 
of mass C from zero to Icmw i.e., 

F(h — r)At = mw = mrw. (2) 
Divide equation (1) by (2) to get w = 5u(h — r)/2r?. 

If the cue hit the ball below the centre C then the 
ball moves towards the right but rotates in opposite 
direction. We encourage you to find the value of h for 
which the ball start rolling without slipping. Hint: h = 
Tr/5. 





Ans. D 











Q 244. A thin uniform bar of length l and mass 8m 
lies on a smooth horizontal table. Two point masses m 
and 2m are moving in the same horizontal plane from 
opposite sides of the bar with speeds 2v and v respec- 
tively. The masses stick to the bar after collision at a 
distance 1/3 and 1/6 respectively from the centre of the 
bar. If the bar starts rotating about its centre of mass 
as a result of collision, the angular speed of the bar will 
be 
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m, 2v 


| 





ol~ 
wi~ 











(A) 3 (B) $r (C) 3 (D) & 


Sol. Consider the bar and two masses together as a sys- 
tem. The external force on the system is zero. Hence, 
linear momentum of the system is conserved. The lin- 
ear momentum of the system before the collision is 
pi = (2m)v + (8m)0 — m(2v) = 0. 




















m, 2v 
k- t 
Before 6 3 
( e e e 
i O 
2m,v 
ine en L 4 
After 6 co 
( 2m © g J om } 
i 
1 
w* 


The centre of mass of the system lies at the point O. 
The linear momentum of the system after the collision 
is pp = (2m + 8m + m)vo. The conservation of linear 
momentum, p; = pr, gives vo = 0 i.e., the point O 
remains fixed. 
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There is no external torque on the system about 
the point O. Thus, angular momentum of the system 
about the point O is conserved. Before collision, the 
angular momentum of the system about the point O is 


Li = (2m\w(l1/6) + m(2v) (1/3) = mul. 


After collision, the bar rotates with an angular speed 
w about the point O. The angular momentum of the 
system about the point O is 


Ly =2m (wt) $ + E 8MmPw +m (wt) t 
= mw. 
By conservation of angular momentum, L; = Ly, we get 
w = 6v/5l. We encourage you to analyse this problem 


by varying mass, velocity or point of collision of one of 
the particle from the given values? 





Ans. B 











Q 245. A uniform bar of length 6a and mass 8m lies 
on a smooth horizontal table. Two point masses m and 
2m moving in the same horizontal plane with speed 2v 
and v respectively, strike the bar (see figure) and stick 
to the bar after collision. Denoting angular velocity 
(about the centre of mass), total energy and centre of 
mass velocity by w, E and ve respectively, we have after 
collision, 


WW.JEEBOOKS.I 


Chapter 2. Questions and Solutions 418 














(A) vp =0 (B) w=} (C)w=Z (D) E= fm? 


w 


Sol. Consider the bar and the two masses together as 
a system. The centre of mass of the system is same as 
the centre of mass of the rod, C. The collision forces 
and torques are internal to the system. Thus, linear 
and angular momentum of the system are conserved. 
The linear momenta of the system before and after the 
collision are 


pi = 8m(0) + m(2v) — 2m (v) = 0, 

ps = (8m + m + 2m)ve = 11m, 
where ve is the velocity of the centre of mass. The 
conservation of linear momentum, p; = pf, gives Ve = 0. 
Since ve = 0, the rod rotates about the perpendicular 


axis passing through C. The angular momenta about C 
before and after the collision are 


Li = 2m(v)(a) + m(2v) (2a) = 6mva, 
Ly = Iw = | 4(8m) (6a)? + (2m)a? + m(2a)?] w 
= 30ma7w. 
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Conservation of angular momentum, L; = Ly, give w = 


v/(5a). Total energy of the system after the collision is 


E=}mv? + ¢1w* =0 + § (30ma’) (2) =m. 


Ans. A, C,D 














Q 246. Consider a body consisting of two identical 
balls, each of mass M connected by a light rigid rod 
of length L (see figure). If an impulse J = Mv is im- 
parted to the body at one of its end, what would be its 
angular velocity? 


a 
J = Mv 


(A) z (B) 7 (©) 3z O) xz 


Sol. Let impulse J acts for a time interval At. By 
definition, 


J = Mv = FAt. (1) 





From equation (1), F = Mv/At, and torque on the 
system is 
Tom = F X (1/2) = MvL/(2At). 


The torque Tem changes the angular momentum of the 
system by 


AL = Ten At = MvL/2. (2) 
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Also, change in angular momentum is given by 


AL = Le — Li = Tem — Tem 
= (GML? + MI?) w = $MLw. (3) 


Divide equation (2) by (3) to get w = v/L. 





Ans. AE 











Q 247. A thin uniform bar lies on a frictionless hori- 
zontal surface and is free to move in any way on the 
surface. Its mass is 0.16 kg and length is J/3m. Two 
particles, each of mass 0.08 kg are moving on the same 
surface towards the bar one with a velocity of 10 m/s 
and the other with 6 m/s, as shown in the figure. The 
first particle strikes the bar at point A and the other at 
point B. Points A and B are at a distance of 0.5 m from 
the centre of the bar. The particles strike the bar at the 
same instant of time and stick to the bar on collision. 
Calculate the loss of kinetic energy of the system in the 
above collision process. 


10 m/s A 
ee SSH 
eh ee 

6 m/s B 


(A) 1.72 J (BY BB (C) 3.795 (D) A472 
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Sol. Let M = 0.16 kg be the mass of the rod, L = 
V3 m be its length, and point A and B are located at a 
distance l = 0.5 m away from the centre of mass C (see 
figure). 


Before i After 
M i M 
i 
merva tA l Agm 
l 
i l 
c | |L XC v 
i ply? 
l 
me+vp {B ; Bem 
l 
l 
l 





Let m = 0.08 kg be the mass of two balls, and v4 = 
10 m/s and vg = 6m/s be their velocities. Consider 
the rod and two balls together as a system. After the 
collision, let v be the velocity of the centre of mass C 
and w be the angular velocity of the system. Since 
there is no external force on the system in the direction 
of collision, the linear momentum of the system in the 
direction of collision is conserved i.e., 


mva + mvg = (m+m+ Myw. 


Substitute the values to get v = 4 m/s. 
There is no external torque on the system. Hence, 
angular momentum of the system is conserved. Thus, 
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angular momentum of the system about centre of mass 
C is conserved i.e., 


mval — mvgl = Iw = (ML? + ml? + ml?) w 
where, J is the moment of inertia of the system about 
a perpendicular axis passing through C. Substitute the 
values to get w = 2 rad/s. 


Loss of kinetic energy of the system due to inelastic 
collision is 


AK=K;- K; 
=(¢mv4 + mwh) — ema 
=4mv4 + mwh — (2m + Myw? 
— 4 (GML? + 2m?) u? 
=4 + 1.44 — 2.56 — 0.16 = 2.72 J. 
Ans. B 














Q 248. A rod AB of mass M and length L is lying on 

a horizontal frictionless surface. A particle of mass m 

travelling along the surface hits the end A of the rod 

with velocity vo in the direction perpendicular to AB. 

The collision is elastic. After the collision the particle 

comes to rest. 

(a) Find the ratio m/M. 

(b) A point P on the rod is at rest immediately after 
collision. Find the distance AP. 

(c) Find the linear speed of the point P a time + L after 
the collision. 





(A) (a) 3 (b) a (0) 3% (B) (a) 2 (b) 11 (c) 3% 
(C) zh) glo Bm OW) (a)z (O) Bt to) o 
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Sol. Let C be the centre of mass of the rod of mass M 
and length L. 


Nb 


Pr 
s| g 
Cx ch} » 


m m 
e-vpo Ux e 


A A 


Nb 

















Consider the rod and the particle together as a sys- 
tem. Let v be the velocity of C and w be the angular 
velocity of the rod just after the collision. The linear 
momenta of the system before and after the collision 
are 


Pi = Mo, pf = Mv. 


There is no external force on the system in the x di- 
rection. Hence, linear momentum in zx direction is con- 
served i.e., pj = pr, which gives 


Mv = moo. (1) 


The angular momenta of the system about C before 
and after the collision are 


Li = mv L/2, Ly = wle = MwL?/12. 
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There is no external torque on the system about C. 
Hence, angular momentum of the system about C is 
conserved i.e., L; = Ly, which gives 


mvo = MwL/6. (2) 
The kinetic energies before and after the collision are 
K= imå, K; = Mv? + iew? . 


Since kinetic energy is conserved in an elastic collision, 
K; = Ky, i.e., 


mvg = Mv? + (ML?/12)w?. (3) 


Solve equations (1)-(3) to get m/M = 1/4, v = vo/4, 
and w = 3u9/(2L). 

The velocity of a point P with position vector rpc 
from Č is given by tp = Uc + x rpc. Just after the 
collision *pc = yj. Thus, P is at rest if 

= vo . 3U0 + i vo, 3Y%o, > 

in = Bit (FPR) xw) = a î = 0, 
which gives y = L/6. The distance AP = AC + CP = 
L/2+ L/6 = 2L/3. After the collision, C keeps moving 
with c = vo/4î and angular velocity of the rod remains 
© = 3vo/(2L) k. The angular displacement of the rod 
in time t = 7L/(3vo) is wt = 7/2 and hence after time 
t position vector of P w.r.t. C is rpe = —L/6î+ 0). 
The velocity of P is 





Up = Üc +0 X rpc 


_ vo, 3U0 > L, _ vo, vo a 
= Bis (Ba) x( zi) = Bi ah 
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and its magnitude is |p| = aya 








Ans. A 











Q 249. A rotor with moment of inertia J4} and radius 
rı rotates with an angular velocity w10. It is brought 
into contact with a second rotor of moment of inertia I> 
and radius r2, which is initially at rest. After sometime, 
two rotors start rotating without slipping at the contact 
point. The angular speed of the second rotor at this 
instant is 





In 
h 
w10 
Iiwio Iiwio 
(A) Ihri/rettere/ri (B) I, +12 
C) Iwo D Tiwo 
Iı +Ior?/r3 Iır2/rı+I2r1/r2 


Sol. By Newton’s third law, the frictional forces on the 
two rotors at the contact point C are equal in magni- 
tudes (fı = f2 = f) but opposite in directions. 


i 


In 
h fi W2 


f2 
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Let wı and w2 be angular velocities of the two ro- 
tors in the final state (no slipping). The rotors will not 
slip at the contact point C if their linear velocities at 
this point are equal i.e., 


Wir, = W2r2. (1) 


Let At be the time taken to reach the final state. 
The angular impulse on the rotor 1 about its centre 
O; due to the frictional force f is Jı = 71 fAt. This 
impulse reduces the angular momentum of the rotor 1 
from [jw 9 to Iwi. Since angular impulse is equal to 
the change in angular momentum, we get 


ry fAt = I (wio = Wy). (2) 


Similarly, the angular impulse on the rotor 2 about 
its centre Og is J2 = refAt. This impulse increase the 
angular momentum of the rotor 2 from zero to Igwy. 
Equate angular impulse to the change in angular mo- 
mentum, to get 


raf At = Tow. (3) 
Solve equations (1)—(3) to get w2 = Tmt 
Ans. 














Q 250. A string is wrapped around a pulley of radius r 
and moment of inertia J. A block of mass m is attached 
to the other end of the string. The block is lifted ver- 
tically and released. The string becomes taut after the 
block falls by a vertical distance h. What is the velocity 


of the block just after the string becomes taut? 
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m 














(A) mA (B) v2għ (C) a (D) fear 

Sol. The string tension remains zero (string is slacked) 
till the block falls by a vertical distance h. The velocity 
of the block after free-fall through a distance h is given 
by 


ERT (1) 





GES 
È 
O 
Uv 








m] 4v 











When the string becomes taut, impulsive tension 
T; is developed in the string for a short time At. The 
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linear impulse imparted to the block is T; At and angular 
impulse imparted to the pulley about the point O is 
rT;A^t (effect of non-impulsive force mg is neglected). 
Let v be velocity of the block and w be angular velocity 
of the pulley just after the string becomes taut. The 
change in linear momentum of the block is equal to the 
linear impulse imparted to it i.e., 


mu — mv = T;At. (2) 


The change in angular momentum of the pulley about 
the point O is equal to the angular impulse imparted to 
it i.e., 


Iw = rT, At. (3) 
The no slip condition at the contact point P gives 

v= wr. (4) 
Solve equations (1)-(4) to get v = are. We en- 


courage you to find the loss in kinetic energy when the 
string becomes taut. 





Ans. A 











Q 251. The lower right corner of a square block of mass 
m and side length a is pivoted to a horizontal table. A 
bullet of mass m moving horizontally with a velocity v 
collides and stick to the upper left corner of the block. 
Which of the following statement is false? 


WW.JEEBOOKS.! 


Chapter 2. Questions and Solutions 429 


a y 
mM @—> v 








(A) The angular velocity of the block just after the col- 
lision is 3v/8a. 

(B) The loss in kinetic energy during collision is 
5mv?/16. 

(C) The minimum velocity of the bullet for the block 


to tip over is 4/8(v2 — 1)ga. 
(D) The angular momentum of the bullet-block system 
about the pivot point P is conserved. 


Sol. The moment of inertia of a square block of mass 
m and side length a about an axis passing through its 
centre of mass and perpendicular to its plane is given 
by len = ma? /6. The centre of mass of the block is 
at a distance d = a/\/2 from the pivot point P. Apply 
parallel axis theorem to get the moment of inertia of 
the block about a parallel axis through the pivot P as 
Ip = 2ma?/3. 


m <—a—+ 
o> Vv 














Before After 
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Consider the bullet and the block together as a 
system. During bullet-block collision, the external im- 
pulsive force on the system acts at the pivot P. Thus, 
external torque on the system about P is zero. Hence, 
angular momentum of the system about P is conserved. 
Initially, (the block is at rest) angular momentum of 
the system about P is L = mva. After collision, the 
bullet sticks with the block at its upper left corner. 
Let w be angular velocity of the bullet-block compos- 
ite body after the collision. The moment of inertia of 
this composite body about an axis passing through P 
is Ip = Ip + m(V2a)? = 8ma?/3. The angular mo- 
mentum of the system after the collision is L’ = Ipw. 
Apply conservation of angular momentum, L = L’, to 
get the angular velocity 


w = L/I'p = mva/(8ma?/3) = 3v/8a. 


The kinetic energy of the system before the colli- 


sion is K = inw? and that after the collision is 


Tpw? = 2m’. 


M 
K = 16 


1 
2 
Note that there is loss in kinetic energy by AK = K — 
K' = Ž mw? (it is not conserved). 

The centre of mass C of the composite body lies 
at a distance 3a/2\/2 from the pivot P. Just after the 
collision, C lies at a height h; = 3a/4. The centre of 
mass C rotates in a circle of radius 3a/ 24/2. The centre 
of mass reaches its maximum height at C’ where height 
is hp = 3a/2\/2. The block will just tip over if kinetic 
energy of the system at C’ is zero. Thus, initial kinetic 


Chapter 2. Questions and Solutions 431 


energy K’ should be just enough to raise the centre of 
mass from h; to hy i.e., K’ = mg(h’ — h). Substitute 
values and simplify to get v = 4/8(V2 — 1)ga. 

Note that the angular momentum of the system 


about P is conserved during collision but it start de- 
creasing after that. 





Ans. C 











Q 252. A ball of mass m is kept on a frictionless hor- 
izontal table. A uniform rod of mass m and length J, 
pivoted at its end P, collides elastically with the ball. 
The ball attains maximum speed if its initial distance 
x from the pivot is 








w 
m 
e= 
e 
P 
K l 








(A) l (B) 1/2 (C) 31/4 (D) 1/3 


Sol. Consider the rod and the ball together as a sys- 
tem. The kinetic energy of the system is conserved in 
an elastic collision. The ball attains maximum speed if 
entire kinetic energy of the rod is transferred to the ball 
i.e., 


Ipu = im?, (1) 


NIB 


where Ip = ml?/3 is moment of inertia of the rod about 
the axis of rotation, wo is angular velocity of the rod 
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before the collision and v is the velocity of the ball after 
the collision. Note that the rod come to rest after the 
collision. 

The external impulsive force on the system passes 
through the pivot P. Thus, external torque on the sys- 
tem about P is zero. Hence, angular momentum of the 
system about P is conserved. The angular momentum 
of the system about P is Lo = Ipwy before the collision 
and it is L = mvz after the collision. The conservation 
of angular momentum, Lp = L, gives 


Ipwo = mvr. (2) 


Solve equations (1) and (2) to get x = l/v3. 

We encourage you to find expression for v as a func- 
tion of x and then use calculus to find x that maxi- 
mize v. It will be a fun and more insightful if you see 
the qualitative results by hitting a ball (or bottle’s cap) 
kept on a table with a rotating scale. 





Ans. D 











Q 253. A uniform rod AB of mass m and length 1 lies 
at rest on a frictionless table. A ball of mass m moving 
with a speed v collides with the rod and sticks to it at 
a distance x from the centre C (see figure). The end A 
of the rod will not move immediately after the collision 


if x is 
m 
ee 
CG U 


K l my 


WW.JEEBOOKS.I 





B 
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(A) 1/2 (B) 1/3 (©) 1/6 (D) 1/2V3 


Sol. Consider the ball and the rod together as a sys- 
tem. During collision, there is no external impulsive 
force on the system. Thus linear momentum and an- 
gular momentum (about any point) of the system are 











conserved. 
m 
a 
c v 
Before A B 
K l > 
\ 
\ 
C O m 
After A a : z B 
K na a 
w Ucm 


After the collision, the ball sticks to the rod. The 
centre of mass C’ of the rod-ball composite system lies 
at a distance x/2 from C. Let w be angular velocity of 
the rod-ball composite system and Vem be velocity of its 
centre of mass. The conservation of linear momentum, 
mv = 2MvVem, gives 


Vem = v/2. 


Immediately after the collision, point A of the rod- 
ball composite system is at rest and the point C’ moves 
with a velocity vem = v/2. Thus, angular velocity of the 
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rod-ball composite system immediately after the colli- 
sion is 
Vm—-9 v2  —_ v 

AC 1/2+a/2) l+a° 


Ww = 





Initially, angular momentum of the system about 
a point on the table that coincides with A is 


Lo = mv(1/2 + 2). 


The angular momentum of the system about the same 
point just after the collision is given by 


L= Lem + Labout cm 








l 
= (2M Wem * aie + Lew 
E l+r mi? ma? v 
Tma 12 2 IF 


where we used parallel axis theorem to get Ig and sub- 
stituted the expressions for Vem and w. Apply conser- 
vation of angular momentum, Lo = L, and simplify to 
get x = 1/6. 

Thus, if the ball strikes the rod at a distance 21/3 
from the end A then this end is instantaneously at rest. 
The point where the ball strike is same as ‘centre of 
percussion’ of the rod. Can you find x for which an- 
gular velocity of the rod-ball system is maximum? We 
encourage you to apply conservation of angular momen- 
tum about the centre of mass C’. 





Ans. C 
WW.JEEBOOKS.I 











Chapter 2. Questions and Solutions 435 


Q 254. A uniform rod of mass m and length / lies at 
rest on a frictionless horizontal surface. A similar rod 
moving with a speed v parallel to its length but perpen- 
dicular to the length of the first rod collides and stick 
at the end of the first rod. The loss in kinetic energy 
due to the collision is 


(A) 7mv?/40 (B) 13mv?/40 (C) 2mv?/5 (D) mv?/4 


Sol. Consider the two rods together as a system. Dur- 
ing collision, there is no external impulsive force on the 
system. Thus linear momentum and angular momen- 
tum (about any point) of the system are conserved. 


> U 





Before After 


After the collision, the rods gets joined perpendic- 
ular to each other as shown in the figure. Let Cı be 
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centre of mass of the first rod (at rest), C2 be cen- 
tre of mass of the second rod (moving), and C be cen- 
tre of mass of the rods joined together. The distance 
CC, = CC, = 1/22. The perpendicular distance of 
each rod from C is 1/4. Let w be angular velocity of 
the composite system and Vem be velocity of its cen- 
tre of mass C. The conservation of linear momentum, 
mv = 2MVem, gives 


Vem = v/2. 


Let us define angular momentum of the system 
about a point on the horizontal surface that coincides 
with C at the time of collision. Before collision, the an- 
gular momentum of the system about this point is (the 
first rod is at rest and the second rod is translating with 
a speed v at a perpendicular distance 1/4 from C) 


Lo = mv(I/4). 
After collision, the angular momentum of the system 
about the same point is 


L= Lem T Labout cm 
= (2m) (Vem) (0) + Tem 


ml? poe 5 
adit |) oe = 2 miu. 
(35 +m(s 5) Je prs 


Apply conservation of angular momentum, Lo = L, to 
get w = 3v/5l. 

The kinetic energy of the system before the colli- 
sion is Ky = mv?/2. The kinetic energy of the system 
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after the collision is given by 


K = Kem + Kapout cm 


1 1 
= — mj) v += cmW 
5 (2 a 5! 2 


1 vy? 15 3v\? 13 
Z9 | 2 -_ 2 
5 | m) (5) 3 13" (=) 40°" 


Thus, loss in kinetic energy due to the collision is AK = 
Ko — K =7mv?/40. 


II 








Ans. A C 











Q255. A metre scale is placed on a horizontal table 
such that its length x is hanging out of the table’s 
edge O. A heavy ball B is placed over the scale at the 
end lying on the table. An identical ball A strikes free 
end of the scale from the top with a speed vo. If vg and 
vp are the velocities of the ball A and the ball B im- 
mediately after the collision then which of the following 
statement is false? [Assume that scale is massless and 
all collisions are elastic.] 


A B 


q....____m_mu6d 6 d6@ 
M K— T T 


(A) If z = 50 cm then vg = vo. 
(B) If x ~ 30 cm then v4 = vg. 
(C) If x ~ 71 cm then v4 = vg. 
(D) The linear momentum of the system- ‘two balls and 


the scale’ is conserved during the collision. 
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Sol. Consider the two balls and the scale together as 
a system. During collision, the external impulsive force 
on the scale acts at the edge O. Thus, external impulsive 
torque on the system about the point O is zero. Hence, 
angular momentum of the system about O is conserved. 


UB 
4 
js B A B 
e... ._@ eq... } 
vok— X AO {—* HO 
VA 
Before Impact After Impact 


Let m be mass of each ball and 1 = 100 cm be 
length of the scale. Let the directions of v4 and vg 
immediately after the collision be as shown in the fig- 
ure. The angular momentum of the system about O 
is Lo = mvox before the collision and its is L = 
mvaz+mvpg(l— z) after the collision. The conservation 
of angular momentum, Lo = L, gives 


Mux = mvazt + mvg(l — z). (1) 
The kinetic energy is conserved in an elastic colli- 
sion. The conservation of kinetic energy gives 


IE E E E ha 1D 
azmu = 5mMv4 + muB. (2) 


Solve equations (1) and (2) to get speeds of the two 
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balls immediately after the collision 


z? ay 





VA = VO 2 (l= x)?’ 
= 2a(l — x) 
UB = Vo a ea) TA (lx)? 


If x = 1/2 = 50 cm then vy = 0 and vg = v i.e., the 
ball A come to rest and the ball B start moving upwards 
with a speed vo. 

If x < 1/2 then v4 is negative and vg is positive. 
In this case, both balls moves upwards. If « < l then 
va % —vo i.e., the ball A bounces back with the same 
speed. If x = (1 — 1/V2)l ~ 30.3 cm then both balls 
moves up with equal speeds. 

If x > 1/2 then both v4 and vg are positive. In 
this case, the ball A moves downwards and the ball B 
moves upwards. If x = 1//2 = 70.7 cm then v4 = vg 
i.e., both balls moves with equal speeds. 

We encourage you to see these results, at least qual- 
itatively, by experimenting with a scale and two heavy 
balls. 





Ans. D 











Q 256. A uniform rod of mass m and length l is trans- 
lating with a speed vp on a frictionless surface. It col- 
lides with a wall placed perpendicular to its direction of 
motion. The angle between the rod and the wall before 
the elastic collision is 0 and centre of mass of the rod 
comes to rest immediately after the collision. Which of 
the following statement is false? 
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(A) The angular momentum of the rod is conserved 
about its centre of mass C. 

(B) The angular velocity of the rod immediately after 
the collision is 2V/3u9 /I. 

(C) 6=cos7!(1/V3). 

(D) After some time, the rod will translate to the left 
with a speed vo. 


Sol. During collision, the external impulsive force on 
the rod acts at the point of collision P. Thus, exter- 
nal impulsive torque on the rod about the point P is 
zero. Hence, angular momentum of the rod about P is 
conserved. 


i P P 
C 0 C 0 
vo 
y : 
Before After 


Before collision, angular momentum of the rod 
about P is Lo = mvo(l/2)cos@. After collision, the 
centre of mass C comes to rest (Vem = 0) and the rod 
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rotates with an angular velocity w. The angular mo- 
mentum of the rod about P is 


L = Lem + Labout em = 0+ Iemw = pm w. 
The conservation of angular momentum, Lo = L, gives 
muo(1/2) cos 6 = ml?w/12. (1) 


The kinetic energy is conserved in an elastic collision. 
The kinetic energy of the rod is Ko = mvg/2 before the 
collision and it is K = Iemw?/2 = ml?w?/24 after the 
collision. The conservation of kinetic energy, Ko = K, 
gives 


mug = amw? . (2) 


NI= 


Solve equations (1) and (2) to get 0 = cos™!(1/v3) and 
w = 2y/3u9/I. 

We encourage you to analyse motion of the rod 
after the first collision. Hint: the rod will rotate by 
an angle 20 before its other end collides with the wall. 
After second collision, the rod will translate to the left 
with a velocity vo. 





Ans. AE 











Q 257. A uniform rod of mass m and length / lies 
at rest on a frictionless horizontal table. A hammer 
quickly strike one end of the rod in a horizontal direc- 
tion perpendicular to its length. If centre of mass of the 
rod start moving with a velocity v then which statement 
is false for motion of the rod immediately after the col- 
lision? 
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(A) The rod start rotating with an angular velocity 
v/6l. 

(B) There is one point on the rod which is instanta- 
neously at rest. 

(C) The end where hammer strikes moves with a speed 
Av. 

(D) The end not strike by the hammer moves backward 
with a speed v. 


Sol. Let the hammer strikes at the end A of the rod AB. 
The external impulsive force on the rod acts at the 
end A. Thus, external impulsive torque on the rod about 
a fixed point in space that coincides with initial position 
of A (say point P) is zero. Hence, angular momentum 
of the rod about P is conserved. 


A A, P 
Hammer —> VA 
| ? 
Cqrl C v 
| 7 
B B 
Before After 


Initially, the rod is at rest and its angular momen- 
tum about P is zero i.e., Lo = 0. After collision, the 
rod rotates with an angular velocity w and its centre of 
mass C moves with a velocity v. The angular momen- 
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tum of the rod about P after the collision is 


L= Lem + Lapout cm = Mem (1/2) T Lomw 
= mul /2 — mul? /12. 


Note that Lem is directed out of the paper but Labout em 
is directed into the paper. The conservation of angular 
momentum, Lo = L, gives w = 6v/l. 

Thus, velocity of the end A is v4 = v+w(I/2) = 4v 
and that of the end B is vg = v — w(l/2) = —2v. The 
end A moves forward with a speed 4v and the end B 
moves backward with a speed 2v. Can you find a point 
on the rod that is instantaneously at rest? We encour- 
age you to see the results by flicking at one end of a 
pencil kept on a smooth table. 





Ans. D 











Q 258. Two uniform rods A and B each of length 
l = 1m and of masses ma = 1 kg and mg = 2 kg lie 
parallel to each other on a frictionless horizontal plane 
(x,y). Rod B is initially at rest at y = 0, x = 0 to 
x =1m. Rod A is moving at a speed v = 10 m/s in the 
positive y direction, and it extends from z = (—1 +€) m 
to x = € m, (e < 1m) as shown in the figure. Rod A 
reaches y = 0 at t = 0 and collides elastically with B. 
After collision, the rods rotates with angular velocities 
wa and wp and their centre of masses translates with 
speeds v4 and vg. Select the correct option 
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v x 


A 


(A) va = 20/3 m/s, wa = 20 rad/s, vg = 5/3 m/s and 
wp = 10 rad/s 

(B) va = 20/3 m/s, wa = 10 rad/s, vg = 5/3 m/s and 
wp = 20 rad/s 

(C) va = 5/3 m/s, wa = 20 rad/s, vg = 20/3 m/s and 
wp = 10 rad/s 

(D) va = 5/3 m/s, wa = 10 rad/s, vg = 20/3 m/s and 
wp = 20 rad/s 


Sol. Consider both rods together as a system. There 
is no external force (impulsive) on the system. Thus, 
linear momentum of the system is conserved during the 
collision i.e., 


MAU = MAVA + MBB. (1) 





Before Collision After Collision 
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The impulsive force acts at the collision point O. 
Thus, torque on each rod about O is zero. Thus, an- 
gular momentum of each rod about O is independently 
conserved, which gives 


mav(l/2) = mava(l/2) + malwa, (2) 


0 = mpgvg(l/2)— pmp wp. (3) 


We used E = Tori + Tou cm With appropriate signs to 
arrive at equations (2) and (3). Note that we need four 
equations to get four unknowns vy, wA, Up, and wp. 
The angular momentum of the system is conserved but 
it will not lead to four equations, we need to apply this 
law on each rod independently. 

The kinetic energy of the system is conserved in an 
elastic collision. Apply conservation of kinetic energy 
to get 

imav? = imav +4- mA’? wA 
| 1 | 
T 2 T 


z- pmp? wh. (4) 





MBZ 


Substitute values of l, m4, mp, v and then solve equa- 
tions (1)-(4) to get v4 = 20/3 m/s, wa = 20 rad/s, 
vg = 5/3 m/s and wg = 10 rad/s. We encourage you 
to find the relative velocity of the two rods at the point 
of impact before and after the collision. 





Ans. A 











Q 259. A massless rod AB of length l has a particle of 
mass ma = 2m at the end A and another particle of 


mass mp = m at the end B. The rod lies at rest on 
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a frictionless table. A force of magnitude F' is applied 
perpendicular to the rod at the end B for a short time 
interval At. Which of the following statement is false 
immediately after removal of the force? 





MA® ge 


F 


(A) The centre of mass of the rod translates with a 
speed FAt/3m. 

(B) The system rotates with an angular speed FAt/lm. 

(C) The particle A remains at rest. 

(D) The particle B moves with a speed FAt/3m. 


Sol. Let the origin O, axis x and y be as shown in 
the figure. The centre of mass C of the system lies at 
the point (—1/6,0). The linear impulse imparted to the 
system in time At is L = FAt j. The change in linear 
momentum is equal to the linear impulse, which gives 











vo = FAt/3m. 
y 

Before 2m® È a m 

K— 1/2 —K— 1/2 — 

F 

VC y w 

After 22m@ Li \ om 

K 1/3 +K— 21/3 — 
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The angular impulse imparted to the system 
about C in time interval At is J = (21/3)FAt (an- 
ticlockwise). The change in angular momentum of the 
system about C is equal to the angular impulse J, which 
gives 


Ts IF At/3 _ FAt 
To 2m(1/3)2+m(2l/32 ml ` 








Ww = 


The speed of the end A is vg = vc — w(l/3) = 0 and 
that of the end B is vg = vo + w(21/3) = FAt/m. 
Ans. D 














Q 260. A ball of mass m attached to a string under- 
goes uniform circular motion at speed v along a circle 
of radius r. It collides with a second ball of mass m’ 
placed on its path. The two balls stick together after 
the collision. If two balls together are considered as a 
system then which of the following statement is incor- 
rect? 


(A) The linear momentum of the system is conserved 


in the tangential direction. 
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(B) The angular momentum of the system about the 
centre of the circle is conserved. 

(C) The kinetic energy of the system is not conserved. 

(D) The ratio of the speeds of m before and after the 
collision is not equal to the ratio of the tensions in 
the string. 


Sol. The external impulsive force on the system due to 
the string tension acts in the radial direction. There is 
no external impulsive force on the system in the tangen- 
tial direction. Hence, component of the system’s linear 
momentum in the tangential direction is conserved. 
The string is attached at the centre of the circle O. 
The external impulsive torque on the system about the 
point O is zero. Thus, angular momentum of the sys- 
tem about O is conserved. If v’ is the speed of the 
balls after the collision then the conservation of angular 
momentum about O, mur = (m + m'\w'r, gives 


v = mv/(m + m’). 
The loss in kinetic energy during the collision is 


AK = įm? — $(m+ mju’? 


f 
= im? (1-7). 
m +m 


The string tension provides necessary centripetal accel- 
eration. The ratio of the tension before the collision to 
the tension after the collision is 


T mv? /r v 


T! J (m+ myw? /r a yl 
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Ans. D 














Q 261. A uniform rod of mass m, = 2 kg and length 
l = 1 m is spinning on a frictionless table with an an- 
gular speed wo = 6 rad/s (the centre of the rod is not 
translating but it is free to move). A particle of mass 
Mp = 1 kg moving with a velocity vp = 6 m/s, collides 
at the end of the rod in the perpendicular direction 
(see figure). If coefficient of restitution of the collision 
is e = 2/3 then which of the following is incorrect 


=< 


wo 


(A) The particle keeps on moving in the same direction 
with a speed 1 m/s. 

(B) The rod start rotating in the opposite direction 
with an angular speed 9 rad/s. 

(C) The centre of mass of the rod starts moving with a 
speed 2.5 m/s. 

(D) The rod continues to rotate in the same direction 
but with a reduced angular speed. 


Sol. Consider the rod and the particle together as a 
system. There is no external force on the system. Thus, 
linear momentum as well as angular momentum of the 
system are conserved. Let w be angular velocity of the 
rod, v, be velocity of its centre of mass and vp be veloc- 
ity of the particle immediately after the impact. The 
conservation of linear momentum gives 


MpVo = MpUp + MrVr. (1) 
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Mr O C 
Before 
kK—l/2—j d / % 
wo rns 
Ur Up 
m 
After 7 Mp 
O C 
w 


The centre of mass C of the system lies at a dis- 
tance d = l/6 from the rod’s centre O. Before collision, 
angular momentum of the system about a fixed point on 
the table that coincides with C (at the time of collision) 
is 


Lo = MpVo (5 <a d) = Icwo 


= mpv (3 - §) (iml? +m, (4)”) wo 


2 1 2 
e 3 MpVo sa gMrl Wo. 





After collision, angular momentum of the system about 
the same point is 


1 


iml w. 


= 2 = 
L= 3 NpUp 


We assumed that the rod keeps on rotating in the 
same direction. The conservation of angular momen- 
tum, Lo = L, gives 


6MpVo — M,L wo = 6MpyVp — M, w. (2) 


Before collision, the velocity of approach (i.e., velocity 
of the particle relative to the velocity of the rod’s impact 
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point) is Va = vo + wol/2. After collision, the velocity 
of separation is vs = (ur — wl/2) — vp. The coefficient 
of restitution e is the ratio of the velocity of separation 
to the velocity of approach i.e., 

Us Up —Wl/2—vp, 2 


Í Va vo + wol /2 3 (3) 





Substitute values and solve equations (1)-(3) to get 


Up = 1 m/s, vr = 2.5 m/s and w = —9 rad/s (negative 
sign indicates anticlockwise rotation of the rod). 
Ans. D 














Q 262. A solid ball of mass m and radius r is rolling on 
a smooth horizontal surface with velocity v and angular 
velocity w = v/r. The ball collides with a wall placed 
perpendicular to its direction of motion. Just after the 
collision, the ball reflects back with a velocity v but it 
is no more rotating. The coefficient of friction between 
the ball and the wall is 


(A) 1/v5 (B) 1/5 (C) 2/5 (D) 1/2 


Sol. Let the wall applies a collision force N on the ball 
for a time At. The frictional force on the ball in this 
time interval is f = uN, where p is coefficient of friction 
between the ball and the wall. 
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The linear momentum of the ball before the col- 
lision is p = mvi and that after the collision is p’ = 
—mvt. The change in linear momentum is equal to the 
impulse due to the collision force N = -Nî i.e., 

At 
— Ndtî = p' —p=—2mvi. (1) 
0 

The angular momentum of the ball about its centre 

of mass C before the collision is 

I= I = —2mr?(v/r) k= —2mur k, 
and that after the collision is L’ = 0. The change 
in angular momentum is equal to the angular impulse 
about C due to the frictional force f i.e., 


At N At A 
i rfdtk = pr Ndtk 
0 0 


=L' -L= 2muork. (2) 


Solve equations (1) and (2) to get u = 1/5. Will you 
get the same result if the ball in figure rotates anticlock- 
wise? 





Ans. B 











Q 263. Given below are rigid bodies rotating in a plane 
with angular speed w. The moment of inertia of the 
body about an axis perpendicular to the plane and 
passing through the point P (shown in the figure) is 
Ip. The kinetic energy of the body can be written as 
K = Ipw?/2 except in option 
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(A) Spinning Wheel (B) Moving Wheel 
3v 
P 
P 
( Sliding Ladder Sliding Ladder 
C 





P 


Sol. The kinetic energy of a body rotating with an an- 
gular speed w is Ipw?/2 if P is the instantaneous point 
of zero velocity (prove it!). In options (A) and (D), the 
point P is instantaneously at rest. 

In option (C), the point P is not the instantaneous 
point of zero velocity but, by symmetry, the moment of 
inertia about this point is equal to that about the point 
of instantaneous zero velocity. Hence, kinetic energy is 
Ipw?/2 in this case too. 

In option (B), the point P is sliding with a velocity 
v. We encourage you find kinetic energy in each case 
by using 


ak 2 1 2 
K= Kem + Kabout cm — 3 MUem F zlem% : 





Ans. B 











Q 264. A circular disc of moment of inertia J; is rotat- 


ing in a horizontal plane, about its symmetry axis, with 
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a constant angular speed w;. Another disc of moment 
of inertia I> is dropped coaxially onto the rotating disc. 
Initially the second disc has zero angular speed. Evan- 
tually, both disc rotates with a constant angular speed. 
The energy lost by the initially rotating disc to friction 
is 











LI I2 
(A) ongni (B) imino 
R ToT 
(C) izine (D) oF Fret 





Sol. Consider both discs together as a system. The 
frictional force between the discs is internal to the sys- 
tem. There is no external torque on the system about 
the axis of rotation. Thus, angular momentum of the 
system about the axis of rotation is conserved. 


ae 





c| 5w 
I CS 
C 
c| 5⁄1 c| 5w 
Before After 





Initially, angular momentum of the system about 
the axis of rotation is 
Li = liw + Tzw = liw. (ee W2 = 0) 


Finally, both discs rotates with the same angular 
speed w. The angular momentum of the system about 
the axis of rotation becomes 


Ly = lw + lhw = (L +h)w 
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By the conservation of angular momentum, L; = Lf, 
we get w = Tw, /(h + In). 

The initial and final kinetic energy of the system 
are 


1 
k= avi: K; = 


1 Pw? 
I I OEE 1“1 
(HTa 2T + h’ 





N| = 


and the loss in kinetic energy due to friction is 


E T 
Wy. 
2m +h 





AK =K;- Ky = 





Ans. A 











Q 265. A thin uniform rod of length l and mass m is 
swinging freely about a horizontal axis passing through 
its end. Its maximum angular speed is w. Its centre of 
mass rises to a maximum height of 


(A) 3&2 (B) 4% (C) 45 (D) p2 








Sol. The rod swings about a fixed point O. The angular 
speed of a swinging rod is maximum when it is vertically 
down. The kinetic energy and the potential energy of 
the rod in this state are 


K,= slow? = aml?w”, U; = 0, 


where we assumed the location of centre of mass C as 
a reference for the potential energy. 
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The angular speed of the rod becomes zero when 
the centre of mass C rises to a maximum height (point D 
in the figure). The kinetic energy and the potential 
energy of the rod in this state are 


ky =0, Us =mg PC. 


By the conservation of mechanical energy, U; + Ki = 
Uy + Ky, the height gained by the centre of mass is 
PC = Fw? /6g. 





Ans. D 











Q 266. A ball of radius r rolls without slipping on a 
horizontal surface. The radius of gyration of the ball 
about an axis passing through its centre of mass is k. 
The ratio of rotational energy to the total energy of the 
ball is 

(A) pe (B) A" (©) & () wy 


RZF? 72 72 RF 





Sol. Let angular speed of the ball be w and velocity of 
its centre of mass C be v. In rolling without slipping, 


these two are related by v = wr. 
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> T 


O P 


The rotational kinetic energy of the ball is given by 
Kabout cm = slow = smk*u, (1) 


where Ic = mk? is the moment of inertia about the 
axis of rotation. The total kinetic energy of the ball is 
the sum of its kinetic energy due to translation of the 
centre of mass and its kinetic energy due to rotation 
about the centre of mass i.e., 
K = Kem nk Kapout cm 
2,1 2_ 1 22,1 122 
= gin + gicw = gi ret gmk wW 
r +k? 1 

= aa smu? (2) 
From equations (1) and (2), the ratio of rotational en- 
ergy to the total energy is k?/(k? + r?°). We encour- 
age you to find this ratio for a ring, disc, cylinder and 
sphere. Can you correlate this ratio with the race of 
these objects down an inclined plane? 





Ans. D 











Q 267. A symmetrical body (e.g., ring, cylinder, 
sphere) of radius r and radius of gyration k is rolling 
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without slipping on a rough horizontal surface. The ra- 
tio of its rotational kinetic energy to the total kinetic 
energy is 

2 2 2 2 2 
(A) aoe (B) EE (C) ate (D) ee 


Sol. Let w be angular velocity of the body and v be ve- 
locity of its centre of mass. The rolling without slipping 
condition gives v = wr. The rotational kinetic energy 
of the body is given by 





1 2 1 Aoa 
Kyot = Kapout cm = 5 Lem% = 3mk Ww. (1) 


The total kinetic energy of the body is given by 

Ktotal = Kom T Kabout em = im? =F smk?u* 

= mw? (r? + k’). (2) 

Divide equation (1) by (2) to get the ratio 

f= Ko ko 1 

E Kiotal J r2 + k2 ‘= L+r?/k?° 

The radius of gyration of the ring, solid cylinder and 
solid sphere are kring = r, Keyl = r/ v2 and ksph = 
V2/5r. Substitute these to get fring = 1/2 = 50%, 
fey: = 1/3 = 33% and fspn = 2/7 = 28%. Why this 
ratio is important? 








Ans. A C 











Q 268. Two bodies have their moments of inertia J and 
2I respectively about their axis of rotation. If their ki- 
netic energies of rotation are equal, their angular mo- 
mentum will be in the ratio 

(A) 2:1 (B) 1:2 (C) v2:1 (D) 1: v2 
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Sol. The rotational kinetic energy of a body is given 
by K, = E; where J and L are moment of inertia and 
angular momentum about the axis of rotation. The 
moment of inertia of given bodies are Jı = I and Ih = 
2I. Their kinetic energies are equal i.e., Kı = K2. The 


ratio of angular momenta of these bodies is 


I, č vK JLK JIK 1 
L VhKo VLK VAIK V2 
Ans. D 























Q 269. Two objects are undergoing fixed axis rotation. 
The moment of inertia of these objects about their axis 
of rotation are J, and J> (1, > I). If angular momenta 
of these objects about their axis of rotation is equal 
then their rotational kinetic energies, Kı and Ko, are 
related by 

(A) Ky, = Ko (B) Ky < Kə 

(C) Kyi > Ko (D) ky > Ko 


Sol. The angular momentum of an object undergoing 
fixed axis rotation with an angular velocity w is given 
by L = Iw, where I is moment of inertia of the object 
about the axis of rotation. The kinetic energy of the 
object is given by 
1 L? 
K = -Iv = —. 
2° THA 
Use this equation for given objects to get 
Kk, BI h 


= = 1. 
B PR ih 
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Thus, if angular momenta of two objects are equal then 
the object having lesser moment of inertia have more 
kinetic energy. 





Ans. B 











Q 270. A child is standing with folded hands at the 
centre of a platform rotating about its central axis. 
The kinetic energy of the system is K. The child now 
stretches his arms so that the moment of inertia of the 
system doubles. The kinetic energy of the system now 
is 

(A) 2K (B) K/2 (C) K/4 (D) 4K 


Sol. Consider the child and the platform together as 
a system. The force used to lift the hands is internal 
to the system and does not cause an external torque 
about the axis of rotation. Thus, angular momentum 
of the system about its axis of rotation is conserved. 
Let initial moment of inertia of the system be J, angular 
velocity be w, and angular momentum be L; = Iw. The 
final moment of inertia is 27, angular velocity is w’, and 
angular momentum is Ly = 2Iw’. Using L; = Ly, we 
get, w = w/2. The final kinetic energy is 


Ky = 42I) (w = } x iIw? = K/2. 


We encourage you to find why and where energy is lost? 
Ans. B 














Q 271. A solid sphere is rotating in free space. If the 
radius of the sphere is increased keeping mass same, 


which one of the following will not be affected? 
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(A) Moment of inertia 

(B) Angular momentum 

(C) Angular velocity 

(D) Rotational kinetic energy 


Sol. The moment of inertia of a solid sphere is given 
by I = 2mr?. It will increase with increase in radius r. 

There are no external forces on the sphere as it 
is rotating in free space. Thus, external torque on the 
sphere is zero. Hence, angular momentum of the sphere, 
L = Iw, is conserved. 

The angular velocity of the sphere is w = L/I. 
Since L is conserved and J increases with increase in 
the radius, w will decrease. 

The translational kinetic energy of the sphere will 
remain constant because there is no external force. The 
rotational kinetic energy of the sphere is K, = L?/2I. 
Since L is conserved and J increases with increase in 
the radius, K, will decrease. 





Ans. B 











Q 272. A small object of uniform density rolls up a 
curved surface with an initial velocity v. It reaches up 
to a maximum height of a with respect to the initial 
position. The object is 
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(A) ring (B) solid sphere 
(C) hollow sphere (D) disc 


Sol. Let mass of the object be m, its radius be r, and 
moment of inertia about axis of rotation be I. We as- 
sume the object to roll without slipping, which gives 


V=UF. 


In rolling without slipping, work done by the frictional 
force is zero and hence mechanical energy is conserved. 
Initial and final values of mechanical energy are 


1 1 
Ki + Ui = Ki +0 = smu" + 5 Iu” 


II 
NI 
3 
oS 
N 
aN 
= 
+ 
S| 
N—_” 


Ky +Us =0+U 7 = mgh 


Equate initial and final mechanical energies to get I = 


smr. This is moment of inertia of a disc about a nor- 


mal axis passing through its centre. 





Ans. D 











Q 273. Two small balls of masses mı and mz are con- 
nected at two ends of a massless rod of length r. The 
system is to be rotated with an angular velocity w about 
an axis perpendicular to the rod. The work done to ro- 


tate the system is minimum if the axis of rotation 
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(A) passes through the centre of the rod. 

(B) passes through the heavier ball. 

(C) passes through a point lying at a distance 
mar/(m, + M2) from mə. 

(D) passes through a point lying at a distance 

mar /(mi1 + M2) from mı. 





Sol. By work-energy theorem, required work is equal 
to the increase in kinetic energy of the system i.e., 
W = AK = $Iw?, where I is moment of inertia of 
the system about the axis of rotation. Thus, W is min- 
imum if J is minimum. The moment of inertia is mini- 
mum about an axis passing through the centre of mass 
of the system. Thus, W is minimum if axis lies at a 
distance mgr /(m, + M2) from mı. 





Ans. D 











Q 274. Two point masses of 0.3 kg and 0.7 kg are fixed 
at the ends of a rod of length 1.4m and of negligible 
mass. The rod is set rotating about an axis perpendic- 
ular to its length with a uniform angular speed. The 
point on the rod through which the axis should pass in 
order that the work required for rotation of the rod is 
minimum, is located at a distance of 

(A) 0.42 m from mass of 0.3 kg 

(B) 0.70 m from mass of 0.7 kg 

(C) 0.98 m from mass of 0.3 kg 

(D) 0.98 m from mass of 0.7 kg 


Sol. Let mı = 0.3 kg, mg = 0.7 kg, and l = 1.4 m. Let 
axis of rotation passes through P which is at a distance 


x from mı. 
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K rA] 
Ki 
ke 
@ š @ 
my P m2 


By work-energy theorem, the work done in rotat- 
ing the system to angular velocity w is equal to the 
rotational kinetic energy of the system, i.e., 


W = $1w? = $ [mi2? + mo(l — x)”] w. 





For minimum work dW /dz = 0, which gives 


ps cee gaa 


My + me 


Note that P is the centre of mass of the system. 
Ans. C 














Q 275. A ball moves over a fixed track as shown in the 
figure. From A to B the ball rolls without slipping. 
If surface BC is frictionless and K4, Kp and Ko are 
kinetic energies of the ball at A, B and C respectively, 
then, 


ha he 





B 


(A) ha > hc, Kg > Ke (B) ha > hco, Ko > Ka 


(C) ha = hc, Kg = Kc (D) ha < hc, Kg > Ko 
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Sol. The work done by the frictional force is zero in 
rolling without slipping. The surface BC is frictionless. 
Thus, mechanical energy of the ball is conserved i.e., 
it is same at point A, B and C. If Ky, Kp, and Ko 
represent the total kinetic energies (translational plus 
rotational) then, 


Kat+mgh, = Kg = Ko+mghe. (1) 


The equation (1) gives Kg > Kc and Kg > K4 irre- 
spective of the relation between ha and hc. Also, 


Ko — Ka=mg(ha—he), (2) 


which gives Ko > Ka if ha > ho and Ko < Ka if 
ha <he. 

Let us anlyse the problem a little more. Let K{y*"s 
and K@*"s are translational kinetic energies and 7st 
and 79" are rotational kinetic energies of the ball. The 
equation (1) can be written as 


Ka+mgh, = KYS + Kye 
= KES + KE + mghe. (3) 





Track BC is frictionless and there is no torque on the 
ball about its centre of mass. Hence its angular accel- 
eration is zero i.e., it moves with a constant angular 
velocity, which implies 


Kt = K". (4) 


The equations (3) and (4) give K#a"s > KGa". 
Ans. A, B, D 
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Q 276. A ring of mass 0.3 kg and radius 0.1 m and a 
solid cylinder of mass 0.4 kg and of the same radius are 
given the same kinetic energy and released simultane- 
ously on a flat horizontal surface such that they begin 
to roll as soon as released towards a wall which is at 
the same distance from the ring and the cylinder. The 
rolling friction in both cases is negligible. 

(A) The cylinder will reach the wall first. 

(B) The ring will reach the wall first. 

(C) Both will reach the wall simultaneously. 

(D) Insufficient data. 


Sol. The time to reach the wall depends on the veloc- 
ity of centre of mass. In pure rolling, the velocity of 
centre of mass and the angular velocity are related by 
v = wr, where r is the distance of centre of mass from 
the contact point on the ground (r is the radius of the 
ring/cylinder in the given case). Also, in pure rolling, 
there is no energy loss due to friction because point of 
contact does not move. 

The kinetic energies (translational+rotational) of 
the ring and the cylinder are given by 





K, = imo? + iw? 

= 3 Mr, ty 3 (mrt) (vp /1)? = MrUp, (1) 
Ke = imav? + iw? 

= imav? + 4 (imer?) (ve/r)? = mev. (2) 


Given, kinetic energy of the ring and the cylinder are 
equal i.e., K, = Ki. Substitute K, and K; from equa- 
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tions (1) and (2) to get 


Ur [8m_  /3(0.4) _ 1 
ve Vim, V403) ` 
Thus, velocities of the centre of mass of the ring and 


the cylinder are equal. Hence, both reach the wall si- 
multaneously. 








Ans. C 











Q277. Two identical uniform discs roll without slip- 
ping on two different surfaces AB and CD (see figure) 
starting at A and C with linear speeds vı and v2, respec- 
tively, and always remain in contact with the surface. 
If they reach B and D with the same linear speed and 
vı = 3 m/s, then vz in m/s is ....... [g = 10 m/2.] 





Sol. Let m and r be the masses and radii of the discs. 
The moment of inertia of the discs about an axis passing 
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through its centre of mass and perpendicular to its plane 
are I = $mr?. 

In rolling without slipping, the velocity v of the 
centre of mass and the angular velocity w are related 
by v = wr. The kinetic energy of the disc is the sum of 
translational kinetic energy of the centre of mass and 


rotational kinetic energy about the centre of mass i.e., 


mv? + iIw? = jmo? + § ($mr”) (v/r)? 


K= 2 2\2 





1 
2 
— 3 
am 


mv? ; 


The discs reach the point B and D with equal velocities, 
say v. The mechanical energy of the discs are conserved 
in rolling without slipping. Apply conservation of me- 
chanical energy between A and B for the first disc and 
between C and D for the second disc to get 








3 mu? + mg(30) = 2mv? + 0, (1) 
3mvz + mg(27) = 2mv? + 0. (2) 


Subtract equation (1) from (2) and simplify to get 


= /vi + 4g = y (3)? + 4(10) = 7 m/s. 


Ans. B 














Q 278. A uniform circular disc has radius R and mass 
m. A particle, also of mass m, is fixed at a point A on 
the edge of the disc as shown in the figure. The disc 
can rotate freely about a horizontal chord PQ that is 


at a distance R/4 from the centre C of the disc. The 
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line AC is perpendicular to PQ. Initially the disc is held 
vertical with the point A at its highest position. It is 
then allowed to fall, so that it starts rotation about 
PQ. Find the linear speed of the particle as it reaches 
its lowest position. 








(A) VIR (B) V3gR (C) V5gR (D) V7gR 


Sol. The configurations of the disc in the initial and 
the final positions are shown in the figure. 
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Consider the disc and the particle together as a 
system. The disc is free to rotate about chord PQ. 
Mechanical energy of the system is conserved as no dis- 
sipative force is present. The particle moves from the 
point A to A’ decreasing its potential energy by 


Ua- Ux = mg x 2 (22) = ŠmgR. 


The centre of mass of the disc moves from C to C’ de- 
creasing its potential energy by 


Uc — Ug = mg x 2 (2) = smgR. 
Total reduction in the potential energy of the system is 
Ua + Uc — Ux — Uw = 3mgR. 


Initial kinetic energy of the system is zero. Let w be the 
angular velocity of the disc when particle is at A’. The 
pure rotation about PQ gives velocity of the particle at 
A’ as v = 5Rw/4. Final kinetic energy of the particle 
and the disc is 


Ky = 
Ko = 


Nir 


mv? = ŽmR? w? 
32 ’ 
Iw, 


where J is the moment of inertia of the disc about PQ. 
Using perpendicular and parallel axis theorems, 


_1,,p2, 1 2_ 5 2 
Thus, the final kinetic energy of the system is 


Ky + Ko = BmRw?. 
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By energy conservation, the decrease in potential energy 
is equal to the increase in kinetic energy i.e., 3mgR = 


E mR?w?. Solve to get w = 1/752. Substitute it in 


5R“ 
v = 5Rw/4 to get v = y5gR. 





Ans. C 











Q 279. A rectangular rigid fixed block has a long hor- 
izontal edge. A solid homogeneous cylinder of radius 
R is placed horizontally at rest with its length paral- 
lel to the edge such that the axis of the cylinder and 
the edge of the block are in the same vertical plane as 
shown in the figure. There is sufficient friction present 
at the edge, so that a very small displacement causes 
the cylinder to roll off the edge without slipping. De- 
termine, 


ce 


(a) the angle 6, through which the cylinder rotates be- 
fore it leaves contact with the edge. 

(b) the speed of the centre of mass of the cylinder before 
leaving contact with the edge. 

(c) the ratio of the translational to rotational kinetic 
energies of the cylinder when its centre of mass is 


in horizontal line with the edge. 
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(A) (a) cos! (3/4) (b) \/4gR/7 (c) 7 
(B) (a) cos! (2/3) (b) \/5gR/7 (c) 6 
(C) (a) cos! (4/7) (b) /4gR/7 (c) 6 
(D) (a) cos~* (4/7) (b) /5gR/7 (c) 6 


Sol. Let C be the centre of mass of the cylinder that 
rolls without slipping about the contact point P (see 
figure). 





Consider a time when radius PC makes an angle 
0 with the vertical. Let v be the velocity of C and 
w be the angular velocity of the cylinder. We have, 
vc = vp +wR, which gives v = wR because vp = 0 (no 
slipping about point of contact). Initially, potential en- 
ergy U, translational kinetic energy K+, and rotational 
kinetic energy K,., are 


U = mgR, Kk, =0, K, = 0. 
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Finally, these energies are 


U' = mgR cos 98, 


1 2 
K= inw ; 


K! = Hw? = i (mR?) (v/R)? = im. 
The conservation of mechanical energy, U + Ki + K, = 
U'+ K; + Ki, gives 


v = $gR(1 — cos 0). (1) 


The forces acting on the cylinder are its weight mg and 
reaction N. The cylinder leaves contact with the edge 
when N = 0. At this instant, mgcos@ provides cen- 
tripetal acceleration to the cylinder for rotation about 
P i.e., mg cos 0 = mv? /R, which gives 


v? = gR cos9. (2) 


Eliminate v from equations (1) and (2) to get cos. = 
4/7. The speed of the centre of mass at this instant is 
given by 





ve = 4/ ŻgR(1 — cos be) = y/4gR. (3) 


Once the cylinder losses contact, there is no external 
troque about the centre of mass. This leads to zero 
angular acceleration and constant w. Thus, rotational 
kinetic energy 





Ke ZIW? im? zmgR, (4) 
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remains constant. The energy conservation at the in- 
stant of contact loss and when CP becomes horizontal, 
mgR cos 0, + mv? + KE = 0 + K; + K$, gives 


K, = mgR ($ + 2) = SmgR. (5) 


From equations (4) and (5), K;/K£ = 6. 





Ans. C 











Q 280. A carpet of mass M made of inextesible mate- 
rial is rolled along its length in the form of a cylinder 
of radius R and is kept on a rough floor. The carpet 
starts unrolling without sliding on the floor when negli- 
gibly small push is given to it. Calculate the horizontal 
velocity of the axis of the cylindrical part of the carpet 
when its radius reduces to R/2. 

(A) /14Rg/5 (B) V14Rg/3 

(C) V7Rg/3 (D) V5Rg/3 


Sol. The mass of the cylindrical carpet when its radius 
is reduced from R to R/2 is 


M' = (=a) a(R/2)? = oe 


= 
G i 
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Let v be the velocity of its centre of mass when 
radius is reduced to R/2. Since it is rolling without 
slipping, angular velocity w is related to v by 


v = w(R/2). 


Initially, potential energy and kinetic energy of the sys- 
tem are 


U; = MgR, Ki=0. 


Finally, potential energy and kinetic energy are 


Uş = M'g(R/2) = 3MoR, 
Ky = 5M'v? + iIw? 
= $M'v? + 3 [$M'(R/2)7] w? 








—1M,2,1/1M R?| (2v\? _ 3 2 
meee er ee abe el ) = iM. 
The conservation of energy, U; + K; = Us + Ky, gives 
TMgR = 4Mv*. Solve to get v = y14gR/3. 

Ans. B 














Q281. A small sphere rolls down without slipping from 
the top of a track in a vertical plane. The track has an 
elevated section and a horizontal part. The horizontal 
part is 1.0 m above the ground level and the top of 
the track is 2.6 m above the ground. Find the distance 
on the ground with respect to the point B (which is 
vertically below the end of the track as shown in the 
figure) where the sphere lands. During its flight as a 
projectile, does the sphere continue to rotate about its 


centre of mass? Explain. 
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2.6m 











B 
fm 
A 
(A) 1.83m,no (B) 1.83 m, yes 


(C) 2.13m,no (D) 2.13 m, yes 


Sol. The sphere rolls without slipping from the point 
C to the point B. 


c. 











The mechanical energy is conserved in rolling with- 
out slipping from C to B. At B, let v be the velocity of 
the centre of mass and w be the angular velocity of the 
sphere. The conservation of energy gives 

imu? + 4w? = mg(hc — hp), (1) 
where I = 2mr? is the moment of inertia of the sphere 


of radius r about its axis of rotation, ho = 2.6 m is the 
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height of C and hg = 1 m is the height of B. In rolling 
without slipping, v = wr. Substitute these values in 
equation (1) to get 








v = Vg(ho — hg)10/7 = \/9.8(2.6 — 1.0)10/7 
= 4.73 m/s. 


From B to D, the sphere will have projectile motion as if 
projected horizontally with a speed v = 4.73 m/s. The 
time taken by the sphere to travel a vertical distance 
h=1mis 


t = \/2h/g = \/2(1)/9.8 = 0.45 s. 


The horizontal distance travelled by the projectile in 
time t is 





AD = vt = (4.73)(0.45) = 2.13 m. 


There is no external torque on the sphere about its cen- 
tre of mass when it moves from B to D. Hence, the 
angular momentum of the sphere about its centre of 
mass is conserved. Thus, the sphere continues to rotate 
with angular velocity w as it travels from B to D. 
Ans. D 














Q 282. A solid cylinder of mass m and radius r rolls 
without slipping inside a bigger cylinder of radius R. 
The line OO’ rotates with an angular velocity w. The 
kinetic energy of the moving cylinder is 
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O 
2 


al 
A 
p 
2 
z 
2 
Tie + 


ae 
~ P 
Q 
(A) mw? (R-r)? (B) qmur(R —r)? 
(C) ¢mw? R? (D) zma? (R- r}? 


Sol. The point O’ rotates in a circle of radius (R — r) 
centered at O. The angular speed of rotation is w. The 
linear velocity of the point O’ is given by 


vo =w(R-r). 


Let the cylinder rolls with an angular velocity Q 
(note that Q 4 w). The cylinder rolls without slipping 
at the contact P. Thus, velocity of a point on the cylin- 
der at P is zero i.e, vo’ — Qr = 0, which gives 

ga E 
r y 
The moment of inertia of the solid cylinder about the 
axis of rotation is J = imr?. The kinetic energy of the 
moving cylinder is given by 


K = Kom + Kabout cm 


= mvg + $10? = 32mw?(R—1)?. 





Ans. B 
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Q 283. A solid cylinder of radius r rolls over a horizon- 
tal plane passing into an inclined plane of inclination 
angle 0 (see figure). There is no sliding anywhere. The 
maximum value of the velocity vp so that the cylinder 
roll onto the inclined plane without a jump is 





(A) ,/49r(7cos@—4) (B) 4/$gr(7cos0 — 1) 


(C) \/Zgr(3cos8—4) (D) \/2gr(7cos 6 — 3) 


Sol. As the cylinder moves from the horizontal plane to 
the inclined plane, it undergoes pure rotation about a 
horizontal axis passing through O (this is instantaneous 
axis of rotation). Thus, centre C of the cylinder rotates 
in a circle of radius r. This continues till the line OC 
makes an angle ¢ = 0 with the vertical. After that, the 
cylinder rolls on the inclined plane. 
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Consider the situation shown in the figure. Let v 
be velocity of the centre of mass C when OC makes an 
angle @ with the vertical. The forces on the cylinder 
are its weight mg and the normal reaction N. Resolve 
mg along and perpendicular to OC. The force along OC 
provides centripetal acceleration to the point C i.e., 


mg cos ¢ — N = mv? fr. (1) 


As the cylinder rotates by an angle ¢, its centre of 
mass C drops by a vertical height h = r(1—cos¢). The 
loss in gravitational potential energy of the cylinder is 


U = mgh = mgr(1 — cos ). 


The angular velocity of the cylinder at the start of 
pure rotation about O is wo = vo/r. The kinetic energy 
of the cylinder at this instant is 


Ko = slows = 4 (mr? + mr’) (vo/r} = muĝ. 
The angular velocity of the cylinder when OC 
makes an angle @ with the vertical is w = v/r. The 
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kinetic energy at this instant is 


K = How? = omv’. 


By conservation of mechanical energy, U = K— Ko, 
we get 


v? =v + $gr(1 — cos ġ). (2) 


From equations (1) and (2), we get 





vo = Lor (T coso —4)—Nr/m. 
From above equation, vo attains its maximum value 


when ¢ is the maximum (i.e., ¢ = 0) and N = 0 (cylin- 
der is about to jump). Substitute these values to get 


Vo,max = igr(7 cos0 — 4). 





Ans. A 











Q 284. A small object is fixed to the inside of a ring 
of radius r and mass m. The ring rolls without slip- 
ping over a horizontal plane. At the moments when the 
object gets into the lower position, the centre of the 
ring moves with velocity vo (see figure). The normal 
reaction on the ring when the object reaches its highest 
position is? 
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(A) a g—v6/r) (B) m(8g =o 
(C) ṣm(8g — võ/r) (D) a= 8vo/r) 


Sol. Consider the ring and the object together as a 
system. The centre of mass C of the system lies at mid- 
point of the line joining object and the centre of the 
ring O. In rolling without slipping, the velocity of the 
ring at the contact point P is zero. The horizontal axis 
through P is instantaneous axis of zero velocity. 


P 
figure (i) 





The lowest and highest positions of the object are 
shown in figures (i) and (ii). The centre of mass of 
the system rises by a vertical height CoC = r when 
the object goes from its lowest position to the highest 
position. Thus, gain in potential energy of the system 
is 

U = 2mgr. (1) 

The velocity of point O in figure (i) is vo and the 


point P is instantaneously at rest. Thus, angular veloc- 


ity of the system is wọ = vo/r. The kinetic energy of 
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the system is 


1 2_1 2 2) 8 2 
Ko = 51 pou = 3 (mr +mr ) we = mvĝ. 


Note that kinetic energy of a body is K = 4Ipu? if 
body rotates about (i) a fixed axis through P or (ii) an 
instantaneous axis of zero velocity through P. You can 
also get kinetic energy by using K = Kem + Kabout cm- 

Let velocity of point O in figure (ii) be v. The 
angular velocity of the system is w = v/r and its kinetic 
energy is 


K = $I pw 


= į (mr? + mr? + m(2r)?) w? = 3mv”. 


By conservation of mechanical energy, U = Ko- K, 
we get 


v? = 3 (v9 — 2gr). (2) 


The acceleration of the point O in the vertical di- 
rection is zero. Thus, vertical acceleration of the centre 
of mass C in figure (ii) is ace = w2OC = (v/r)?(r/2) = 
v?/2r (downward). The forces on the system are its 
weight 2mg and the normal reaction N. Apply New- 
ton’s second law in the vertical direction to get 


N = 2mg — 2ma = 2mg — mv? /r 
= 2mg — m(v/r — 29) /3 (using (2)) 
= 4m(8g — vå /r). 
Note that N decrease with increase in vo. It becomes 
zero at vo = \/8gr. The ring bounces if vo > V8gr. 


Ans. A 
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Q 285. A battle tank is moving without slipping with 
a velocity v. Determine the kinetic energy of its 
chain/belt of mass m (see figure). Assume length of 
the chain to be very large in comparison to wheel diam- 


eter. 


(A) 2mv? (B) mw? (C) 3mv? (D) mv? 





Sol. The lower half of the belt is in contact with the 
ground. There is no slipping between the belt and the 
ground. Thus, velocity of each point on this portion of 
the belt is zero. Hence, kinetic energy of this half of the 
belt is zero. 

The velocity of each point on the upper half of the 
belt is 2v. The mass of the upper half is m/2. Thus, 
kinetic energy of the belt is K = $(m/2)(2v)? = mv”. 

Ans. D 














Q 286. A thin rod of mass m/2 is pivoted at the centre 
of a solid disc of mass m and radius r. If bottom end 
of the rod is pulled with a velocity v, it moves without 
changing its angle with the horizontal and the disc rolls 
without slipping. The kinetic energy of the rod-disc 
system is 


08 
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(A) mv? (B) 3mv?/4 (C) mv?/4 (D) mv?/2 


Sol. The rod is in pure translation because its angle 
with the horizontal is constant. Thus, every point on 
the rod moves with a velocity v. The kinetic energy of 
the rod is given by 
Kyoa = l (=) v? = im. 

The rod is pivoted at the centre of mass of the disc. 
Thus, centre of mass of the disc also moves with a ve- 
locity v. The no slip condition at the contact point with 
the ground gives angular velocity of the disc as w = v/r. 
The kinetic energy of the disc is given by 


1 2 1 2 
Kaise = Kom le Kabout cm = zMU + 5 lem 


eee Perry EE Ob rte a aye 
= mu +5 mr (2) = 7m’. 


Hence, kinetic energy of the rod-disc system is Kroa + 


Kise = mv?. 





Ans. A 











Q 287. A track of mass m is made up of a rough hori- 
zontal segment and a smooth vertical segment (curved 
portion). A small spherical ball of mass m is rolling 
without slipping on the horizontal segment with a ve- 
locity v. If the track is kept on a smooth surface and 
it is initially at rest then the height climbed by the ball 
on the curved segment is 
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Ww 
IN 
»> v 








(A) v?/2g (B) v*/4g (C) 3v?/4g (D) v?/g 


Sol. There is no torque on the ball about its centre 
of mass when it moves on the smooth curved surface. 
Thus, the ball continue to rotate with a constant angu- 
lar velocity w (which is same as its angular velocity on 
the horizontal segment) on the smooth curved segment. 

















When the ball climbs to the maximum height h, the 
vertical component of its velocity is zero and the hori- 
zontal component is equal to the velocity of the track 
(v’). 

Consider the ball and the track together as a sys- 
tem. The linear momentum of the system is conserved 
in the horizontal direction because there is no external 
force on the system in this direction. Initially, linear 
momentum of the system is p = mv. Finally, when 
the ball climbs to the maximum height, linear momen- 
tum of the system is p = mv’ + mv’ = 2mv’. Apply 
conservation of linear momentum, p = p’, to get 


v = v/2. 
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Initially, kinetic energy of the ball is ¿mv? + 41w’, 
where I is moment of inertia of the ball about the axis of 
rotation. Finally, kinetic energy of the ball is imu’? + 
ZI w? and its potential energy is mgh. The conservation 
of mechanical energy of the system gives 

1 1 12 12 


lmu? + ip? £ I y E 1 i 
znw’ + zlw = ymw + lw + zmo + mgh. 





Substitute v’ = v/2 and solve to get h = v? /2g. 
Ans. A 














Q 288. A track consists of two segments (i) an inclined 
plane and (ii) a vertical loop of radius R. A spherical 
ball of mass m and radius r starts its journey on the 
inclined plane at a height h. The ball rolls without 
slipping throughout its journey. The ball will not loose 
contact with the track if h is less than 





R 
h 
(A) AR (B) ZR- Hr 
(C) ER- 2r (D) Vee 4H, 


Sol. The ball will not loose contact with the inclined 
segment of the track. On the circular segment, the ball’s 
centre of mass rotate in a vertical circle of radius (R—r). 
It can be shown that the ball is likely to loose contact 
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with the circular track at its top-most point (we encour- 
age you to show this explicitly). 








| 


Let v be speed of the ball’s centre of mass when it 
reaches the top-most point of the circular track. The 
normal reaction on the ball when it is about to loose 
contact is zero. Thus, centripetal acceleration to the 
ball is provided by its weight i.e., 


mv’ /(R -= r) = mg. (1) 


The ball falls by a vertical height h — (2R — r) when it 
travels from the starting point to the top of the circular 
track. Thus, loss in gravitational potential energy of 
the ball is 


AU = mg(h +r — 2R). 


Let w be angular velocity of the ball when it reaches the 
top-most point. The rolling without slipping condition 
gives w = v/r. Initially, kinetic energy of the ball is 
zero. The gain in kinetic energy as it travels from the 
starting point to the top-most point of the circular track 


WW.JEEBOOKS.I 


Chapter 2. Questions and Solutions 489 
is 
AK = Kem oF Kabout cm — SMU T mw? 
1 2 


= im? +4. 2mr? -(v/r)? = 5m mv". 


The energy is conserved in rolling without slipping i.e., 
AU = AK, which gives 


mg(h +r — 2R) = mv’. (2) 


Solve equations (1) and (2) to get h = ZR — Hr. 
peA C 














Q 289. Two discs A and B are mounted coaxially on a 
vertical axle. The discs have moment of inertia J and 27 
respectively about the common axis. Disc A is imparted 
an initial angular velocity 2w using the entire potential 
energy of a spring compressed by a distance z1. Disc B 
is imparted an angular velocity w by a spring having the 
same spring constant and compressed by a distance z2. 
Both the discs rotate in the clockwise direction. The 
ratio 11/22 is 


(A) 2 (B) 1/2 (C) v2 (D) 1/v2 


Sol. Let I4 = I, w4 = 2w, Ip = 27, and wp = w. 
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The potential energy of spring is converted into the 
rotational kinetic energy of the disc i.e., 


shay = lawh = 21, (1) 
iks? = SI pw, = Iw. (2) 


Divide equation (1) by (2) and take square root to get 


21/22 = V2. 





Ans. C 











Q 290. Two discs A and B are mounted coaxially on a 
vertical axle. The discs have moment of inertia J and 
2I respectively about the common axis. Disc A is im- 
parted an initial angular velocity 2w using the entire 
potential energy of a spring compressed by a distance 
xı. Disc B is imparted an angular velocity w by a spring 
having the same spring constant and compressed by a 
distance x2. Both the discs rotate in the clockwise di- 
rection. When disc B is brought in contact with disc 
A, they acquire a common angular velocity in time t. 
The average frictional torque on one disc by the other 
during this period is 

(A) 2Iw (B) 9Iw (C) 9Iw (D) 3Iw 


3t 2t At 2t 








Sol. By Newton’s third law, frictional force by disc A 
on disc B is equal and opposite to frictional force by 
disc B on disc A. Hence, torque (by frictional force) 
about the centre of mass of the disc is equal and op- 
posite for the two discs. Let common angular velocity 
be w’ after time t. The torque about centre of mass is 


related to angular acceleration a by T = Ia, where I is 
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the moment of inertia about the axis passing through 
the centre of mass. Thus, 


Ta = laaa = I(w — 2w)/t, (1) 
Tg = Igag = 2I (w' —w)/t. (2) 
The condition T4 = —Tp gives us w’ = 4w/3. Substitute 


in equations (1) and (2) to get |ra| = |Tp| = 2Iw/(3t). 

Aliter: Consider disc A and disc B together as a 
system. There is no external torque on the system as 
frictional forces are internal to it. Hence angular mo- 
mentum of the system is conserved. Initial and final 
values of angular momentum about the common axis 
are 


Li = Iawa +I pwp = 4lw, 
L; = Iaw + Ipw = 31w". 


The conservation of angular momentum, L; = Ly, gives 
w’ = 4w/3. The average torque on the disc A is given 
by 
dLa ALa Iw —2Iw 2 Iw 

T. = . 

a ag t t 3 t 
We encourage you to find the loss of kinetic energy in 
this process. Hint: AK = Iw?/3. 














Ans. A 











Q 291. A uniform sphere of radius r starts rolling down 
without slipping from the top of another fixed sphere of 
radius R. The angular velocity of the sphere after it 


leaves the surface of the other sphere is 
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(A) V1Tg(R+r)/10r? (B) \/10gr/17R? 
(C) ./10gR/17r? (D) /10g(R + r)/17r? 


Sol. The situation is shown in the figure. Consider the 
instant when sphere of mass m and radius r is about to 
leave the fixed sphere of radius R. The normal reaction 
and frictional force on the sphere at this instant are 
zero. The centre of mass C moves in a circle of radius 
(R+ r) with a speed v. The component of mg along 
the line CO provides centripetal acceleration i.e., 


mg cos@ = mv?’ /(R +r). (1) 








atl 








O 


There is no slip at the contact point. Thus, angular 
speed of the sphere, w, is related to the linear speed of 
its centre by 


v= wr. (2) 


The centre of mass C of the sphere drops by a 
height h = (R + r)(1 — cos 0). The loss in gravitational 
potential energy is equal to the kinetic energy of the 
sphere i.e., 


mg(R+1r)(1 — cos0) = mv? + }1w?, (3) 
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where I = 2mr? 


$ is moment of inertia of the sphere 
about an axis passing through its centre. Eliminate v 


and @ from equations (1)-(3) to get 





w = V10g(R + r)/17r2. 


Note that w will not change after the sphere loose con- 
tact. We encourage you to find angle 0 at which the 
sphere loose contact. 





Ans. D 











Q 292. A small ball of radius r rolls without slipping 
near the bottom of a fixed cylinder of radius R (> r). 
Its angular frequency for small oscillations about the 
bottom is 

(A) V5g/7TR (B) vV7g/5(R- r) 

(C) /5g/7r (D) V5R/Tg 


Sol. Let a be angular acceleration of the ball and a be 
linear acceleration of its centre C. There is no slipping 
at the contact point P. Thus, tangential acceleration of 
a point lying on the ball at the contact P is zero, which 
gives 


a=ar. (1) 


WW.JEEBOOKS.I 


Chapter 2. Questions and Solutions 494 


cod 


7 
- 
A 
— 


D 
z 
a 





© Die Sas a cate ee 
3 
Q 


The line OP makes an angle 0 with a fixed line OQ. 
This line rotates about the point O with an angular 
acceleration d?0/dt?. The tangential acceleration of the 
point C, lying on OP, is given by 
d?0 
—. 2 
JE (2) 


The forces on the ball are frictional force f, weight 
mg and normal reaction N. Apply Newton’s second law 
in the tangential direction to get 


a=(R-r) 


f —mgsin0 = ma. (3) 


The torque on the ball about its centre of mass C is 
Tem = rf (anti-clockwise). Apply Tem = Tema (note 
that r and a are in opposite directions) to get 


rf =—-Iema = —2mr’a. (4) 
Eliminate a, a and f from equations (1)—(4) to get 


do 5 g 
ss + = 
dt? =7(R-r) 





6=0, (5) 
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where we used small angle approximation sind ~ 0. 
The equation (5) represents SHM with angular fre- 
quency 


5 g 5g 
= z : pi R). 
“=V7R-) VTR TS 


Ans. AE 

















Q 293. A thin disc of radius r and mass m is suspended 
as a pendulum in a vertical plane from a point O lo- 
cated at a distance x above its center (see figure). It 
undergoes small angular oscillations. For what value of 
x, the amplitude of angular acceleration of the disc is 
minimum? 


(A) r/v2 (B) r/v3 (C) r (D) v3r/2 


Sol. Consider a time instant when angular displace- 
ment of the disc is 0 (see figure). The forces acting on 
the disc are its weight mg at its centre of mass C and 
the reaction R at the pivot point O. 
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Resolve mg along and perpendicular to OC. The 
torque on the disc about the fixed point O is given by 


To = mgxsinð, (clockwise). 
The angular acceleration of the disc is given by 


TO mgz sin 0 2gx 7 
a= = = sin 0, 
Io mr?/2+mz? r?+2r? 





where we used parallel axis theorem to get moment 
of inertia of the disc about the horizontal axis passing 
through O. Note that 0 varies with time. The amplitude 


of the angular acceleration of the disc is 
2gx 
a= >=. 
0 72 4 Qe? 


Differentiate ag with x and equate the derivative to zero 
to get x at which ag attain its maximum i.e., 
day — 2ga(4a) — 2g(r? + 2x?) 
dr (r2? + 2x2)? 





= 0, 
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which gives z = r/v2. We encourage you to show that 
the disc undergoes SHM. The frequency of oscillations 
is maximum at x = r/ v2. 





Ans. A C 











Q 294. A horizontal uniform rod of length l and mass 
m is suspended by two massless vertical strings of length 
L attached at each end as shown in the figure. The rod 
is rotated about a vertical axis through its center, and 
then released. The angular frequency of small oscilla- 
tions of the rod is 





kol 














(A) V/g/E (B) V3g/L (C) V9/(3L) (D) y v3g/L 


Sol. This problem need a little visualization. The rod 
rotates about a vertical axis. It remains in the horizon- 
tal plane. At any instant, the rod makes an angle ¢ 
with its initial orientation. The angular velocity of the 
rod at this instant is dø/dt and its angular acceleration 
is a = d?¢/dt?. 
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When the rod makes an angular displacement œ, 
its end moves by a linear distant s = (1/2)¢. Thus, 
angle made by the string from the vertical is 


0 = s/L =¢l/(2L). (1) 


For small oscillations, angles ¢ and 0 are small and we 
can approximate sing = ¢, cos¢@ ~ 1, sind ~ 0 and 
cos@ = 1. 








T sind 


(side view) (top view) 


Let T be tension in each string. The tension makes 
an angle 0 with the vertical. Resolve T in the horizontal 
and the vertical directions. The vertical component of 
tension (T'cos@ in each string) balances weight of the 
rod i.e., 


T cos@ + T cos @ ~ 2T = mg. (2) 


The horizontal component of tension (T sin in each 
string) provides torque to the rod. The horizontal com- 
ponent of tensions acts at the end of the rod, their direc- 
tions are perpendicular to the rod but opposite to each 
other (they form a couple). The torque due to these 
components are restoring in nature (it tries to decrease 
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the angle ¢) and its magnitude is (note that torque, due 
to a couple, is same about any point) 


T = (1/2)T sin6 + (1/2)T sind ~ T10. (3) 


The torque about the centre of mass of the rod is re- 
lated to its acceleration by T = Ia, where I = ml?/3 
is moment of inertia of the rod about the axis of rota- 
tion. Substitute values with the correct sign of 7 (as it 
is restoring) to get 





d? T0 3 
e ppa o (using (0-0) 
zei, 3) 


From equation (4), the rod undergoes SHM with fre- 
quency w = /3g/L. 

There is always a better way to learn. We encour- 
age you tie two threads at the ends of your pen, hang 
it as shown in this problem, give small oscillations and 
see various quantities given in this problem. 

Ans. B 














Q 295. A torsional pendulum is designed to measure 
moment of inertia of a body. With a body of known 
moment of inertia I}, a torsional frequency of oscilla- 
tion fı is recorded. The frequency becomes fə if this 
body is replaced by another body of unknown moment 
of inertia Iz. The frequency of the pendulum alone, 
with no added mass, is fo. The moment of inertia I> in 
terms of the known quantities is 
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body 

















(fo/f2)?—1 (fo/f2)-1 
(A) fy | 42525 (B) h 


(fo/ fi)? oS fO- 
fa) fo)? —1 fol ptt 
(O n|] (D) n (e 





Sol. Let Jo be moment of inertia of the torsional pendu- 
lum about its axis of oscillation (without added mass) 
and k be its torsional spring constant. The frequency 
of this pendulum is given by 


1 k 
fom yE o 


If a body of known moment of inertia I} is symmetri- 
cally placed on the pendulum disc then its moment of 
inertia becomes J = Io+/; and the oscillation frequency 
changes to 


k- f= 2h 
fe MENR (2) 


If a body of unknown moment of inertia I> is placed on 
the pendulum disc then its moment of inertia becomes 
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I = Io + I, and the oscillation frequency changes to 


Tf, ck 
JiS PÆ (3) 


Eliminate k and Jp from equations (1)-(3) and solve for 
Ig to get 





bh=h [ee]. 


(fo/fi)? -1 





Ans. AE 











Q 296. A pulley having a moment of inertia I about 
its axis of rotation supports a string which carries a 
mass m at one end, while the other end is connected 
to a spring of spring constant k as shown in the figure. 
The string does not slip on the pulley. The period of 
oscillation of the system is 

















(A) 2m4) aarp 


(C) 20,/F 
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Sol. Initially, the system is in static equilibrium with 
same tension throught the string. The weight mg is 
balanced by the tension in the right portion of the string 
and the spring force kag is balanced by the tension in 
the left portion of the string. Thus, in static equilibrium 


mg = kx, (1) 


where “po is initial elongation of the spring. 























Let the mass m is pulled by a distance x from its 
equilibrium state and released. Let acceleration of the 
mass m immediately after its release be a = —d?x/dt?. 
Let a be angular acceleration of the pulley of radius 
r. Since string is in-extensible, pulley is rigid and the 
string do not slip over the pulley, we get 


a=ar. (2) 
Let tension in the right portion of the string be Ti 


and that in the left portion of the string be Tz. The 
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elongation of the spring is x. Apply Newton’s law to 
get 


Tı — mg = ma, (3) 
Tor = Tr = Ta, (4) 
Tz = k(ao + £). (5) 


Solve equations (1)-(5) to get 


d?x k 


S 
dat? m+i/r T ia 





This is an equation of SHM with frequency w and time 
period 


pa” a [OEE 
w k 


Q 297. A metal rod of length L and mass m is pivoted 
at one end. A thin disc of mass M and radius R (< L) 
is attached at its centre to the free end of rod. Consider 
the two ways the disc is attached. (Case A) The disc 
is not free to rotate about its centre, and (Case B) 
the disc is free to rotate about its centre. The rod- 
disc system performs SHM in vertical plane after being 
released from the same displaced position. Which of 
the following statement(s) is (are) true? 





Ans. D 
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(A) restoring torque in case A = restoring torque in 
case B. 

(B) restoring torque in case A < restoring torque in 
case B. 

(C) Angular frequency of case A > Angular frequency 
of case B. 

(D) Angular frequency of case A < Angular frequency 
of case B. 


Sol. Consider motion of the centre of mass C located 


at a distance rc = Mamy ? L from the pivot point O. 


AAE x 
IK 
0 
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The weight of disc-rod system, (M + m)g, acts at 
C giving an anticlockwise restoring torque about O, 


7T=(M+mi)grcsind 
= (M + m/2)gLsinð, 





where 0 is angular displacement. Since forces remain 
the same, restoring torques are equal in both, case A 
and case B. Since system is released from the same po- 
sition, initial potential energy of the system is equal in 
both the cases i.e., Uį = U$. Initial kinetic energy is 
zero in both the cases i.e., A’, = K$ = 0. The potential 
energy at the lowest point is also zero i.e., UÍ = Us =0. 
The energy conservation, U4, + K} = Uf + K$ and 
UL+ Kb = us + KÉ, gives Ki = KË. In Case A, 
the disc is rigidly fixed to the rod and the disc-rod sys- 
tem has pure rotational motion about an axis passing 
through O. Thus, 


KA = How = 4 (mL? + AMR? + MIP) wf 
= (mL? + 4ML? + { MR?) w3. 

In Case B, the rod undergoes pure rotation about O 

and the disc has both translation and rotation. The 

kinetic energy of the rod is 


Ki oi = j Io rod WR = im wh = imL’ wh, 
and the kinetic energy of the disc is 
Ki iee = {Mum aa zemu? 
= 4¿M(Lwg} + 44MR°w? 
= 4ML’ wh +} MR%?, 
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where w is the angular velocity of the disc. Using, K aa = 


K$ oa + Kf and equating Ki to KÉ, we get 


„disc 


3 MR? 

“e=Wata arya WaT). 
Now, consider the motion of the disc alone. When re- 
leased, the disc was at rest with its angular velocity 
w = 0 and the angular momentum about its centre of 
mass L = Iemw = 0. There is no external torque on the 
disc about its centre of mass because the disc is free to 
rotate and its weight pass through the centre of mass. 
Thus, angular momentum of the disc about its centre 
of mass is conserved i.e., angular momentum and angu- 
lar velocity of the disc always remains zero. Substitute 
w = 0 in equation (1) to get wg > wa. 








Ans. A, D 











Q 298. A uniform rod of length L and mass M is piv- 
oted at the centre. Its two ends are attached to two 
springs of equal spring constants k. The springs are 
fixed to rigid supports as shown in the figure, and the 
rod is free to oscillate in the horizontal plane. The rod 
is gently pushed through a small angle @ in one direc- 
tion and released. The frequency of oscillation is 
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A) ave B® avi © Vu © eV 

Sol. When rod is displaced by a small angle 0, both the 
springs get stretched by (1/2) sin@ ~ (L/2)0 causing a 
restoring force kL@/2 on the rod by each spring. The 


restoring torque 7 on the rod about the pivot point O 
is in anti-clockwise direction and is given by 


(kL0/2)(L/2) + (kL0/2)(L/2) = kL?6/2. 








The moment of inertia J of the rod about the os- 
cillation axis is ML?/12. The angular acceleration of 
the rod is a = —d?6/dt?, (anticlockwise direction is 
considered as positive). Using T = Ia, we get 


2 
(ML? /12) = —kL?6/2. 


Simplify to get 


26 > 


This equation represents a SHM with angular frequency 
w = y6k/M and frequency v = + = +v 6k/M. 
Ans. C 
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Q 299. The axle of a solid cylinder of mass m and ra- 
dius r is connected to a spring of spring constant k, 
as shown in figure. The cylinder rolls without slipping 
when it is disturbed from its equilibrium position. The 
frequency of small oscillations is 











(A) \/3k/2m (B) y/m/k (C) k/m (D) \/2k/3m 


Sol. The centre of mass C of the cylinder undergoes 
SHM when cylinder is disturbed from its equilibrium 
position (natural length of the spring). Consider the 
situation when spring is stretched by a distance x. The 
forces on the cylinder are spring force kx and frictional 
force f. Let a be angular acceleration of the cylinder 
and a be acceleration of its centre of mass (see figure). 
Note that x is positive toward right and a is positive 
towards left, which gives a = —d?x/dt?. 








C 
| 
P 


The rolling without slipping condition at the con- 
tact point P gives 
a=ar. (1) 
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Apply Newton’s second law on the cyclinder to get 

ka — f = ma. (2) 

The torque on the cylinder about its centre of 
mass C is Tem = rf. Apply Tem = Iema to get 


rf = Ima = mra. (3) 


Eliminate a and f from equations (1)-(3) to get 


d?x 2k 5 
d 3m 





which is the equation of SHM with angular frequency 
Wo =Z vy 2k/3m. 

We encourage you to get yourself convinced on the 
directions of f, a and a. We arbitrarily selected the 
direction of f towards right. Then, torque about C 
helped us to find the direction of a. Finally, rolling 
without slipping at P gives the direction of a. 

Aliter: Consider the spring and the cylinder to- 
gether as a system. When spring is stretched by a dis- 
tance x, let w be angular velocity of the cylinder and 
v be velocity of its centre of mass. The rolling without 
slipping condition gives v = wr. The mechanical energy 
of the system at this instant is sum of the potential en- 
ergy of the spring and kinetic energy of the cylinder 
i.e., 


T= ike? + (ima? + teat | = ika? + Sm. 
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The mechanical energy of the system is conserved i.e., 
dT/dt = 0 (it is constant with time). Differentiate 
above equation with time to get 








dt  dt2 3m 





Ans. D 











Q 300. A plank of mass m lies on a frictionless floor. 
It is connected to a wall by a spring of spring constant 
k. A solid cylinder of mass m and radius r is free to roll 
without slipping on top of the plank. The frequency of 
small oscillations when the plank is pulled to the right 
and then released from rest is 

















(A) /k/m (B) /k/2m (C) \/3k/4m (D) \/4k/3m 


Sol. Consider a situation when spring is stretched by a 
distance x (x is measured from the equilibrium position 
of the spring and it is positive towards the right). Let a’ 
be acceleration of the plank, a be the acceleration of the 
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cylinder’s centre of mass, and a be angular acceleration 
of the cylinder. Note that a’ = —d?x/dt?. The no 
slipping condition at the contact point P gives 


a’ =a+ar. (1) 
a 
a -f 
a’ f 
ka <—| m P f 











The spring force on the plank is ka. Let f be fric- 
tional force between the plank and the cylinder. The 
frictional force on the cylinder acts towards the left and 
that on the plank acts towards the right. Apply New- 
ton’s second law on the plank and the cylinder to get 


ka — f = ma’, (2) 
f =ma. (3) 
The torque on the cylinder about its centre of 
mass C is Tem = rf. Apply Tem = Iema@ to get 
rf = Ima = mra. (4) 
Eliminate f, a and a from equations (1)—(4) to get 


j d?r 3k 2 
a ae Ana WoT. 
This is the equation of SHM with angular frequency 
wo = \/3k/4m. We encourage you to get this result by 


energy method. 











Ans. C 
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Q 301. A uniform bar of mass m is supported by two 
rapidly rotating rollers, whose axis are separated by a 
fixed distance 2d. The coefficient of kinetic friction be- 
tween the bar and the rollers is u. Which of the follow- 
ing statement is true 


m 
C. 
(A) The bar will fall down after some time. 


(B) The motion of the bar is periodic but not SHM. 
(C) The bar undergoes SHM with angular frequency 


y ug/2d. 
(D) The bar undergoes SHM with angular frequency 


y ug/d. 

















Sol. The forces acting on the bar are its weight mg, 
normal reactions Ny and No, and frictional forces fı and 
fe. Let the origin O lies on the perpendicular bisector 
of the line joining centers of two rollers. Let the centre 
of mass C of the bar is displaced to the right of O by a 
distance zx. 














Nı ix N2 
ok 
os 
rama 
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The vertical acceleration of the centre of mass C is 
zero. Apply Newton’s second law in the vertical direc- 
tion to get 


The angular acceleration of the bar is zero. Thus, 
torque on the bar about its centre of mass C is zero, 
which gives 


Ni (d+) = No(d— x). (2) 


The torques due to fı and f2 are neglected because 
thickness of the bar is negligible. Solve equations (1) 
and (2) to get Ny = mg(d — x)/2d and Nə = mg(d + 
x)/2d. The frictional forces are given by 


fı = uN, = wmg(d — x) /2d, (3) 
f2 = uNa = umg(d + x)/2d. (4) 


Newton’s second law in the horizontal direction gives 


d?ax m 
may =ma= fi- h=- Aa, (5) 


which is the equation of SHM with an angular frequency 
w= y ug/d. 

The bar undergoes SHM about the point O. What 
about the directions of fı and f2 as the bar changes its 
direction of motion in SHM. The direction of frictional 
force is decided by the velocity of the bar relative to 
the roller at their contact point. Since rollers are rapidly 


rotating, the velocity of the roller at the contact point is 
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very high in comparison to the velocity of the bar. Thus, 
the direction of relative velocity at the contact point 
is independent of the direction of motion of the bar. 
We encourage you to analyse motion of the bar if both 
rollers rotates in directions opposite to the directions 
given in this problem? 





Ans. D 











Q 302. A uniform thin cylindrical disc of mass M and 
radius R is attached to two identical massless springs of 
spring constant k which are fixed to the wall as shown 
in the figure. The springs are attached to the axle of the 
disc symmetrically on either side at a distance d from 
its centre. The axle is massless and both the springs 
and the axle are in horizontal plane. The unstretched 
length of each spring is L. The disc is initially at its 
equilibrium position with its centre of mass at a distance 
L from the wall. The disc rolls without slipping with 
velocity V = Vo. The coefficient of friction is u. 
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(a) The net external force acting on the disc when its 
centre of mass is at displacement x with respect to 
its equilibrium position is 

(b) The centre of mass of the disc undergoes SHM with 
angular frequency w equal to 

(c) The maximum value of Vo for which the disc will 
roll without slipping is 


(A) (a) -kx (b) y$ (e ae 
(B) (a) —2ke (b) y2 (©) ug 

(C) (a) —2kx (b) E o wo 
(D) (a) —4ke (b) 4/4% (0) ugy M 


Sol. Part (a): The forces acting on the disc are spring 
force 2kx, frictional force f, weight Mg and normal 
reaction N. 


rz 


hg 





There is no acceleration in the vertical direction 
and hence N = Mg. Let a and a be the linear and the 
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angular acceleration as shown in the figure. As disc is 
rolling without slipping, a and a are related by 


a=aR. (1) 


Apply Newton’s second law in the horizontal direction 
to get 


2ka — f = Ma. (2) 


The torque T about the axle passing through the cen- 
tre of mass is related to a by tT = Ia, where I is the 
moment of inertia of the disc about its axis of rotation. 
Substitute 7 = fR and I = MR?/2 in T = Ia to get 


fR=aMR?/2. (3) 


Eliminate a and a from equations (1)-(3) to get f = 
2ka/3. The net external force is given by 





Pox, = —2ka + f = —2ka + 2kx/3 = —4ka/3. 


Part (b): At a displacement x, the net external 
force is —4ka/3. Apply Newton’s second law to get 


M @?x/dt? = — (£) x, 


which can be written as 


2 2 4k 2 
d?x/dt? = — (#4) «= w’. 
This equation represents a SHM with an angular fre- 


== 4k 
quency w = 3M: 
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Part (c): The disc will stop ‘rolling without slip- 
ping’ if frictional force is not adequate. The maximum 
value of frictional force occurs when spring elongation 
is Maximum i.e., 


fmax = UN = uMg (. N = Mg) 
= 2ktmax/3, Co f = 2ka/3). 


which gives 
Lmax = 3M g/(2k). 


The energy is conserved in ‘rolling without slipping’ i.e., 
Ki + U; = Ky + Uy (we encourage you to find why 
energy is conserved in-spite of frictional force). In SHM, 
K; = 0 when the displacement is maximum and Ur = 0 
when the velocity is maximum. The total kinetic energy 
comprises of translation and rotation and is given by 


Ky = MV? + 510? 
= MV? + 5 (gMR?) (Vo/RY = į MV9, 





where angular velocity Q = Vo/R as the disc is rolling 
without slipping. The total potential energy of the two 
springs is 





U; =2 (4ke?,,,) =k (suo) 


The conservation of energy, U; + K; = Us + Ky, gives 


Vo = wg.\/3M/k. 





Ans. D 
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Q 303. A platform, rotating with a constant angular 
speed w, is placed on an open truck. The truck start 
accelerating to the right with an acceleration a. An 
object is at rest with respect to the platform. The ficti- 
tious force (in a frame attached to the platform) on the 
object can be zero when it comes to the location 








truck 











(A) O (B) P (C) Q (D) R 


Sol. The frame attached to the platform is translating 
as well as rotating. There are two fictitious (pseudo) 
forces on the object in this frame. The translational 
fictitious force is ma pointing towards the left. The 
centrifugal (fictitious) force is mw?r pointing in the ra- 
dially outward direction. These two forces are in the 
opposite direction only at the location R. Thus, net fic- 
titious force on the object can be zero at R (provided 
ma = mw?r). 





Ans. D 











Q 304. Two strings are wound on the two ends of a 
uniform solid cylinder of mass m. The free ends of the 
strings are attached to the ceiling of an elevator. The 
elevator starts going up with an acceleration a. The 


force exerted by the cylinder on the ceiling is 
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(A) m(g +ao)/6 (B) m(g + ao)/3 
(C) m(g—ao)/3 (D) m(g — ao)/6 


Sol. Let us solve this problem in a non-inertial frame 
attached to the elevator. In this non-inertial frame, 
we need to apply a pseudo-force mag in the downward 
direction (see figure). Let œ be angular acceleration 
of the cylinder and a be acceleration of its centre of 
mass C. The no slip condition at the contact point P 
gives 




















a=ar. (1) 
2T 
ZN 
Q 
e 
mao g 
mg 
The forces on the cylinder are its weight mg, ten- 


sion T from the left string, tension T from the right 
string, and pseudo-force mao. Apply Newton’s second 
law in the vertical direction to get 


mg + mao — 2T = ma. (2) 


The torque on the cylinder about its centre of mass C 
is Tc = 2rT. Apply tc = Ica to get 
2rT = Ica = įmr’°a. (3) 
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Solve equations (1)—(3) to get T = m(g + ao)/6. The 
force on the ceiling is 2T = m(g + ao)/3. 





Ans. B 











Q 305. A triangular wedge of mass m is placed on a 
frictionless table. Its inclined face makes an angle 0 
with the horizontal. A solid cylinder of mass m and 
radius r rolls down the inclined face without slipping. 
The acceleration of the wedge is 








(A) gsin 0 cos @ (B) g sin 0 cos 0 





asin’ ba Ltsin? 0 6 
g sin 0 cos g sin 0 cos 
(C) 2+cos2 0 (D) 1+tan? 0 





Sol. Let the wedge accelerates towards the right with 
an acceleration a’. Let us analyse motion of the cylinder 
in a non-inertial frame attached to the wedge. In order 
to apply Newton’s second law, we need to use a pseudo- 
force of magnitude ma’ pointing towards the left at the 
cylinder’s centre C. Other forces on the cylinder are its 
weight mg, normal reaction N and frictional force f. 
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Let œ be angular acceleration of the cylinder and 
a be acceleration of its centre of mass (in a non-inertial 
frame attached to the wedge). The rolling without slip- 
ping condition gives 


a=ar. (1) 


Apply Newton’s second law in the directions perpendic- 
ular and parallel to the incline to get 


N + ma’ sinb = mg cos 9, (2) 

mg sin 0 + ma’ cosh — f = ma. (3) 
The torque about the centre of mass of the cylinder is 
Tem = Tf. Apply Tem = Lema to get 


rf = Ima = ġmr’a. (4) 


Now, consider the forces on the wedge. Apply New- 
ton’s second law on the wedge in the horizontal direction 
to get 


N sinb — f cos 0 = ma’. (5) 


— gsinĝ cos 
“~~ 2+sin?0 ` 
WW.JEEBOOKS.I 


Solve equations (1)-(5) to get a’ 
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You should also try two related problems. What is 
the speed of the wedge if speed of the cylinder relative 
to the wedge is v? Why time taken by the cylinder on 
a smooth wedge (sliding) is less in comparison to that 
on a rough wedge (rolling)? Remember, the wedge is 
placed on a smooth table. 





Ans. A 











Q 306. A frame of reference that is accelerated with 
respect to an inertial frame of reference is called a non- 
inertial frame of reference. A coordinate system fixed 
on a circular disc rotating about a fixed axis with a con- 
stant angular velocity w is an example of a non-inertial 
frame of reference. The relationship between the force 
Fyo, experienced by a particle of mass m moving on 
the rotating disc and the force Feo experienced by the 
particle in an inertial frame of reference is 


Boot = Fin + 2m(Grot X B) + m(G x F) x G, 


where Uot is the velocity of the particle in the rotating 
frame of reference and 7 is the position vector of the 
particle with respect to the centre of the disc. 





Now consider a smooth slot along a diameter of a 
disc of radius R rotating counter-clockwise with a con- 
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stant angular speed w about its vertical axis through its 
center. We assign a coordinate system with the origin 
at the center of the disc, the z-axis along the slot, the 
y-axis perpendicular to the slot and the z-axis along 
the rotation axis (© = wk). A small block of mass m is 
gently placed in the slot at 7 = (R/2)% at t = 0 and is 
constrained to move only along the slot. 


(a) The distance r of the block at time t is 
(b) The net reaction of the disc on the block is 


(A) (a) F (ettet) (b) Emu? R (et — et) j + 


mg k i 
(B) (a) £coswt (b) $mw?R (e?%t — e~ 2") 54+ mg k 
(C) (a) 2 (e%* + e7%t) (b) —mw? R cos wt j — mgk 
(D) (a) £ cos 2wt (b) mw? Rsin wt j —mgk 


Sol. We will solve this problem in a rotating frame 
(x,y,z) attached to the disc. 





z N2 
A 
N: 
y 1 
T 
OK— 
v 
mg 


Let the block is at a distance r from the centre 
of the disc. The real forces (Fin) acting on the block 
are its weight mg, normal reaction Nz from the bottom 
surface of the groove, and normal reaction N; from the 


WW.JEEBOOKS.! 


Chapter 2. Questions and Solutions 524 


side surface of the groove (see figure). Since the groove 
is smooth, there is no frictional force along the groove. 
Thus, the total force on the block is 


> A 


The force in the rotating frame is given by 


> 


Frot = Fn + 2M(Urot x æ) + m(a x T) x w. (2) 


In the rotating frame (x,y,z), position vector of the 
block is 7 = ri, velocity of the block is rot = (dr/dt) 7 
(because the block is constrained to move along the 
groove), acceleration of the block is Go, = d?r/dt? ?, 
(because the block is constrained to move along the 
groove), and angular velocity of the frame (disc) is 
@ = wk. Newton’s second law in rotating frame is 
written as Fot = Ma@rot- Substitute these parameters 
in equation (2) to get 





m—t=N,j+ (No mg) k 2m (‘Fix wh) 


+m (wh x ri) xwk 





dr 
=mu’*ri+(N,—-2 7 
mwr î ( 1 — 2mw a) 
+ (N2 — mg) Å. (3) 


Compare x,y and z components on two sides of equa- 
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d?r /dt? = w?r, (4) 
Nı = 2mw dr/dt, (5) 
N = mg. (6) 


The equation (4) is a linear differential equation of sec- 
ond order. In higher classes, you will learn various 
techniques to solve this type of equations. It is easy 
to show (by substitution) that r(t) = 2(e*! + e~*") is 
the only solution from the given options that satisfies 
equation (4). Also, it satisfies the initial condition i.e., 
r= R/2att=0. 
The net reaction on the block is 


Ñ = N,j+ Nok = —2mwdr/dtj+mgk 
2mw (Rw/4)(e*! — e~*) j++ mg k 


smu R(e** — e~“") j++ mg k, 


II 


II 


where we have used expressions of Ni, N2, and r(t) 
from the previous question. 





Ans. A 











Q 307. A lollipop is made of a solid sphere of mass m 
and radius r that is radially pierced by a massless hor- 
izontal stick. The free end of the stick is pivoted on 
a pole (see figure) and the sphere rolls on the ground 
without slipping, with its centre moving in a circle of 
radius R with an angular speed Q. Which of the follow- 
ing statement is false? 
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zZ 


Ép 


(A) The angular velocity of the lollipop is along the 
line joining the pivot point and contact point of 
the sphere with the ground. 

(B) The magnitude of lollipop’s angular velocity is 
O/T F R2/r?. 

(C) There is non-zero clock-wise torque on the lollipop 
about the pivot point. 

(D) The angular momentum of the lollipop is constant. 








Sol. The lollipop is a rigid body comprising of a sphere 
and a stick. The point A and C of the lollipop are 
instantaneously at rest because A is pivoted and there 
is no slipping at the contact point C. Thus, angular 
velocity © of the lollipop is along the line AC. 


24 
CAS 
A 
y 
E FE. 
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Consider a time instant when stick is parallel to the 
x-axis. The line AC, and hence angular velocity @, lies 
in the z-z plane. Thus, angular velocity of the lollipop 
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at this instant can be represented as © = w,i+w,k, 
where wy and w; are its x and z-components. 

The point B rotates in a horizontal circle of radius 
R with an angular speed Q. Thus, the velocity of the 
point B is given by 


Bp = —ONR}. (1) 


Since the points A and B lies on a rigid body rotating 
with an angular velocity č, we can write velocity of the 
point B as 


= 


Aa +O x AB 
+ (wz î + wz k) x (Ri) =w,Rj. (2) 


II 
Sı 


UB 


II 
©l 
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From equations (1) and (2), we get w, = —Q.. 
Similarly, as C and B lies on the same rigid body, 
we can write 


wz k) x (rk) = —wer ĵ. (3) 


From equations (1) and (3), we get ws = QR/r. The 
magnitude of the angular velocity is Qy/1 + R?/r?. 

To study dynamics of the lollipop, we need ad- 
vanced mathematical tools. The angular momentum 
of the lollipop has a vertical component, L, = I,w,, 
and a horizontal component Ly-y = I;wz (I, is moment 
of inertia of the sphere about z-axis and Iy is moment 
of inertia of the sphere about a horizontal axis pass- 
ing through its centre). The vertical component L, is 
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constant. The magnitude of the horizontal component 
Ly-y is constant but its direction rotates with an angu- 
lar speed Q. The torque to change direction of Ly-y is 
provided by the difference in sphere’s weight (mg) and 
normal reaction (N) on it. You can see that N < mg. 
If you start rotating the lollipop faster and faster then 
N becomes zero at a particular 2. 
The kinetic energy of the lollipop is given by 


K = $1,w? + irw. 


(mR? + 2mr*) Q? + l 2mr? (QR/r)? 


5 
=] MQR? + emr?Q?. 


Nile 


|n Nie 


© 





Ans. D 











Q 308. A uniform disc of mass m and radius r spins 
about its axis with an angular velocity ws. At the same 
time the axis itself rotates in a horizontal plane with a 
angular velocity wp (& ws). A gravity torque of mag- 
nitude mgl acts on the system as shown in the figure. 
The angular speed wp is given by 


>» Ws 





s> 





(A) 25 (B) 2 (C) z% (D) “F 
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Sol. This problem comes into the category of gyro- 
scopic motion. Generally, these problems are more com- 
plex and they require techniques for rotation in three 
dimensions. However, the conditions (i) axis rotates in 
the horizontal plane and (ii) wp < ws, enable us to solve 
this problem by a simple technique. 





mg 


front view top view 


Since ws >> wp and spinning axis remains in the 
horizontal plane, the angular momentum of the disc 
about the suspension point O lies in the horizontal plane 
and its magnitude is L ~ Iw, = 4mr?w,. The direc- 
tion of angular momentum changes with time due to 
rotation of the spinning axis but its magnitude remains 
constant. 

Consider a small time interval At. The spinning 
axis, and hence angular momentum direction, rotates 
by an angle A0 = w,At. The change in angular mo- 


mentum in this time interval is 


AL = LA@ = Lw, At = imr wswpAt. 
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The cause for change in angular momentum is torque 
due to gravity, 


T= mgl. 


Note that the direction of change in angular momen- 
tum is same as the direction of torque (anticlockwise 
when looking from the top). Use 7 = AL/At to get the 
precession frequency 


_ 2gl 
Wp = oar 








Ans. A 











Q 309. One twirls a circular ring (of mass M and radius 
R) near the tip of one’s finger as shown in figure 1. 
In the process the finger never loses contact with the 
inner rim of the ring. The finger traces out the surface 
of a cone, shown by the dotted line. The radius of 
the path traced out by the point where the ring and 
the finger is in contact is r. The finger rotates with 
an angular velocity wo. The rotating ring rolls without 
slipping on the outside of a smaller circle described by 
the point where the ring and the finger is in contact 
(figure 2). The coefficient of friction between the ring 
and the finger is u and the acceleration due to gravity 


is g. 
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os 
= 


Figure 1 Figure 2 


(a) Find the total kinetic energy of the ring. 
(b) Find the minimum value of wo below which the ring 
will drop down. 














(A) (a) Mo (R -= r)’, (b) \/ aah 
(B) (a) Mwa (R -= r)’, (b) V ay 
(C) (a) Mw R*, (b) 4 aay 

(D) (a) $Mwe(R- r)? (b) Y aH 


Sol. Let P be the contact point of the finger and the 
ring. The point P revolves with an angular velocity wo 
in a circle of radius r centred at the point O (see figure). 
The contact point P, the centre O and the centre of 
the ring C are in a straight line becuase P is common 
to both the circles (i.e., circular trajectory and circular 
ring). Thus, the line CP will have same angular velocity 
as the line OP i.e., angular velocity of the line CP (or 
the ring) is wo. 
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The velocity of the finger at the point P is wor 
tangential to the circle in which it revolves. The ring 
rolls without slipping. Thus, velocity of the ring at the 
point P is also wor tangential to the circle in which the 
finger revolves. Let velocity of C be vem. Since P and C 
lie on the ring (a rigid body), the velocities of C and P 
are related by tc = Up + W x PC which gives 


Vem = wo(R— r). 


The ring rotates with an angular velocity w = wo and its 
centre of mass translates with a velocity vem = wo(R — 
r). Thus, kinetic energy of the ring is given by 
K = Mv, + Hema? 
= } Mo (R - r}? +4 MRw 
= 5Mug |(R- r)? + R?]. 
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We encourage you to show that O is the instanta- 
neous centre of rotation of the ring (i.e., the ring has 
pure rotation about O). Calculate the kinetic energy of 
the ring by using K = 4 Iowĝ, where Io is the moment 
of inertia of the ring about an axis passing through O. 

Let the ring makes an angle a with the horizontal 
and the finger makes an angle 8 with the vertical (see 
figure). The forces acting on the ring are its weight mg 
at the centre C, normal reaction N and the frictional 
force f at the contact point P. Resolve the forces in 
the horizontal and the vertical directions. The centre 
of mass C rotates with an angular velocity wo in a hori- 
zontal circle of radius (R—1) cosa centred at O. Apply 
Netwton’s second law in the horizontal and the vertical 
directions to get 


fcosB— NsinB—- Mg =0, (1) 
N cos 8 + f sin 8 = Mwg (R — r) cosa. (2) 
Vertical 





The minimum value of wọ occurs when the fric- 


WW.JEEBOOKS.I 


Chapter 2. Questions and Solutions 534 
tional force attains its limiting value i.e., 

f= HN. (3) 
Eliminate f and N from equations (1)-(3) to get 
1/2 


ee | (cos 8 + usin B)g 
TOS (ucos 8 — sin B)(R—r) cosa 





. 1/2 
x | ———_ (as 0 and 6 7x 0). 
ra = ll 
We encourage you to analyse the torque acting on 


the ring and how it changes the angular momentum of 
the ring i.e., 7 = dL/dt. 





Ans. (a)none (b) C 











Q 310. A solid spherical toy globe of mass M and ra- 
dius R rotates freely without friction with an initial an- 
gular velocity wo. A bug of mass m starts at the north 
pole and travels with constant speed v to the south pole 
along a meridian. If the axis of rotation of the globe is 
held fixed then angular displacement of the globe in this 
time interval is 








(A) maa R | sip (B) mea 





(O ema (DY) ae 


7 


Sol. The bug travels a distance 7R as it move from the 
north pole to the south pole with a speed v (relative 
to the spherical globe). The time taken by the bug to 
complete this journey is T = 7R/v. 
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Consider the bug and the sphere together as a sys- 
tem. The axis of rotation (SN) of the sphere is held 
fixed. The external reaction force on the sphere acts on 
the axis. Thus, external torque on the system about 
this axis is zero. Hence, the component of angular mo- 
mentum of the system along SN is conserved (we denote 
this component by L,). 

Initially, angular momentum of the system is L,9 = 
Iwo = 2M Rw. Consider the situation at a time t. 
The bug travels a distance vt (relative to the sphere) 
along the meridian to reach the point B. The line join- 
ing centre of the sphere to the bug (i.e., line OB) makes 
an angle ¢ = vt/R with the axis of rotation. The mo- 
ment of inertia of the system about the axis of rotation 
is I = 2MR? + mR? sin? ¢. The component of angu- 
lar momentum of the system along SN at this instant 
is L, = (MR? + mR? sin? ¢)w. The conservation of 
angular momentum, Lz 9 = Lz, gives angular speed of 
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the sphere at time t 





= Towo = 2M wo 
= I 2M+5msin? ¢ 
2Mwo 





~ 2M + 5msin?(ut/R) 











Note that angular speed w varies with time as the 
bug travels from the north pole to the south pole. The 
angular displacement of the sphere in time T = 7R/v 
is given by 


mM T 
2M 
0= J wdt = 1 a dt 
0 o 2M +5msin*(vt/R) 


_ TWR 2M 
~ v V2M+5m 


Q 311. Two thin circular discs of mass m and 4m, hav- 
ing radii of a and 2a, respectively, are rigidly fixed by 
a massless, rigid rod of length 1 = v24a through their 
centers. This assembly is laid on a firm and flat surface, 
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Ans. AE 
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and set rolling without slipping on the surface so that 
the angular speed about the axis of the rod is w. The 
angular momentum of the entire assembly about the 
point ‘ʻO’ is L (see the figure). Which of the following 
statement(s) is(are) true? 








(A) The center of mass of the assembly rotates about 
the z-axis with an angular speed w/5. 

(B) The magnitude of angular momentum of center of 
mass of the assembly about the point O is 81ma?w. 

(C) The magnitude of angular momentum of the as- 
sembly about its center of mass is 17ma?w/2. 

(D) The magnitude of the z-component of L is 
55marw. 


Sol. Let x,y,z be the axes as shown in the figure. 
Without any loss of generality, we can analyse the prob- 
lem, when points on the disc which are in contact with 
the ground, lie on the z-axis. As discs are rolling with- 
out slipping, the points on the discs which are in contact 
with the ground, are at rest i.e., vp = 0 and UR = 0. 


The angular velocity of the diges about an axis joining 
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their centres Q and S is @. The velocities of the points 
Q and S are 
üo=0p +0 x PQ 
=(-w cos #i—w sin 0k) x (—a sin 0î+a cos 6k) 
=waĵ, (1) 
Üs=0r +0 x RS 
= (~w cos 9î— w sin 6k) x (—2a sin 67+ 2a cos 6k) 


=Qwaj. (2) 








The points Q and S are located on a rigid rod connect- 
ing two discs. The discs rotate (without slipping) with 
an angular velocity @ about the axis QS. The axis QS 
itself rotates with an angular velocity Q. Note that the 
direction of © is perpendicular to axis QS. If it is not so 
then Q will have a non-zero component along QS. This 
component will make the discs to rotate faster or slower, 
which will violate the no-slip condition we have used in 
equations (1) and (2). Mathematically, Q -QS = 0 i.e., 
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(Qê + Qj + NÅ) - (Leos 7 + lsin Ok) = 0 which gives 


Ql cos + O,lsin é = 0. (3) 


The velocities of Q and S are related by Us = tg + Ox 
QS which gives Q, = 0 and 


—0,1 sin 0 + 0,1 cos 0 = wa. (4) 
Solve equations (3) and (4) to get 


Qe = —(wa/l) sind = —w/ (5/24), 
Q, = (wa/l) cos 6 = w/5, 


where we have used 1 = V24a, cosd = V24/5 


> 


and sind = 1/5. Thus, the angular velocity Q = 
(w//24)(— sin 67 + cos Ok). 
The distance of the centre of mass of the system (C) 
from the origin O and its position vector are given by 
ml + 4m(2l) 9, 


lem = = ’ 
m+4m 5 





Te = 2(cos 67 + sin Ok). 


The velocity and linear momentum of the centre of mass 
C are 
a mQ T Amis 9 


RE m + 4m = grai, 








Dem = (M + 4M) Uem = Imwa j. 
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The angular momentum of the centre of mass about the 
origin is given by 


> 


Lot cm = fcm X Pem 


81/24 
S g 





mwa? (— sin 07 + cos Ok). 


The angular momentum of the system about the centre 
of mass (it is the angular momentum of the system due 
to rotation of the discs about the axis QS) is given by 


> 


1 1 
Labout em = Lem = (ire + 3 (4m) (20?) w 


1 X 
= mwa? cos 6% — sin 0k). 





Total angular momentum of the system is given by 


L= Lot cm + Lapout cm 


p ( 2476, _ 3803 e) 3 





25 ur 50 mwa. 





Ans. A, C 











Q 312. A uniform plank of length 2/ is held temporarily 
so that one end leans against a frictonless vertical wall 
and the other end rests on a frictionless floor making an 
angle 0 = 69 with the floor. When the plank is released, 
it slide down under the influence of gravity. The upper 
end of the plank will leave the wall when @ is 
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(A) sin™? (sino) (B) sin™? (4 sin 4) 


(C) sin™? ($sin@9) (D) sin! (}sin 4) 


Sol. The forces acting on the plank AB are its weight 
mg at the centre of mass C, normal reactions N4 at the 
end A and normal reaction Ng at the end B. 


y 








The end A of the plank slides towards —y axis 
and the end B slides toward +a axis. Let velocities 
of these ends be 4 = —v4 j and Ug = vgi. The angu- 
lar velocity of the plank is © = wk. Substitute these in 
Up = 04+ x AB and simplify to get v4 = 2wl cos 0 and 
vp = 2wisin@. Note that the point of intersection of 
the normal to the wall at A and the normal to the floor 
at B i.e., the point D (2l cos 6, 2l sin 0) is instantaneously 
at rest. 
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The velocity of the centre of mass C is given by 
V=U,+0™x AG 
= —Qwlcos6j+wk x (lcos 47 — Lsin 6 j) 
= wl(sin 07 — cos 0 J). 


The speed of the centre of mass is v = |@| = wl. You 
can avoid vector algebra by using the fact that instan- 
taneous axis of rotation passes through D. 

The vertical distance traveled by the centre of 
mass C is [(sin@) — sin@) when plank’s angle reduces 
from 6) to 6. The decrease in gravitational potential 
energy of the plank when its angle changes from fo to 
0 is 


AU = mgl(sin bo — sin 0). 


Initially, kinetic energy of the plank is zero. The gain in 
kinetic energy of the plank when its angle reduces from 
Oo to 0 is equal to the plank’s kinetic energy at angle 0 
i.e., 
AK=K= Kem F Kabout cm = imo? =F iimw? 
= m(wl)}? + $- pm(UA? w? = 2ml?v?. 

Use the conservation of mechanical energy, AU = AK, 
to get 





3 
w= rE (sin ĝo — sin @). 
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Note that w = —d6/dt because 0 decreases when plank 
rotates. Differentiate w with time to get the angular 
acceleration of the plank 


_ dw 3g 9 
a= 47y cos 6. 
The normal force Ng becomes zero when the plank is 
about to leave the wall. At this instant, the horizontal 
force on the plank is zero. Thus horizontal component 
of the acceleration of the centre of mass C is zero (i.e., 
a = —aj). At this instant, the end A of the plank is 
sliding down with an acceleration @4 = —a,j. The 


acceleration of the point A and C are related by 
@=G4+4x AC+G x (G x AC). 

Substitute expressions for various quantities to get 
—aj = —aaj+ak x (lcos6i — sind j) 

+wk x (wk x (Lcos 6% — isin j)) 


= (—a4 + alcos6 + w*lsin 0) j 





+ (alsin 8 — wl cos 0) 4, 
which gives 0 = sin7' (3 sin 8o). 

There are multiple ways to solve a problem. For 
example, you can use Newton’s law instead of energy 
conservation. You can also use the instantaneous axis 
of rotation to avoid vector algebra. You can also write 
coordinates of centre of mass, x = l cos 0 and y = lsin 0, 
and then use calculus to find kinematic relations. A 
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method may be simple or complex (based on algebra) 
but all of them lead to the same solution. 

There are many ways to arrive at the solution. In 
Rigveda (and in Atharva Veda) God is said to be the 
solution of every problem, physical and non-physical. 
We can approach Him in many ways: 


Ua afar Feet aaah FA ATAATAATE: I 
AAT 1/164/46, WATT 9/10/28. 
Reality is one; the wise men speak of it by different 


names. They speak of him as Fire, Yama and Wind. 
Rigveda 1/164/46, Atharva Veda 9/10/28. 


Ans. C 
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